123 (1998) MATHEMATICA BOHEMICA No. 3, 279–293

ON OVERDETERMINED HARDY INEQUALITIES

Alois Kufner, Praha, Herbert Leinfelder, Nürnberg

(Received April 9, 1997)

Abstract. Necessary and sufficient condition on the weights will be derived under which a k-th order Hardy inequality holds on classes of functions satisfying more than k “boundary” conditions.

Keywords: Hardy’s inequality, weight functions, overdetermined classes MSC 1991 : 26D10

0. Introduction

In this note, we will deal with the k-th order Hardy inequality

(1) � �_1 0 |u(x)|^q w_0(x) dx

�_{1/q} � C � �_1 0 |u^{(k)}(x)|^pw(x) dx

�_{1/p}

on the class of functions u ∈ AC^{k−1}(0, 1) for which the right hand side in (1) is finite and which satisfy the “boundary conditions”

u^{(i)}(0) = 0 for i ∈ M_0, (2) u^{(j)}(1) = 0 for j ∈ M_1,

where M_0, M_1 are subsets of the set {0, 1, . . . , k − 1}.

The problem what choice of the couple M_0, M_1 is meaningful, i.e., for what type of conditions (2) the inequality (1) makes sense, is completely solved in [DK]—the couple M_0, M_1 has to satisfy the so-called Pólya condition. Such couples M_0, M_1 will be called admissible.

For admissible couples satisfying additionally the condition

(3) #M_0 + #M_1 = k,

necessary and sufficient conditions on the weights w_0 and w (i.e., functions measurable and positive a.e. in (0,1)) and on the parameters p, q (1 � p � ∞, 0 < q � ∞) are completely described in [K] and in [S]. Such couples will be called standard. Let us only mention that the method consists in reducing inequality (1) under conditions (2) to the weighted norm inequality

(4) � �_1 0 |(T f)(x)|^q w_0(x) dx

�_{1/q} � C � �_1 0 |f(x)|^pw(x) dx

�_{1/p}

where T is the Green operator of the boundary value problem

(5) u^{(k)} = f in (0, 1), u^{(i)}(0) = 0 for i ∈ M_0, u^{(j)}(1) = 0 for j ∈ M_1,

i.e., u(x) = (T f)(x) =

�_1 0 K(x, t)f(t)dt

with a suitable kernel K(x, t).

The aim of this note is to find necessary and sufficient conditions for the validity of (1) in the case of overdetermined conditions, i.e. in the case that condition (3) is violated:

(6) #M_0 + #M_1 > k.

For some special cases, this problem was solved by [KSim] (the case M_0 = M_1 = {0, 1, . . . , k − 1} and the case M_0 = {0, 1, . . . , k − 1}, M_1 = {k − 1}; mainly sufficient conditions), by [KSin] (the case M_0 = ~M_0 ∪ {k − 1}, M_1 = ~M_1 ∪ {k − 1}, where the couple ~M_0, ~M_1 is standard for the inequality of order k − 1; necessary and sufficient conditions) and by [NS] (the case k = p = q = 2 on the semiaxis (0, ∞); necessary and sufficient conditions).

Here, we will show that if we construct the overdetermined couple M_0, M_1 adding some new conditions to a standard couple ^M_0, ^M_1, then the necessary and sufficient conditions of the validity of (1) under the boundary conditions given by M_0, M_1 are the same as the necessary and sufficient conditions under the boundary conditions given by ^M_0, ^M_1 provided the weights w_0, w satisfy some additional assumptions.

For simplicity, we will explain our idea on the particular standard couple

(7) ^M_0 = {0, 1, . . . , k − 1}, ^M_1 = ∅ but it will be clear that the method can be extended to general standard couples (see also Example 3).

Thus, let us consider inequality (1) under the (standard) conditions

(8) u(0) = u^′(0) = . . . = u^{(k−1)}(0) = 0.

Then the necessary and sufficient conditions for its validity have the form (for the case 1 < p � q < ∞)

sup 0<x<1

� �_1 x (t − x)^{(k−1)q} w_0(t)dt

�_{1/q}� �_x 0 w^{1−p′} (t)dt

�_{1/p}′ < ∞, (9) sup 0<x<1

� �_1 x w_0(t)dt

�_{1/q} � �_x 0 (x − t)^{(k−1)p′} w^{1−p′} (t)dt

�_{1/p}′ < ∞,

with p^′ =^p_{p−1} .

Now, let us add to (8) the conditions

(10) u^{(j)}(1) = 0 for j ∈ M

where M is a nonempty subset of {0, 1, . . . , k − 1}. Then we have the situation described above, with ^M_0 and ^M_1 from (7) and with M_0 = ^M_0, M_1 = M. Define an operator T by

(11) (T f)(x) = 1 (k − 1)!

�_x 0 (x − t)^{k−1}f(t)dt, x ∈ (0, 1).

The function u = T f obviously satisfies conditions (8) and the equation u^{(k)} = f in (0,1). Moreover, since

u^{(j)}(x) =

(−1)^j (k − j − 1)!

�_x 0 (x − t)^{k−j−1}f(t)dt, 0 � j � k − 1,

conditions (10) lead to the assumptions

(12)

�_1 0 (1 − t)^{k−j−1}f(t)dt = 0 for j ∈ M.

If we denote by L^p(w) the weighted Lebesgue space normed by

‖v‖_{p,w} =

� �_1 0 |v(x)|^pw(x) dx

�_{1/p} , 1 < p < ∞, and by W_M the subset of L^p(w) of all functions f satisfying (12), we obtain immediately the following assertion:

Lemma 1. Let M be a nonempty subset of {0, 1, . . . , k − 1}. Then the Hardy inequality (1) with overdetermined conditions (8) and (10) is equivalent to the weighted norm inequality (13) ‖T f‖_{q,w0} � C‖f‖_{p,w} for all f ∈ W_M with W_M ⊂ L^p(w) determined by conditions (12). If in addition the weight function w satisfies (14)

�_1 0 (1 − t)^{(k−j−1)p′} w^{1−p′} (t)dt < ∞ for j ∈ M, then W_M is a closed subspace of L^p(w) with finite codimension #M. Moreover, (15) W_M = F^⊥_M where F_M denotes the linear hull of the functions (16) φ_j (t) = (1 − t)^{k−j−1}w^{−1}(t), j ∈ M, in L^{p′} (w) and F^⊥_M its “orthogonal complement”, i.e. the set of all f ∈ L^p(w) such that �_1 0 φ_j (t)f(t)w(t)dt =

�_1 0 (1 − t)^{k−j−1}f(t)dt = 0 for all j ∈ M.

Proof. Recalling the above explanations it is clear that the Hardy inequality (1) for u satisfying conditions (8), (10) is exactly inequality (13) for f ∈ W_M . Denote by ⟨·, ·⟩_w the duality between L^p(w) and L^{p′} (w): ⟨f, g⟩_w =

�_1 0 f(t)g(t)w(t)dt, f ∈ L^p(w), g ∈ L^{p′} (w).

Conditions (14) guarantee that φ_j ∈ L^{p′} (w), and assumptions (12) can be rewritten in the form ⟨f, φ_j ⟩_w = 0 for j ∈ M, which gives W_M = F^⊥_M . To see that the codimension of W_M is #M consider the linear mapping Ψ: L^p(w) → R^{#M} , Ψ(f) = {⟨f, φ_j ⟩_w}_{j∈M} .

Clearly Ker Ψ = {f ∈ L^p(w): ⟨f, φ_j ⟩_w = 0, j ∈ M} = W_M and Ψ(L^p(w)) = R^{#M} since there exist functions α_i ∈ L^p(w), i ∈ M, such that ⟨α_i, φ_j ⟩_w = δ_{ij} [Ka, Theorem 1.22]. Hence for the codimension dim L^p(w)/W_M of W_M we get dim L^p(w)/W_M = dim L^p(w)/Ker Ψ = dim Ψ(L^p(w)) = dim R^{#M} = #M. □ Remark 1. (i) Thus, the investigation of inequality (1) under conditions (8), (10) can be reduced to the investigation of inequality (13) on the subset F^⊥_M of L^p(w) provided w satisfies (14).

(ii) Obviously, conditions (14) can be replaced by a single condition

(17)

�_1 0 (1 − t)^{(k−j0 −1)p′} w^{1−p′} (t)dt < ∞

where j_0 = max{j, j ∈ M}.

(iii) If the set M is empty, then we have no additional conditions on w and the subset F^⊥_M coincides with the whole space L^p(w). In other words: To investigate (1) under the standard conditions (8) is equivalent to investigating (13) on the whole space L^p(w).

1. The case p = 2 In this case, condition (17) reads

(18)

�_1 0 (1 − t)^{2(k−j0 −1)}w^{−1}(t)dt < ∞

and the Hilbert space L^2(w) can be written as the orthogonal sum (19) L^2(w) = F_M ⊕ F^⊥_M = F_M ⊕ W_M where F_M is the linear hull of the functions φ_i from (16). Moreover, if we suppose that the weight functions w and w_0 satisfy

(20)

�_1 0 � �_x 0 (x − t)^{k−1}(1 − t)^{k−j0 −1}w^{−1}(t)dt

�_q w_0(x) dx < ∞, then obviously T φ_j ∈ L^q(w_0) for j ∈ M

with T from (11). Since F_M is finite-dimensional, T maps the subspace F_M continuously into L^q (w_0).

Thus, we are able to prove the following assertion:

Theorem 1. Let M be a nonempty subset of {0, 1, . . . , k − 1}, j_0 = max{j, j ∈ M}, and suppose that the weight functions w_0, w satisfy conditions (18) and (20). Let p = 2, 0 < q < ∞.

Then the k-th order Hardy inequality (1) holds for u satisfying the overdetermined conditions (8) and (10) if and only if it holds for u satisfying the standard conditions (8).

Proof. (i) If (1) holds for u satisfying (8), then it obviously holds for u satisfying (8) and (10).

(ii) If (1) holds for u satisfying (8) and (10) and w satisfies (17), then according to Lemma 1 inequality (13) holds (with p = 2) for all f ∈ W_M , i.e. the operator T maps W_M continuously into L^q (w_0). If, moreover, (20) is satisfied, then T maps also F_M into L^q(w_0), and consequently, due to (19), T maps the whole space L^2(w_0) into L^q(w_0). But this means, according to Remark 1 (iii), that (1) holds for u satisfying (8). □

2. A general p > 1

(a) Suppose that M contains only one element, M = {j_0}. Then we have only one function φ: φ(t) = (1 − t)^{k−j0 −1}w^{−1}(t), φ ∈ L^{p′} (w) provided (17) holds, and the set F_M is onedimensional.

Define a function α by

(21) α(t) = C_0(1 − t)^{(k−j0 −1)(p′ −1)}w^{1−p′} (t)

with a suitable constant C_0 > 0. Condition (17) guarantees that

α ∈ L^p(w) and ⟨α, φ⟩_w > 0.

Indeed, �_1 0 α^p(t)w(t)dt = C^p_0

�_1 0 (1 − t)^{(k−j0 −1)p′} w^{1−p′} (t)dt < ∞ and ⟨α, φ⟩_w =

�_1 0 α(t)φ(t)w(t)dt = C_0

�_1 0 (1 − t)^{(k−j0 −1)p′} w^{1−p′} (t)dt.

If we choose C_0 such that ⟨α, φ⟩ = 1, we can write every g ∈ L^p(w) in the form

(22) g = f + Cα, f ∈ F^⊥_M .

Indeed, if we put f = g − ⟨g, φ⟩_w α, we have ⟨f, φ⟩_w = ⟨g, φ⟩_w − ⟨g, φ⟩_w ⟨α, φ⟩_w = 0, i.e., f ∈ F^⊥_M , and we have (22) with C = ⟨g, φ⟩_w.

If we now suppose that the functions w and w_0 satisfy

(23)

�_1 0 � �_x 0 (x − t)^{k−1}(1 − t)^{(k−j0 −1)(p′−1)}w^{1−p′} (t)dt

�_q w_0(x) dx < ∞,

then we have T α ∈ L^q(w_0)

and T maps the onedimensional subset {cα}, c ∈ R, of L^p(w) continuously into L^q(w_0). Since T maps F^⊥_M continuously into L^q(w_0) if and only if (1) holds for u satisfying (8) and (10) (due to Lemma 1), we can repeat, in view of (22), the assertion of Theorem 1, replacing assumptions (18) and (20) by (17) and (23), respectively, and omitting the assumption p = 2.

Example 1. Let us consider inequality (1) under the conditions

u(0) = u^′(0) = . . . = u^{(k−1)}(0) = 0, u(1) = 0.

Then we have the situation just described, with M = {j_0} = {0}, and we can assert that inequality (1) holds for p, q satisfying 1 < p � q < ∞ if and only if conditions (9) are satisfied, provided that

�_1 0 (1 − t)^{(k−1)p′} w^{1−p′} (t)dt < ∞

and �_1 0 � �_x 0 (x − t)^{k−1}(1 − t)^{(k−1)(p′ −1)}w^{1−p′} (t)dt

�_q w_0(x) dx < ∞.

Remark 2. Of course our foregoing assertions remain true also for the case p > q, 0 < q < ∞, 1 < p < ∞, but then we have to replace conditions (9) by the corresponding conditions for the case p > q (see, e.g., [OK]).

Example 2. Let us consider inequality (1) under the conditions

(24) u(0) = u^′(0) = . . . = u^{(k−1)}(0) = 0, u^{(k−1)}(1) = 0.

Then we have again the situation described above, with M_0 = {j_0} = {k − 1}, and we can again assert that inequality (1) holds for p, q satisfying 1 < p � q < ∞ if and only if conditions (9) are satisfied provided that

(25)

�_1 0 w^{1−p′} (t)dt < ∞ and (26)

�_1 0 � �_x 0 (x − t)^{k−1}w^{1−p′} (t)dt

�_q

w_0(x) dx < ∞.

The case of conditions (24) was investigated in [KSin] where the following five conditions have been shown to be necessary and sufficient for (1) to hold, with z ∈ (0, 1) arbitrary but fixed:

sup 0<x<z

� �_z x (t − x)^{(k−1)q} w_0(t)dt

�_{1/q} � �_x 0 w^{1−p′} (t)dt

�_{1/p}′ < ∞, sup 0<x<z

� �_z x w_0(t)dt

�_{1/q} � �_x 0 (x − t)^{(k−1)p′} w^{1−p′} (t)dt

�_{1/p}′ < ∞, sup z<x<1

� �_1 x (t − z)^{(k−2)q} w_0(t)dt

�_{1/q} � �_x z (t − z)^{p′} w^{1−p′} (t)dt

�_{1/p}′ < ∞,

(27) sup z<x<1

� �_x z (t − z)^{(k−1)q} w_0(t)dt

�_{1/q}� �_1 x w^{1−p′} (t)dt

�_{1/p}′ < ∞, sup j=1,...,k−1

� �_1 z (t − z)^{(k−j−1)q} w_0(t)dt

�_{1/q} � �_z 0 (z − t)^{jp′} w^{1−p′} (t)dt

�_{1/p}′ < ∞.

We will come back to this case later (see Remark 4).

(b) If M contains more than one element from the set {0, 1, . . . , k − 1}, we can proceed similarly, using again the concept of biorthogonality ([Ka, Theorem 1.22]). We denote again j_0 = max{j, j ∈ M} and suppose that (17) holds. Then for our set {φ_j }_{j∈M} —see (16)—with φ_j ∈ L^{p′} (w) there exist functions α_i ∈ L^p(w), i ∈ M, such that ⟨α_i, φ_j ⟩_w = δ_{ij} and we can write, in analogy to (22), every function g ∈ L^p(w) in the form g = f + h where f belongs to F^⊥_M and h belongs to the linear hull of the α^′_is, i.e., to a finitedimensional subspace of L^p(w). It can be shown that the functions α_i can be expressed as linear combinations of the functions

(1 − t)^{(k−j−1)(p′ −1)}w^{1−p′} (t), j ∈ M,

and if we suppose that (23) is satisfied, we obtain that

T α_i ∈ L^q(w_0), i ∈ M.

The conclusion follows as in part (a).

3. A general standard couple

We explained our approach using the special standard couple ^M_0, ^M_1 from (7), but the method can be used for any other standard couple. Let us describe shortly the approach:

We start with a standard couple ^M_0, ^M_1, for which the necessary and sufficient conditions of the validity are known. Then we can express the function u with help of an integral operator T ,

(28) u(x) = (T f)(x) =

�_1 0 K(x, t)f(t)dt

where the kernel K is known. If our overdetermined couple M_0, M_1 is determined by some additional conditions of the type

u^{(α)}(0) = 0, u^{(β)}(1) = 0,

we simply use these conditions in (28) and obtain conditions on f:

(29)

�_1 0 ∂^αK ∂x^α

(0, t)f(t)dt = 0,

�_1 0 ∂^βK ∂x^β

(1, t)f(t)dt = 0.

Supposing additionally that the weight function w satisfies

�_1 0 � � � ∂^αK ∂x^α

(0, t) � � �^p ′ w^{1−p′} (t)dt < ∞,

�_1 0 � � � ∂^βK ∂x^β

(1, t) � � �^p ′ w^{1−p′} (t)dt < ∞,

then the conditions (29) describe a closed subspace of L^p(w) (with finite codimension), and we consider the weighted norm inequality (4) for f from the “orthogonal complement” of this subset.

Finally, we try to find conditions on w and w_0 which would allow to extend inequality (4) to the whole space L^p(w).

Without going into details, we explain our idea on a simple example.

Example 3. We consider the third order Hardy inequality

(30)

� �_1 0 |u(x)|^q w_0(x) dx

�_{1/q} � C � �_1 0 |u^{′′′}(x)|^pw(x) dx

�_{1/p}

for functions u satisfying

(31) u(0) = 0, u(1) = 0, u^′(0) = 0, u^{′′}(1) = 0.

We start with the standard conditions

(32) u(0) = 0, u^′(0) = 0, u(1) = 0,

i.e., ^M_0 = {0, 1}, ^M_1 = {0}, and the necessary and sufficient conditions of the validity of inequality (30) for functions u satisfying (32) have (for 1 < p � q < ∞) the form sup 0<x<1

� �_1 x t^q (1 − t)^q w_0(t)dt

�_{1/q} � �_x 0 t^{p′} (1 − t)^{p′} w^{1−p′} (t)dt

�_{1/p}′

< ∞,

(33) sup 0<x<1

� �_x 0 t^{2q}w_0(t)dt

�_{1/q} � �_1 x (1 − t)^{2p′} w^{1−p′} (t)dt

�_{1/p}′ < ∞ (see, e.g., [K] or [S]). In this case we can write

(34) (T f)(x) = u(x) =^1_2

�_x 0 t(2x^2 − x^2t − 2x + t)f(t)dt −^1_2 x^2

�_1 x (1 − t)^2f(t)dt.

The additional condition u^{′′}(1) = 0 leads to the condition

(35)

�_1 0 t(2 − t)f(t)dt = 0.

Thus inequality (30) holds for u satisfying (31) if the inequality ‖T f‖_{q,w0} � C‖f‖_{p,w} holds with T from (34) for all f ∈ L^p(w) satisfying (35).

But condition (35) can be rewritten in the form ⟨f, φ⟩_w = 0 with φ(t) = t(2 − t)w^{−1}(t) provided φ belongs to L^{p′} (w), which means that w satisfies the assumption

(36)

�_1 0 t^{p′} w^{1−p′} (t)dt < ∞.

Then, similarly as in Section 2(a), we can construct a function α ∈ L^p(w), α(t) = c_0t^{p′ −1}(2 − t)^{p′ −1}w^{1−p′} (t) and decompose the space L^p(w). If, moreover, �_1 0 � x(1 − x)

�_x 0 t^{p′} (1 − t)w^{1−p′} (t)dt

(37) + x^2

�_1 x (1 − t)^2t^{p′−1}w^{1−p′} (t)dt

�_q w_0(x) dx < ∞ then T α ∈ L^q(w_0) and we can conclude that the conditions (33) are necessary and sufficient for (30) to hold also in the overdetermined case (31) provided w and w_0 satisfy assumptions (36) and (37).

4. Another approach Now, let us consider inequality (1) for functions u satisfying (38) u^{(i)}(0) = u^{(i)}(1) = 0 for i = 0, 1, . . . , k − 1, i.e., for the case that in (2) we have M_0 = M_1 = {0, 1, . . . , k − 1}.

Let us choose z ∈ (0, 1) arbitrary but fixed and introduce operators S_{1,z}, S_{2,z} by (S_{1,z}f)(x) = 1 (k − 1)!

�_x 0 (x − t)^{k−1}f(t)dt, x ∈ (0, z), (39) (S_{2,z}f)(x) = 1 (k − 1)!

�_1 x (t − x)^{k−1}f(t)dt, x ∈ (z, 1).

If we define (40) u(x) = χ_{(0,z)}(x)(S_{1,z} f)(x) + (−1)^kχ_{(z,1)}(x)(S_{2,z} f)(x) then u satisfies conditions (38) and we have that u^{(k)}(x) = f(x) on (0, z) ∪ (z, 1). If f satisfies the assumptions (41)

�_1 0 t^if(t)dt = 0, i = 0, 1, . . . , k − 1 then u^{(i)}(z + 0) = u^{(i)}(z − 0) and we immediately have

Lemma 2. The Hardy inequality (1) with overdetermined conditions (38) is equivalent to the weighted norm inequality (42) ‖T_zf‖_{q,w0} � C‖f‖_{p,w} for all f ∈ L^p(w) satisfying conditions (41) with z ∈ (0, 1) fixed and T_z = S_{1,z} + (−1)^kS_{2,z}.

So, we again have a situation similar to that of the foregoing sections: We have reduced the Hardy inequality (1) to the special weighted norm inequality (42) on a subset of the space L^p(w), and now, we will try to extend T_z to the whole space L^p(w). To this purpose, we introduce functions

(43) φ_i(t) = t^iw^{−1}(t), i = 0, 1, . . . , k − 1.

The additional assumption

(44)

�_1 0 w^{1−p′} (t)dt < ∞

guarantees that φ_i ∈ L^{p′} (w), and conditions (41) can be rewritten as

⟨f, φ_i⟩_w = 0, i = 0, 1, . . . , k − 1.

Similarly as in Section 2, we introduce functions α_j ∈ L^p(w) such that ⟨α_j , φ_i⟩_w = δ_{ji}, in terms of the functions

β_i(t) = t^{i(p′ −1)}w^{1−p′} (t).

Condition (44) guarantees that β_i ∈ L^p(w), and the additional assumptions

(45)

�_z 0 � �_x 0 (x − t)^{k−1}t^{i(p′ −1)}w^{1−p′} (t)dt

�_q w_0(x) dx < ∞, �_1 z � �_1 x (t − x)^{k−1}t^{i(p′ −1)}w^{1−p′} (t)dt

�_q w_0(x) dx < ∞

guarantee that T_zα_i ∈ L^q(w_0). Consequently, T_z maps the whole space L^p(w) continuously into L^q(w_0) provided the Hardy inequality (1) holds for u satisfying (38) and the weight functions w and w_0 satisfy (44) and (45).

Now let us look for necessary conditions. Assume that (42) holds for all f ∈ L^p(w). (a) If the number k is even, then T_z is the sum of positive operators S_{1,z}, S_{2,z} and we have that

|S_{i,z}f| � S_{i,z}|f| � (S_{1,z} + S_{2,z})|f| = T_z|f|, i = 1, 2, and (46) ‖S_{i,z}f‖_{q,w0} � ‖T_z |f| ‖_{q,w0} � C‖ |f| ‖_{p,w} = C‖f‖_{p,w} for every f ∈ L^p(w), i = 1, 2. Consequently, the necessary conditions

(47) sup 0<x<z

� �_z x (t − x)^{(k−1)q} w_0(t)dt

�_{1/q} � �_x 0 w^{1−p′} (t)dt

�_{1/p}′ < ∞, sup 0<x<z

� �_z x w_0(t)dt

�_{1/q} � �_x 0 (x − t)^{(k−1)p′} w^{1−p′} (t)dt

�_{1/p}′ < ∞ (for i = 1, i.e., on (0, z)) and

sup z<x<1

� �_x z (x − t)^{(k−1)q} w_0(t)dt

�_{1/q} � �_1 x w^{1−p′} (t)dt

�_{1/p}′ < ∞,

(48) sup z<x<1

� �_x z w_0(t)dt

�_{1/q} � �_1 x (t − x)^{(k−1)p′} w^{1−p′} (t)dt

�_{1/p}′ < ∞ (for i = 2, i.e., on (z, 1)) have to be satisfied.

(b) If the number k is odd, then T_z is the difference of positive operators S_{1,z}, S_{2,z}. For f ∈ L^p(w), define g by

(49) g(x) = � f(x) for x ∈ (0, z), −f(x) for x ∈ (z, 1).

Then g ∈ L^p(w), ‖g‖_{p,w} = ‖f‖_{p,w} and ‖S_{i,z}f‖_{q,w0} = ‖S_{i,z}g‖_{q,w0} since S_{1,z} is concentrated on (0, z) and S_{2,z} on (z, 1). Since T_zf = S_{1,z}g + S_{2,z}g, we again obtain (46) and the necessary conditions (47) and (48).

On the other hand, it follows from (47) that

(50)

� �_z 0 |(S_{1,z}f)(x)|^q w_0(x) dx

�_{1/q} � C � �_z 0 |f(x)|^pw(x) dx

�_{1/p} � C‖f‖_{p,w}

and it follows from (48) that

(51)

� �_1 z |(S_{2,z}f)(x)|^q w_0(x) dx

�_{1/q} � C � �_1 z |f(x)|^pw(x) dx

�_{1/p} � C‖f‖_{p,w}

and consequently, conditions (47) and (48) are also sufficient for (42) to hold on L^p(w).

So, we have proved

Theorem 2. Let z ∈ (0, 1) be arbitrary but fixed. Let 1 < p � q < ∞. Then conditions (47) and (48) are necessary and sufficient for the Hardy inequality (1) to hold on the overdetermined class of functions u satisfying conditions (38), provided the weight functions w and w_0 satisfy assumptions (44) and (45).

Remark 3. Obviously, an analogous assertion can be derived also for the case p > q.

Remark 4. Let us consider the special case k = 1. Then it was shown in [KSin] that for w such that

(52)

�_1 0 w^{1−p′} (t)dt < ∞

the following pair of conditions is necessary and sufficient for (1) to hold:

(53) sup 0<x<z

� �_z x w_0(t)dt

�_{1/q}� �_x 0 w^{1−p′} (t)dt

�_{1/p}′ < ∞, sup z<x<1

� �_x z w_0(t)dt

�_{1/q} � �_1 x w^{1−p′} (t)dt

�_{1/p}′ < ∞,

with a fixed z ∈ (0, 1). (In fact, (53) are the conditions (27) which for k = 1 reduce to two conditions only.)

Conditions (53) are the conditions (47), (48) above (for k = 1!). Since (52) is in fact condition (44), it seems that—in contrary to [KSin]—the additional restrictive condition (45) appears in Theorem 2. Let us show that this is not the case since (for k = 1) condition (45) is satisfied automatically.

Without loss of generality, we can assume that (for z fixed)

�_z 0 w^{1−p′} (t)dt �

�_1 z w^{1−p′} (t)dt.

Define f by

f(t) = � w^{1−p′} (t) + c for t ∈ (0, z), w^{1−p′} (t) for t ∈ (z, 1)

where the constant c � 0 is chosen so that �_z 0 f(t)dt =

�_1 z f(t)dt,

and define g by (49). Then

�_1 0 g(t)dt = 0, i.e., g satisfies (41) (note that k = 1, i.e.

i = 0).

According to Lemma 2, we have ‖T_zg‖_{q,w0} � C‖g‖_{p,w}, and consequently (50), (51). But due to the positivity of the operator S_{1,z}, we have from (50) that �_z 0 � �_x 0 w^{1−p′} (t)dt

�_q w_0(x) dx =

�_z 0 |(S_{1,z}w^{1−p′} )(x)|^q w_0(x) dx � �_z 0 |S_{1,z}(w^{1−p′} + c)(x)|^q w_0(x) dx =

�_z 0 |(S_{1,z}f)(x)|^q w_0(x) dx

� C‖f‖^q_{p,w} < ∞,

which is the first condition in (45) (for k = 1) while the other follows analogously from (51).

Acknowledgements. The collaboration of both authors was made possible through a support from the DAAD (Germany). Furthermore, the first author has been supported by the Grant Agency of the Czech Republic, grants No. 201/97/0395 and 0744, and by the Grant Agency of the Czech Academy of Sciences, grant No. A1019506 while the second author was partially supported by a grant from the Ministry of Education of the Czech Republic, project No. 449/97.

References

[DK] P. Drábek, A. Kufner: The Hardy inequality and Birkhoff interpolation. Bayreuth.

Math. Schriften 47 (1994), 99–105.

[K] A. Kufner: Higher order Hardy inequalities. Bayreuth. Math. Schriften 44 (1993), 105–146.

[Ka] T. Kato: Perturbation Theory for Linear Operators. Springer-Verlag, New York, 1966.

[KSim] A. Kufner, C. G. Simader: Hardy inequalities for overdetermined classes of functions. Z. Anal. Anwend. 16 (1997), no. 2, 387–403.

[KSin] A. Kufner, G. Sinnamon: Overdetermined Hardy inequalities. J. Math. Anal. Appl 213 (1997), 468–486.

[NS] M. Nasyrova, V. Stepanov: On weighted Hardy inequalities on semiaxis for functions vanishing at the endpoints. J. Inequal. Appl. 1 (1997), no. 3, 223–238.

[OK] B. Opic, A. Kufner: Hardy-Type Inequalities. Longman, Harlow, 1990.

[S] G. Sinnamon: Kufner’s conjecture for higher order Hardy inequalities. Real Anal.

Exchange 21 (1995/6,), no. 2, 590–603.

Authors’ addresses: A. Kufner, Mathematical Institute, Academy of Sciences, Žitná 25, 115 67 Prague, Czech Republic, e-mail: kufner@math.cas.cz H. Leinfelder, Georg-Simon-Ohm-Fachhochschule Nürnberg, Keßlerplatz 12, D- 90489 Nürnberg, Germany, e-mail: h.leinfelder@ai.fh-nuernberg.de