121 (1996) MATHEMATICA BOHEMICA No. 4, 357{367

MEASURE AND TOPOLOGY: MAŘÍK SPACES

Ivan Netuka, Praha

(Received May 9, 1996)

Abstract. This is an expository paper on Jan Mařík’s result concerning an extension of a Baire measure to a Borel measure.

Keywords: Baire measure, Borel measure, topological space, normal space, countably paracompact space

MSC 1991 : 28C15

1. Introduction

A talk with the same title was delivered by the author at a meeting commemorating the 75th birthday of the late Professor Jan Mařík. Its main objective was to explain, in a way accessible to non-specialists in the ˛eld, the principal result of Mařík’s paper [8] on the interplay of measure and topology. The result reads as follows:

Theorem. Let X be a normal countably paracompact topological space. Then every (finite) Baire measure on X admits a unique extension to a regular Borel measure.

Following [16], a completely regular Hausdor¸ topological space is called a Mafl�k space, if every ˛nite Baire measure has an extension to a regular Borel measure. The theorem, using this terminology, says that the normal countably paracompact spaces are Mařík spaces.

This text is an extended version of the talk which was presented at the Faculty of Mathematics and Physics, Charles University, Prague, on November 13, 1995.

Support of the Charles University Grant Agency (GAUK 186/96) is gratefully acknowledged.

We are going to summarize the relevant de˛nitions and to give a reasonably selfcontained proof of the above mentioned result. References to papers dealing with measure extension problems of this type are provided. An open problem is also presented in order to illustrate that the subject is still, after forty years, alive.

Measure and integral play a prominent r^ole in Jan Mařík’s scienti˛c work since early years of his mathematical activity, as is clearly seen from the list of his publications. Papers dealing with the surface integral and non-absolutely convergent integrals are covered by the contributions by Josef Král and Štefan Schwabik published in the present volume. Of course, integrals appear also in Mařík’s articles from real analysis described in Luděk Zajíček’s contribution, also contained in this volume. There still remain at least eleven papers devoted to measure and/or integration: [4]{[14].

We would like to mention that papers [4], [5] and [11] show Jan Mařík’s interest in integral representation theorems for positive functionals (see also [8], p. 445). Informally speaking, Baire measures usually arise in integral representations of positive linear functionals on the space of bounded continuous functions on a topological space. On the other hand, Borel measures appear in the Riesz representation theorem for compact (or locally compact) topological spaces; see e.g. [1]. Thus the question of extensions of a Baire measure to a reasonable Borel measure is quite natural in this context.

Given a Baire measure on a topological space (for de˛nitions, see Sec. 4), one might try to attack the extension problem by constructing the corresponding outer measure and then to see whether the resulting σ-algebra of measurable sets contains all Borel sets. Another idea could be to move to the Čech-Stone compacti˛cation and to view the linear functional on bounded continuous functions (de˛ned by integration with respect to the Baire measure in question) as a positive linear functional on the space of extended continuous functions on the compacti˛cation. Then the Riesz representation theorem provides a Borel measure on the compacti˛cation and the problem is whether its restriction to the original space coincides with the Baire measure. However, both ideas fail, see [16], p. 132. The former because the outer measure need not be, in general, even additive on Borel sets. The latter idea does not lead, in general, to an extension of the original measure. Mařík’s idea which, as shown in Sec. 5, works on all normal countably paracompact spaces, is based on a two-step regularization process introduced in [8]. The main results of that paper appeared later in a shorter English version [10].

For this text, which also uses results from [2] and [3], we found convenient to consider finite measures only. Comments on a somewhat more general case investigated in [8] are included in Sec. 6.

2. Topology

In this section, we are going to summarize important de˛nitions and results from [2] related to our exposition.

Let X be a topological space. A family {A_s; s ∈ S} of subsets of X is said to be locally finite, if for every x ∈ X there exists a neighborhood U of x such that {s ∈ S; U ∩ A_s ≠ ∅} is ˛nite.

A family {A_s; s ∈ S} of subsets of X is called a cover of X, if � {A_s; s ∈ S} = X.

Let A = {A_s; s ∈ S} and R = {R_t; t ∈ T } be covers of X. We say that R is a refinement of A, if for every t ∈ T there exists s ∈ S such that R_t ⊂ A_s.

The following de˛nition goes back to C. H. Dowker and M. Katětov (1951): A topological space is said to be countably paracompact, if it is Hausdor¸ and every countable open cover has a locally ˛nite open re˛nement.

Let us mention that the class of countably paracompact spaces contains e.g. all compact spaces, Lindelöf spaces and metrizable spaces.

It turns out that normal countably paracompact spaces are of special interest for topologists as well as for analysts. They can be characterized e.g. by means of the following in-between type property: For every couple of real functions f, g on X such that f is upper semicontinuous, g is lower semicontinuous and f < g on X, there exists a continuous function h such that f < h < g (C. H. Dowker, M. Katětov, 1951). Another characterization reads as follows: X × [0, 1] is normal. Note that there are normal spaces which are not countably paracompact (Dowker spaces) and countably paracompact spaces which are not normal.

For our purpose, the following result is important; see [2], p. 317.

2.1. Theorem. For every Hausdorff space X, the following conditions are equivalent:

(i) X is normal and countably paracompact;

(ii) For every countable open cover {U_n; n ∈ N} of the space X, there exists a closed cover {F_n; n ∈ N} such that F_n ⊂ U_n whenever n ∈ N.

In Sec. 4, we will use the implication (i) =⇒ (ii) in an essential way, therefore we sketch here its proof.

Let X be a normal countably paracompact space and {U_n; n ∈ N} a countable open cover of the space X. By de˛nition, there exists a locally ˛nite open re˛nement V of the cover {U_n; n ∈ N}. Take now V ∈ V and choose n(V ) ∈ N such that V ⊂ U_{n(V )}. De˛ning V_n = � {V ∈ V; n(V ) = n}, we arrive at a locally ˛nite open cover {V_n; n ∈ N} with V_n ⊂ U_n for every n ∈ N. Now (ii) follows from a result on normal spaces (see [2], p. 44) which reads as follows:

Let {V_s; s ∈ S} be an open cover of a normal space X such that, for every x ∈ X, the set {s ∈ S; x ∈ V_s} is finite. Then there exists an open cover {W_s; s ∈ S} of X such that W_s ⊂ U_s for every s ∈ S.

3. Special sets

Let X be a completely regular Hausdor¸ topological space. As usual, C(X) stands for the space of continuous functions on X, G for the topology of X and F for the system of closed sets in X. Further we introduce co-zero sets and zero sets by

G^∗ = { {f ≠ 0}; f ∈ C(X) } , F^∗ = { {f = 0}; f ∈ C(X) } . Clearly, G^∗ ⊂ G and F^∗ ⊂ F. The following simple facts will be needed in what follows:

3.1. If Z, Y ∈ F^∗, then Z ∪ Y ∈ F^∗.

Indeed, if Z = {f = 0}, Y = {g = 0}, then Z ∪ Y = {f · g = 0}.

3.2. If G_n ∈ G^∗, n ∈ N, then^∞ � n=1 G_n ∈ G^∗.

Indeed, suppose that f_n ∈ C(X), 0 6 f_n 6 1 and G_n = {f_n ≠ 0}. De˛ning f =^∞ � n=1 2^{−n}f_n, we get f ∈ C(X) such that^∞ � n=1 G_n = {f ≠ 0}.

3.3. If G ∈ G^∗, then there exist Z_n ∈ F^∗ such that Z_n ↗ G.

Indeed, let G = {f ≠ 0} and f_n = min ( |f|−(1/n), 0 ) , n ∈ N. Put Z_n = {f_n = 0}.

Then {Z_n} is an increasing sequence of sets from F^∗, Z_n ⊂ G for every n ∈ N. If x ∈ G, then f_n(x) = 0 for n large enough. We conclude that Z_n ↗ G.

3.4. Let X be a normal topological space, F ∈ F, G ∈ G and F ⊂ G. Then there exists Z ∈ F^∗ with F ⊂ Z ⊂ G.

Indeed, there exists f ∈ C(X) such that f_{|F} = 1, f_{|X\G} = 0 (Urysohn’s lemma). De˛ning g = min(f −^1_2 , 0) and Z = {g = 0}, we arrive at Z ∈ F^∗ satisfying F ⊂ Z ⊂ G.

4. Measure

In Secs. 4 and 5, a measure (on a set X) always means a finite positive σ-additive set function de˛ned on a σ-algebra of subsets of X.

Let us recall the following standard uniqueness extension theorem: Let E be a family of subsets of X such that E_1 ∩ E_2 ∈ E whenever E_1, E_2 ∈ E and X ∈ E. Let A be the σ-algebra generated by E. If μ, ν are measures on A such that μ = ν on E, then μ = ν.

(For a more general version, see e.g. [1], p. 26.)

Assume now that X is a completely regular Hausdor¸ topological space. The smallest σ-algebra containing G will be denoted by B and the smallest σ-algebra containing G^∗ will be denoted by B^∗. Elements of B and B^∗ are called Borel and Baire sets, respectively. Of course, B^∗ ⊂ B and B^∗ ≠ B in general; see [16], p. 108.

A measure de˛ned on B will be called a Borel measure and a measure de˛ned on B^∗ will be termed a Baire measure.

A Borel measure μ is said to be regular, if

μ(A) = sup { μ(F ); F ⊂ A, F ∈ F }

whenever A ∈ B. In view of our ˛niteness hypothesis, μ is obviously regular, if and only if μ(A) = inf { μ(G); G ⊃ A, G ∈ G } for every A ∈ B (one just passes to complements). Note that there are Borel measures which are not regular; see [1], p. 212. On the other hand, the Baire measures are always inner and outer regular in the following sense:

4.1. Proposition. Let μ be a Baire measure on X. Then

(4.1) μ(B) = sup { μ(Z); Z ⊂ B, Z ∈ F^∗ } = inf { μ(U); U ⊃ B, U ∈ G^∗ }

whenever B ∈ B^∗.

Proof. Let B ∈ G^∗. By 3.3, there exist Z_n ∈ F^∗ such that Z_n ↗ B. Thus (4.1) holds.

Let us denote A^∗ = {B ∈ B^∗; (4.1) holds}. We have proved that G^∗ ⊂ A^∗ and, obviously, B ∈ A^∗ implies X \ B ∈ A^∗. Suppose that B_n ∈ A^∗, n ∈ N, and put B =^∞ � n=1 B_n.

Choose ε > 0. There exist U_n ∈ G^∗, U_n ⊃ B_n, such that μ(B_n) > μ(U_n) − ε/2^n. By 3.2, U =^∞ � n=1 U_n belongs to G^∗ and

μ(U \ B) 6 μ

(_∞� n=1 (U_n \ B_n) ) 6^{∞�}_{n=1} μ(Un \ Bn) < ε.

It follows that μ(B) = inf { μ(U); U ⊃ B, U ∈ G^∗ } . Fix c < μ(B) and k ∈ N such that δ := μ

(_k � n=1 B_n ) − c > 0. Choose Z_n ∈ F^∗,

Z_n ⊂ B_n, such that μ(B_n \ Z_n) <^δ_k . By 3.1, Z =^k � n=1 Z_n ∈ F^∗ and

μ (_k� n=1 B_n \ Z ) 6 μ^{( k�}_{n=1}(Bn \ Zn)^) 6^{k�}_{n=1} μ(Bn \ Zn) < δ.

We have

μ(Z) > μ

(_k� n=1 B_n ) − δ = c,

thus μ(B) = sup { μ(Z); Z ⊂ B, Z ∈ F^∗ } . Hence A^∗ ⊂ B^∗ is a σ-algebra containing G^∗, which gives A^∗ = B^∗. �

In normal spaces, a Baire measure admits at most one extension to a regular Borel measure. This follows from the next proposition and the above quoted uniqueness theorem.

4.2. Proposition. Let X be a normal topological space and ν a regular Borel measure on X. Then

ν(G) = sup { ν(Z); Z ⊂ G, Z ∈ F^∗ } , G ∈ G.

Proof. This follows from the de˛nition of regularity and from 3.4. �

The following easy result could be formulated in a quite abstract setting. We prefer the topological context in view of its application.

4.3. Proposition. Let X be a topological space, let τ be a finite positive increasing set function defined on G such that τ(∅) = 0 and

τ (_∞� n=1 G_n ) 6^{∞�}_{n=1} τ(Gn)

whenever G_n ∈ G, n ∈ N. For an arbitrary set A ⊂ X define

φ(A) = inf { τ(G); G ⊃ A, G ∈ G } . Then φ is an outer measure and every set E ⊂ X satisfying

φ(G ∩ E) + φ(G \ E) 6 φ(G)

for every G ∈ G is φ-measurable.

Proof. Obviously, φ(∅) = 0, φ is increasing and it is straightforward to verify that φ is σ-subadditive.

Let E ⊂ X and let φ(G ∩ E) + φ(G \ E) 6 φ(G)

for every G ∈ G. If A ⊂ X, G ∈ G and A ⊂ G, then

φ(A ∩ E) + φ(A \ E) 6 φ(G ∩ E) + φ(G \ E) 6 φ(G) = τ(G).

Consequently, φ(A ∩ E) + φ(A \ E) 6 φ(A).

Since subadditivity of φ gives the converse inequality, E is φ-measurable. �

(Professor Mařík used to say: a measurable set is a sharp knife cutting each set additively.)

5. Mařík’s result

5.1. Theorem. Let X be a normal countably paracompact topological space and let μ be a Baire measure on X. Then there exists a unique regular Borel measure ν such that ν_{|B}∗ = μ.

Proof. Uniqueness follows from Proposition 4.2. As already mentioned, the existence is based on a two-step regularization: Starting with μ we produce a σsubadditive set function on G which gives rise to an outer measure φ. We show that φ = μ on B^∗ and that every Borel set is φ-measurable. We put ν = φ_{|B}; regularity will follow from the construction of φ. Here are the details. Put τ(G) = sup { μ(Z); Z ⊂ G, Z ∈ F^∗ } , G ∈ G.

Obviously, τ(∅) = 0 and τ is increasing. For G ∈ G^∗, τ(G) = μ(G) by Proposition 4.1. We are going to establish σ-subadditivity of τ.

Let G_n ∈ G and Z ∈ F^∗, Z ⊂^∞ � n=1 G_n. Then {X \ Z} ∪ {G_n; n ∈ N} is a countable open cover of the space X. Since X is countably paracompact and normal, Theorem 2.1 guarantees the existence of closed sets F and F_n, n ∈ N, such that F ⊂ X \Z and F_n ⊂ G_n, n ∈ N, and F ∪^∞ � n=1 F_n = X. Then Z ⊂^∞ � n=1 F_n and, by 3.4, there exist

Z_n ∈ F^∗ such that F_n ⊂ Z_n ⊂ G_n for every n ∈ N. Since Z ⊂^∞ � n=1 Z_n, we get

μ(Z) 6 ∞� n=1 μ(Z_n) 6 ∞� n=1 τ(G_n).

It follows that τ (_∞� n=1 G_n ) 6^{∞�}_{n=1} τ(Gn).

Now we de˛ne, as in Proposition 4.3, the outer measure φ by

φ(A) = inf { τ(G); G ⊃ A, G ∈ G } , A ⊂ X.

Clearly, φ(G) = τ(G) for every G ∈ G. We claim that every Borel set is φ-measurable. It su‹ces to show that every open set is φ-measurable.

So ˛x E ∈ G and take a \test set" G ∈ G. It is su‹cient to show that

φ(G ∩ E) + φ(G \ E) 6 φ(G).

Fix ε > 0 and choose Z ∈ F^∗ such that Z ⊂ G ∩ E and τ(G ∩ E) < μ(Z) + ε. Since G \ Z ∈ G, there exists Y ∈ F^∗, Y ⊂ G \ Z, such that τ(G \ Z) < μ(Y ) + ε. Taking into account that G ∩ E ∈ G, G \ E ⊂ G \ Z, G \ Z ∈ G, Z ∩ Y = ∅ and Z ∪ Y ∈ F^∗, we get

φ(G ∩ E) + φ(G \ E) 6 τ(G ∩ E) + φ(G \ Z) = τ(G ∩ E) + τ(G \ Z) < μ(Z) + μ(Y ) + 2ε = μ(Z ∪ Y ) + 2ε 6 τ(G) + 2ε = φ(G) + 2ε.

This proves that E is φ-measurable.

De˛ne ν := φ_{|B}. Then ν is a Borel measure and, for every B ∈ B,

ν(B) = φ(B) = inf { τ(G); G ⊃ B, G ∈ G } = inf { ν(G); G ⊃ B, G ∈ G } . It follows that ν is a regular Borel measure (see the text preceding Proposition 4.1). Since ν(G) = φ(G) = τ(G) = μ(G) for every G ∈ G^∗ ⊂ G, G_1 ∩ G_2 ∈ G^∗ whenever G_1, G_2 ∈ G^∗ by 3.1, we conclude that ν = μ on B^∗ (by the uniqueness theorem quoted in Sec. 4.), which completes the proof. �

6. Mařík’s original paper

In this section, as in [8], the term measure means a positive σ-additive extended real-valued set function de˛ned on a σ-algebra and vanishing on the empty set.

For a Baire measure μ on a topological space X, Jan Mařík introduces in [8] the system P = P(μ) of sets B ⊂ X, for which there exist sets G_n ∈ G^∗, n ∈ N, of ˛nite μ-measure covering B. He says that a measure μ has the property V_X , if μ is a Baire measure on X such that B ∈ P when μ(B) < ∞. He provides an example of a Baire measure which does not have the property V_X .

For a Baire measure μ and an arbitrary set A ⊂ X, de˛ne

μ(A) = sup { μ(F ); F ⊂ A, F ∈ F^∗, μ(F ) < ∞ } . The following important notion is introduced in [8]: A measure μ has the property W_X , if μ is a Baire measure and there exists a Borel measure ν having the following properties:

(1) B ∈ B^∗ =⇒ ν(B) = μ(B); (2) G ∈ G ∩ P =⇒ ν(G) = μ(G); (3) B ∈ B \ P =⇒ ν(B) = ∞; (4) B ∈ B =⇒ ν(B) = inf { ν(G); G ⊃ B, G ∈ G } . The main results of [8] read as follows:

6.1. Let X be a completely regular topological space and let a measure μ have the property V_X . Suppose that for every F ∈ F^∗ with μ(F ) < ∞ there are compact sets K_n, n ∈ N, such that μ ( F \^∞ � n=1 K_n ) = 0. Then μ has the property W_X .

6.2. Let X be a normal space, and let a measure μ have the property V_X . Suppose that, for every F ∈ F^∗ with μ(F ) < ∞, there exist pseudocompact sets A_n, n ∈ N, such that μ ( F \^∞ � n=1 A_n ) = 0. Then μ has the property W_X . (Recall that a topological space Y is said to be pseudocompact, if every continuous function on Y is bounded.)

6.3. Let X be a normal countably paracompact space and let μ have the property V_X . Then μ also has the property W_X .

A relation of the above results to results on integral representation of positive linear functionals on spaces of continuous functions is mentioned, in particular, in connection with papers of S. Kakutani (1941) and E. Hewitt (1950). An example of a completely regular space X and of a ˛nite Baire measure μ on X which does not have the property W_X is constructed. However, on this space, there exist many extensions of μ to a Borel measure.

Let us mention that the journal received Mařík’s paper [8] on November 25, 1955. The notion of countably paracompact spaces was recent. In fact, all topological results needed in the article were proved. For instance, Sec. 11 of [8] provides a proof of Urysohn’s lemma, Sec. 20 a trans˛nite induction proof of the property of normal spaces stated at the end of our Sec. 2. Mařík’s Sec. 21 contains the following result (cf. with Theorem 2.1):

Let X be a normal space. Then the following conditions are equivalent: (1) If G_n ∈ G, G_n ↗ X, then there are F_n ∈ F such that F_n ⊂ G_n and F_n ↗ X; (2) X is countably paracompact.

It seems that J. Mařík, although a non-topologist, came to this result independently. In fact, his ˛nal remark in [8] says:

This paper is directed also to readers who did not deal too much with topology. Therefore also known facts (e.g. in Sections 11 and 20) are proved. Professor M. Katětov pointed out to the author that also the theorem of Sec. 21 is known (references to Dowker’s and Katětov’s papers from 1951 follow).

7. Results and problems related to Mařík spaces

Various aspects of the Borel extension problem attracted the attention of specialists in topology or topological measure theory. A rather complete picture of the landscape can be obtained from [16], pp. 131{135 and from [15] where more than a dozen of papers closely related to [8] is quoted.

Let us state at least one result from [15]: There exists a countably paracompact non-Mafl�k space. In a letter of June 30, 1995, Professor Haruto Ohta kindly informed the author that Professor Stephen Watson (York University, Canada) can strengthen this result: there exists a first countable countably paracompact non-Mafl�k space. (Here first countable means that every point possesses a countable local base.)

In fact, [15] gives answers to several questions posed in [16] and proposes new seven unsolved problems. As a sample, we reproduce the following question:

Is the product of a Mafl�k space with a compact space a Mafl�k space? More generally, is the preimage of a Mafl�k space under an open, perfect map a Mafl�k space?

References

[1] H. Bauer: Maı-und Integrationstheorie. Walter de Gruyter, Berlin, 1992. [2] R. Engelking: General topology. Heldermann Verlag, Berlin, 1989. [3] R. J. Gardner and W.F. Pfe¸er: Borel measures, Chap. 22. Handbook of set-theoretical topology (K. Kunen and J.E. Vaughan, eds.). Elsevier Science Publishers B.V., Amsterdam, 1984.

[4] J. Mařík: The Lebesgue integral in abstract spaces. Časopis Pěst. Mat. 76 (1951), 175{194. (In Czech.)

[5] J. Mařík: On the integral representation of a functional. Czechoslovak Math. J. 5(80) (1955), 467{487. (In Russian.)

[6] J. Mařík: A note on nowhere dense sets in Em. Časopis Pěst. Mat. 81 (1956), 337{341.

(In Czech.)

[7] J. Mařík: Transformation of m-dimensional Lebesgue integrals. Czechoslovak Math. J.

6(81) (1956), 212{216.

[8] J. Mařík: The Baire and Borel measure. Časopis Pěst. Mat. 81 (1956), 431{450. (In Czech.)

[9] J. Mařík: The transformation of one dimensional integrals. Časopis Pěst. Mat. 82 (1957), 93{98. (In Russian.)

[10] J. Mařík: The Baire and Borel measure. Czechoslovak Math. J. 7(82) (1957), 248{253. [11] J. Mařík: Les fonctionnelles sur l’ensemble des fonctions continues bornées, dé˛nies dans un espace topologique. Studia Math. 16 (1957), 86{94.

[12] J. Mařík: Integration of some very elementary functions. Math. Bohem. 118 (1993), 201{217.

[13] J. Mařík: Integrating factor. Math. Bohem. 119 (1994), 225{229. [14] J. Mařík: The Hausdor¸ dimension of some special plane sets. Math. Bohem. 119 (1994), 359{366.

[15] Haruto Ohta and Ken-Ichi-Tamano: Topological spaces whose Baire measure admits a regular Borel extension. Trans. Amer. Math. Soc. 317 (1990), 393{415.

[16] R. F. Wheeler: A survey of Baire measures and strict topologies. Expositiones Math. 2 (1983), 97{187.

Author’s address: Ivan Netuka, Mathematical Institute of the Charles University, Sokolovská 83, 186 00 Praha 8, Czech Republic, e-mail: netuka@karlin.mff.cuni.cz.