122 (1997) MATHEMATICA BOHEMICA No. 3, 257{265

NOETHER THEOREM AND FIRST INTEGRALS OF CONSTRAINED LAGRANGEAN SYSTEMS

Olga Krupková, Opava

(Received February 16, 1996)

Abstract. The dynamics of singular Lagrangean systems is described by a distribution the rank of which is greater than one and may be non-constant. Consequently, these systems possess two kinds of conserved functions, namely, functions which are constant along extremals (constants of the motion), and functions which are constant on integral manifolds of the corresponding distribution (˛rst integrals). It is known that with the help of the (First) Noether theorem one gets constants of the motion. In this paper it is shown that every constant of the motion obtained from the Noether theorem is a ˛rst integral; thus, Noether theorem can be used for an e¸ective integration of the corresponding distribution.

Keywords: Lagrangean system, Lepagean two-form, Euler-Lagrange form, singular Lagrangian, constrained system, Noether theorem, symmetry, constant of the motion, ˛rst integral.

MSC 1991 : 58F05, 70H35

1. Introduction

The theory of symmetries and first integrals becomes more complicated if, instead of classical Lagrangean systems, one considers constrained systems, i.e., Lagrangean systems coming from singular Lagrangians (cf. [1], [2], [3], [11], and references therein).

According to [8], every mechanical Lagrangean system can be represented by a certain closed two-form, called the Lepagean two-form, and the corresponding dynamics is described by the characteristic distribution of the Lepagean two-form. For regular Lagrangean systems this distribution is of rank one, i.e., locally spanned by one vector field (Hamilton vector field), and the integral sections of this vector field

This work was partially supported by Grant No. 201/96/0845 of the Czech Grant Agency are in one-to-one correspondence with the extremals. For constrained systems, however, this distribution is of rank greater than one, or even of a non-constant rank. Moreover, the correspondence between extremals and integral sections of the distribution is no more one-to-one. Consequently, constrained systems possess two kinds of conserved functions: functions which are constant along extremals, called constants of the motion, and functions which are constant on integral manifolds of the characteristic distribution, called first integrals [10]. While for Lagrangean systems of classical mechanics first integrals and constants of the motion coincide, constrained systems may possess constants of the motion which are not first integrals.

The aim of this paper is to complete the results of [10], where symmetries and conserved functions for constrained systems in higher-order mechanics were studied. In particular, it is well-known that from the First Theorem of E. Noether one gets constants of the motion. Here we shall show that every constant of the motion obtained in this way is a first integral. In the light of recently developed geometric integration methods for constrained Lagrangean systems based on first integrals [9], this result increases the applicability of the Noether Theorem for practical integration of constrained systems.

2. Lagrangean systems

Throughout this paper, we denote by ∂ the Lie derivative, i the contraction,

�_{the pull-back, and J} r_{the r-jet prolongation. We consider a fibered manifold π :}

Y → X, dim X = 1, dim Y = m + 1, and its jet prolongations π_r : J^rY → X, r > 1. Local fibered coordinates on Y (resp. associated coordinates on J^rY ) are denoted by (t, q^σ) (resp. (t, q^σ , q^σ_1 , . . . , q^σ_r )). Recall that the projection π_{r,0} : J^rY → Y is a fibered manifold. A section δ of the fibered manifold π_r is called regular if δ = J^rγ for a section γ of π. A form ϱ on J^rY is called horizontal (with respect to the projection π_r) if i_ξϱ = 0 for every π_r -vertical vector field on J^rY , and is called contact if J^rγ�ϱ = 0 for every (local) section γ of π. The ideal of contact forms on J^rY is generated by the contact one-forms

ω^σ_i = dq^σ_i − q^σ_{i+1} dt, 0 6 i 6 r − 1.

A contact form ϱ is called one-contact (resp. two-contact) if for every vertical vector field ξ the form i_ξϱ is horizontal (resp. one-contact). Notice that every onecontact (resp. two-contact) two-form ϱ is expressed in fibered coordinates by ϱ =

r�1P_{i=0 ϱiσ ωσi ∧ dt (resp. ϱ =} r�1P_{i,k=0 ϱikσν ωσi ∧ ωνk ). We use the notation h, p, p1, and p2}

for the horizontal, contact, one-contact, and two-contact part of forms, respectively.

Every one-form (resp. two-form) ϱ on J^rY admits a unique decomposition into a sum of a horizontal and a contact form (resp. a one-contact and a two-contact form), namely

π�_{r+1,rϱ = hϱ + pϱ, resp. π}�_{r+1,rϱ = p1ϱ + p2ϱ.}

For more details on the calculus of horizontal and contact forms on fibered manifolds we refer to [7].

Horizontal one-forms on J^rY are called Lagrangians of order r. One-contact twoforms on J^rY , horizontal with respect to the projection π_{r,0}, are called dynamical forms of order r. A closed two-form α on J^rY , r > 0, is called a Lepagean two-form of order r if p_1α is a dynamical form. If α is a Lepagean two-form then every (local) one-form θ such that α = dθ is called a Cartan form (or a Lepagean one-form).

Lepagean two-forms were introduced in [8] as forms generalizing symplectic, presymplectic, cosymplectic and precosymplectic forms to any Lagrangian, and to any finite order. Lepagean two-forms are global closed counterparts of variational equations, and they are equivalent with Euler-Lagrange equations in the following sense: If α is a Lepagean two-form (of order r) then the form p_1α is locally variational, i.e., its fiber-chart components are Euler-Lagrange expressions (of order r + 1); conversely, to any Euler-Lagrange expressions E_σ , 1 6 σ 6 m, of order r one can find a unique Lepagean two-form α of order r − 1 such that the E_σ ’s are the components of p_1α. Moreover, regular integral sections of the characteristic distribution of a Lepagean two-form coincide with the solutions of the corresponding Euler-Lagrange equations (extremals).

The above properties of Lepagean two-forms enable us to introduce the concept of a Lagrangean system of order r as a Lepagean two-form on J^rY ; the manifold Y is then called the configuration space, and J^rY is called the phase space. Notice that in this setting, a Lagrangean system is a family of Lagrangians which generally are local and of different orders.

Let s > 1, and let α be a Lagrangean system of order s − 1. Then on the phase space one has two distributions, the characteristic distribution D of α, spanned by the system of one-forms i_ξα where ξ runs over the set of all vector fields on J^s�^1Y , and the Euler-Lagrange distribution Δ, spanned by the system of one-forms i_ξα where ξ runs over the set of π_s�_1-vertical vector fields on J^s�^1Y . These distributions are generally different, and of a non-constant rank. Integral sections of the Euler- Lagrange distribution are called Hamilton extremals. Regular Hamilton extremals are in one-to-one correspondence with extremals, and coincide with regular integral sections of the characteristic distribution.

3. Point symmetries of Lagrangean systems

Let α be a Lepagean two-form (Lagrangean system) of order s−1. A π-projectable vector field ξ on an open subset of Y will be called a point symmetry of the Lagrangean system α if one of the following conditions is satisfied:

(1) ∂_J s�1_ξα = 0, (2) ∂_J s_ξE = 0, where E is the locally variational form defined by E = p_1α, (3) there exists an integer r and a (local) Lagrangian of order r for α such that ∂_J r_ξ λ = 0, (4) there exists an integer r and a (local) Lepagean one-form θ of order r for α such that ∂_J r_ξ θ = 0.

Recall that the equation ∂_J r_ξ λ = 0 (resp. ∂_J s_ξE_λ = 0) is called the Noether equation (resp. the Noether-Bessel-Hagen equation).

If λ is a (possibly local) Lagrangian, denote by θ_λ its Cartan form, and by E_λ its Euler-Lagrange form. Let us recall a theorem relating various point symmetries of a Lagrangean system represented by a two-form α [10].

Theorem 3.1. Let ξ be a π-projectable vector field on Y , let λ be a Lagrangian for α.

(1) If ξ is a point symmetry of θ_λ then it is a point symmetry of λ, and of α. (2) If ξ is a point symmetry of α then it is a point symmetry of E_λ. (3) If ξ is a point symmetry of λ then it is a point symmetry of E_λ.

It is known that if ξ is a point symmetry of an Euler-Lagrange form E, and if λ is a Lagrangian of E then ξ need not be a point symmetry of λ. Similarly, one can find examples showing that if ξ is a point symmetry of a Lepagean two-form α, and if θ_λ is a corresponding Lepagean one-form then ξ need not be a point symmetry of θ_λ. However, let us show that mechanical systems possess the following properties:

Theorem 3.2. Let ξ be a π-projectable vector field on Y . Let α be a Lagrangean system, λ a Lagrangian for α.

(1) If ξ is a point symmetry of λ then it is a point symmetry of θ_λ. (2) If ξ is a point symmetry of E_λ then it is a point symmetry of α.

The proof is based on the following assertions.

Proposition 3.1. [6] Let ξ be a π-projectable vector field on Y . If θ is a Lepagean one-form on J^rY then ∂_J r_ξθ is a Lepagean one-form and

h∂_J r_ξθ = ∂_J r+1_ξhθ.

Proposition 3.2. Let ξ be a π-projectable vector field on Y . If α is a Lepagean two-form on J^s�^1Y then ∂_J s�1_ξα is a Lepagean two-form and p_1∂_J s�1_ξα = ∂_J s_ξp_1α.

Proof of the propositions. Obviously, to prove that ∂_J r_ξ θ is a Lepagean oneform, and ∂_J r_ξα is a Lepagean two-form, it is sufficient to show that for every π-projectable vector field ξ on Y , the form p_1 d(i_J s�1_ξα) is dynamical. Expressing α in the form

π�_{s,s}�_{1α = Eσ ω}σ_{∧ dt +}^s �1X_{j,k=0 F jkσν ωσj ∧ ωνk ,} computing p_1 d(i_J s�1_ξα), and using the identities ∂E_σ ∂q^ν_k − 2 d dt F^{0k}_{σν} − F^{0,k}�^1_{σν} = 0, 1 6 k 6 s − 1, ∂E_σ ∂q^ν_s

− 2F^{0,s}�^1_{σν} = 0, d dt F^{jk}_{σν} + F^j�^{1,k}_{σν} + F^{j,k}�^1_{σν} = 0, 1 6 j, k 6 s − 1, F^s�^{1,k} σν = 0, 1 6 k 6 s − 1, [8], and the prolongation formula

ξ^σ_i = dξ^σ_i�_1 dt − q^σ_i dξ^0 dt , 1 6 i 6 s − 1

for the components of ξ [5], we get the result. These computations also yield p_1 d(i_J s�1_ξα) = i_J s_ξ dE + di_J s_ξE, where E = p_1α, proving that p_1∂_J s�1_ξ α = ∂_J s_ξp_1α.

The relation h∂_J r_ξθ = ∂_J r+1_ξhθ is the infinitesimal first variation formula [5]. � Using the above propositions and the relation ∂_J2r_ξE_λ = E_{∂J}r_{ξ λ} [6], we immediately get

Corollary. Let ξ be a π-projectable vector field on Y , λ a Lagrangian on J^rY . Then ∂_J2r�1_ξθ_λ = θ_{∂J}r_{ξ λ}, ∂_J2r�1_ξα_{Eλ} = α_{∂J2r ξ Eλ} = α_{E∂Jr ξλ} .

Now, we can easily prove Theorem 3.2.

Proof of Theorem 3.2. (1) If ξ is a point symmetry of λ then, by the above corollary, ∂_J2r�1_ξθ_λ = θ_{λ0} , where λ_0 = 0. However, θ_{λ0} = 0, i.e., ξ is a point symmetry of θ_λ.

(2) If ξ is a point symmetry of E_λ then, by the above corollary, ∂_J s�1_ξα is the Lepagean equivalent of the identically zero locally variational form, hence, ∂_J s�1_ξα = 0.

�

4. Point symmetries and constants of the motion

Let α be a Lagrangean system of order s − 1, s > 1. A function f is called a constant of the motion of the Lagrangean system α if for every extremal γ

(4.1) f ∘ J^s�^1γ = const.

Notice that in the above definition, one requires f to be of order 6 s − 1. Only in this case the conservation law (4.1) is an ODE of order lower than the order of the Euler-Lagrange equations, and thus can have a practical significance for simplifying the original integration problem.

Let us recall the famous First Noether Theorem and its generalization [12], [5].

Noether Theorem. Let λ be a Lagrangian of order r, defined on an open subset W ⊂ J^rY , let θ_λ be its Lepagean equivalent. If a π-projectable vector field ξ on Y is a point symmetry of λ, then for every extremal γ of λ defined on π_r(W ) ⊂ X we have i_J2r�1_ξ θ_λ ∘ J^{2r}�^1γ = const.

It is easy to see that for Lagrangians of order r 6 s the function i_J2r�1_ξθ_λ is defined on the phase space; in other words, for such Lagrangians, it is a constant of the motion. Notice that knowing a symmetry of a Lagrangian of order greater than the order of the given variational equations, results in a higher-order conservation law which does not simplify the integration problem.

Generalized Noether Theorem. Let E be a locally variational form of order s, let a π-projectable vector field ξ on Y be a point symmetry of E. If λ is a (local) Lagrangian of order r for E on an open set W , and ϱ is a closed one-form of order r − 1 such that ∂_J r_ξλ = hϱ, and if γ is an extremal of E defined on π_r(W ) ⊂ X, then

(4.2) J^{2r}�^1γ�( di_J2r�1_ξθ_λ − ϱ) = 0.

This means that a point symmetry of a locally variational form E gives rise to conservation laws (i_J2r�1_ξθ_λ − g) ∘ J^{2r}�^1γ = const.,

where g is a function (defined on an appropriate open set) such that dg = ϱ. Since ∂_J r_ξλ = hϱ, we have ∂_J2r�1_ξθ_λ = ϱ, and we get

di_J2r�1_ξθ_λ − ϱ = −i_J2r�1_ξ dθ_λ.

Independently of the order of the Lagrangian, this closed one-form is projectable onto an open subset of J^s�^1Y . Consequently, knowing a point symmetry of E, the Generalized Noether Theorem provides us, for every Lagrangian, with a constant of the motion.

5. Point symmetries and first integrals

The dynamics of a Lagrangean system α is geometrically described by means of its Euler-Lagrange distribution and the characteristic distribution of the closed twoform α. This means that one can make use of first integrals of these distributions for getting an explicit solution of the Euler-Lagrange equations.

Let α be a Lagrangean system of order s−1, s > 1. Let f be a function defined on an open subset U of the phase space J^s�^1Y . Recall that f is said to be a first integral of the Lagrangean system α if f is a first integral of the characteristic distribution D of α, i.e., if df ∈ D.

Remark. The characteristic distribution D is a subdistribution of the Euler- Lagrange distribution Δ. Hence, the set of first integrals of the Euler-Lagrange distribution is a subset of the set of first integrals of the characteristic distribution. To see the motivation for the above definition, let us look at time-independent Lagrangean systems. It is easy to see that in this case, the Hamiltonian H is a first integral of the characteristic distribution. On the other hand, dH ∈ Δ if and only if Δ = D, i.e., there exist time-independent constrained systems for which H is not a first integral of the Euler-Lagrange distribution; as an example of such a Lagrangean system one can take Cawley’s Lagrangian

L = q̇^1q̇^3 +^1_2 (q^2)^2q^3.

A natural requirement that (similarly to the regular case) for time-independent constrained systems H should be a first integral, leads us to the definition of a first integral of a Lagrangean system as a first integral of its characteristic distribution.

Proposition. Every first integral of a Lagrangean system is a constant of the motion.

If the Lagrangean system is regular then the set of first integrals coincides with the set of constants of the motion.

Proof. Let α be a Lagrangean system of order s − 1, let f be a first integral of α. Since for every extremal γ the J^s�^1γ is a Hamilton extremal, and it is an integral section of the characteristic distribution D of α, we have d(J^s�^1γ ∘ f) = J^s�^1γ� df = 0.

Suppose that α is regular, and let f be a constant of the motion. Then D is locally spanned by one nowhere zero vector field ζ such that the prolonged extremals coincide with the integral sections of ζ. Hence, i_ζ df = 0, proving that f ∈ D. �

Since generally the set of integral mappings of the characteristic distribution does not coincide with the set of prolonged extremals, it is not surprising that one can find examples of constrained systems with constants of the motion which are not first integrals [4].

The following proposition follows immediately from the definition of the characteristic distribution.

Proposition. Let α be a Lagrangean system of order s − 1, s > 1. Let ξ be a point symmetry of the Lepagean equivalent θ_λ of a (local) Lagrangian λ of α. If θ_λ is of order s − 1 then i_J s�1_ξθ_λ is a first integral of the Lagrangean system α.

Now, using the above proposition and Theorem 3.2 we obtain a stronger form of the Noether Theorem:

Theorem 5.1. Let α be a Lagrangean system on J^s�^1Y , let λ be a (local) Lagrangian of order r 6 s. If a π-projectable vector field ξ on Y is a point symmetry of λ then i_J2r�1_ξθ_λ is a first integral of the Lagrangean system α.

Let α be a Lagrangean system of order s − 1, s > 1. Let ξ be a π-projectable vector field on Y . If ξ is a point symmetry of α then, since α is closed, one has in a neighborhood of every point in J^s�^1Y the relation i_J s�1_ξα = df, where f is a first integral of the characteristic distribution of α. This, together with Theorem 3.2, leads to a stronger form of the Generalized Noether Theorem:

Theorem 5.2. Let α be a Lagrangean system on J^s�^1Y . Let E = p_1α, and let a π-projectable vector field ξ on Y be a point symmetry of E. Then for every Lagrangian λ of E, the function i_J2r�1_ξθ_λ − g, where r is the order of λ and g is given by dg = ∂_J2r�1_ξθ_λ, is a first integral of the Lagrangean system α.

Remark. Let us mention a practical significance of the above theorems. Recently, methods have been developed for integration of (generally higher-order) constrained Lagrangean systems, based on a generalization of the classical Liouville theorem and the Hamilton-Jacobi integration method [9]. To apply them, one needs to know a suitable set of first integrals. However, according to Theorems 5.1 and 5.2, one can easily get first integrals with the help of symmetries of Lagrangians and Euler-Lagrange equations.

References

[1] J. F. Cari~nena, M. F. Ra~nada: Noether’s theorem for singular Lagrangians. Lett. Math.

Phys. 15 (1988), 305{311.

[2] C. Ferrario, A. Passerini: Symmetries and constants of motion for constrained Lagrangian systems: a presymplectic version of the Noether theorem. J. Phys. A 23 (1990), 5061{5081.

[3] C. Ferrario, A. Passerini: Dynamical symmetries in constrained systems: a Lagrangian analysis. J. Geom. Phys. 9 (1992), 121{148.

[4] J. Hrivňák: Symmetries and ˛rst integrals of equations of motion in higher-order mechanics. Thesis, Dept. of Math., Silesian University, Opava, 1995, pp. 59. (In Czech.)

[5] D. Krupka: Some geometric aspects of variational problems in ˛bered manifolds. Folia Fac. Sci. Nat. UJEP Brunensis 14 (1973), 1{65.

[6] D. Krupka: A geometric theory of ordinary ˛rst order variational problems in ˛bered manifolds. I. Critical sections, II. Invariance. J. Math. Anal. Appl. 49 (1975), 180{206; 469{476.

[7] D. Krupka: Geometry of Lagrangean structures 2. Arch. Math. (Brno) 22 (1986), 211{228.

[8] O. Krupková: Lepagean 2-forms in higher order Hamiltonian mechanics, I. Regularity, II. Inverse problem. Arch. Math. (Brno) 22 (1986), 97{120; 23 (1987), 155{170.

[9] O. Krupková: Variational analysis on ˛bered manifolds over one-dimensional bases. PhD Thesis, Dept. of Math., Silesian University, Opava, 1992, pp. 67.

[10] O. Krupková: Symmetries and ˛rst integrals of time-dependent higher-order constrained systems. J. Geom. Phys. 18 (1996), 38{58.

[11] G. Marmo, G. Mendella, W. M. Tulczyjew: Symmetries and constants of the motion for dynamics in implicit form. Ann. Inst. Henri Poincaré, Phys. Theor. 57 (1992), 147{166.

[12] E. Noether: Invariante Variationsprobleme. Nachr. Kgl. Ges. Wiss. Göttingen, Math.

Phys. Kl. (1918), 235{257.

Author’s address: Olga Krupková, Silesian University Opava, Department of Mathematics and Informatics Bezručovo nám. 13, 746 01 Opava, Czech Republic, e-mail:

olga.krupkova@fpf.slu.cz.