123 (1998) MATHEMATICA BOHEMICA No. 4, 437–441

MV -ALGEBRAS ARE CATEGORICALLY EQUIVALENT TO A CLASS OF DRl_{1(i)}-SEMIGROUPS

Jiří Rachůnek, Olomouc

(Received August 27, 1997)

Abstract. In the paper it is proved that the category of MV-algebras is equivalent to the category of bounded DRl-semigroups satisfying the identity 1 − (1 − x) = x. Consequently, by a result of D. Mundici, both categories are equivalent to the category of bounded commutative BCK-algebras.

Keywords: MV-algebra, DRl-semigroup, categorical equivalence, bounded BCK-algebra

MSC 1991 : 06F05, 06D30, 06F35

The notion of an MV-algebra was introduced by C. C. Chang in [1], [2] as an algebraic counterpart of the Łukasiewicz infinite valued propositional logic. D. Mundici in [9] proved that MV-algebras are categorically equivalent to bounded commutative BCK-algebras introduced by S. Tanaka in [12]. The notion of a dually residuated lattice ordered semigroup (DRl-semigroup) was introduced by K. L. N. Swamy in [11] as a common generalization of Brouwerian algebras and commutative lattice ordered groups (l-groups). Some connections between DRl-semigroups and MV-algebras were studied by the author in [10].

In this paper we will show that MV-algebras (and so also bounded commutative BCK-algebras) are categorically equivalent to some DRl-semigroups.

Let us recall the notions of an MV-algebra and a DRl-semigroup. An MV-algebra is an algebra A = (A, ⊕, ¬, 0) of type ⟨2, 1, 0⟩ satisfying the following identities. (See e. g. [3].)

(MV 1) x ⊕ (y ⊕ z) = (x ⊕ y) ⊕ z; (MV 2) x ⊕ y = y ⊕ x; (MV 3) x ⊕ 0 = x;

(MV 4) ¬¬x = x; (MV 5) x ⊕ ¬0 = ¬0;

(MV 6) ¬(¬x ⊕ y) ⊕ y = ¬(x ⊕ ¬y) ⊕ x.

A DRl-semigroup is an algebra A = (A, +, 0, ∨, ∧, −) of type ⟨2, 0, 2, 2, 2⟩ such that

(1) (A, +, 0) is a commutative monoid; (2) (A, ∨, ∧) is a lattice;

(3) (A, +, ∨, ∧) is a lattice ordered semigroup (l-semigroup), i. e. A satisfies the identities x + (y ∨ z) = (x + y) ∨ (x + z), x + (y ∧ z) = (x + y) ∧ (x + z).

(4) If � denotes the order on A induced by the lattice (A, ∨, ∧) then for each x, y ∈ A, the element x − y is the smallest z ∈ A such that y + z � x.

(5) A satisfies the identity ( (x − y) ∨ 0 ) + y � x ∨ y.

As is shown in [11], condition (4) is equivalent to the following system of identities:

(4^′) x + (y − x) � y;

x − y � (x ∨ z) − y; (x + y) − y � x.

Hence DRl-semigroups form a variety of type ⟨2, 0, 2, 2, 2⟩.

Note. In Swamy’s original definition of a DRl-semigroup, the identity x − x � 0 is also required. But by [6], Theorem 2, in any algebra satisfying (1)–(4) the identity x − x = 0 is always satisfied.

DRl-semigroups can be viewed as intervals of abelian l-groups. Indeed, let G = (G, +, 0, −(·), ∨, ∧) be an abelian l-group and let 0 � u ∈ G. For any x, y ∈ [0, u] = {x ∈ G; 0 � x � u} set x ⊕ y = (x + y) ∧ u and ¬x = u − x. Put Γ(G, u) = ( [0, u], ⊕, ¬, 0 ) . Then Γ(G, u) is an MV-algebra. The MV-algebras in the form Γ(G, u) are sufficiently universal because by [7], if A is any MV-algebra then there exist an abelian l-group G and 0 � u ∈ G such that A is isomorphic to Γ(G, u).

The intervals of type [0, u] of abelian l-groups can be also considered as (bounded) DRl-semigroups. Indeed, by [10], Theorem 1, if G = (G, +, 0, −(·), ∨, ∧) is an abelian l-group, 0 � u ∈ G, B = [0, u], and if x⊕y = (x+y)∧u and x⊖y = (x−y)∨0 for any x, y ∈ B, then (B, ⊕, 0, ∨, ∧, ⊖) is a bounded DRl-semigroup in which, moreover, u ⊖ (u ⊖ x) = x for each x ∈ B. So we have ([10], Corollary 2) that if A = (A, ⊕, ¬, 0) is an MV-algebra and if we set x � y ⇐⇒ ¬(¬x ⊕ y) ⊕ y = y for any x, y ∈ A, then � is a lattice order on A (with the lattice operations x ∨ y = ¬(¬x ⊕ y) ⊕ y and x ∧ y = ¬(¬x ∨ ¬y)), for any r, s ∈ A there exists a least element r ⊖ s with the property s ⊕ (r ⊖ s) � r, and (A, ⊕, 0, ∨, ∧, ⊖) is a bounded DRl-semigroup with the smallest element 0 and the greatest element ¬0 in which ¬0 ⊖ (¬0 ⊖ x) = x for any x ∈ A. Further ([10], Theorem 3), if (B, +, 0, ∨, ∧, −) is a bounded DRl-semigroup with the greatest element 1 in which 1 − (1 − x) = x for any x ∈ B, and if we set ¬x = 1 − x for any x ∈ B, then (B, +, ¬, 0) is an MV-algebra.

Note. In [10], Theorem 3, the validity of the identity x + (y − x) = y + (x − y) is also required. By [5], Theorem 1.2.3, if a DRl-semigroup A has the greatest element, then A is bounded also below and, moreover, 0 is the smallest element in A. And if this is the case then by [11], Lemma 2, x + (y − x) = x ∨ y for any x, y ∈ A, hence the identity x + (y − x) = y + (x − y) is valid in A.

The following two propositions will make it possible to prove the main result of the paper. (The homomorphisms will be always meant with respect to the types and signatures mentioned.)

Proposition 1. Let A = (A, ⊕, ¬, 0) and B = (B, ⊕, ¬, 0^′) be MV-algebras and f : A → B a homomorphism of MV-algebras. Then f is also a homomorphism of the induced DRl-semigroups (A, ⊕, 0, ∨, ∧, ⊖) and (B, ⊕, 0^′, ∨, ∧, ⊖).

Proof. Let G and H be abelian l-groups with elements 0 � u ∈ G and 0 � v ∈ H such that A is isomorphic to the MV-algebra Γ(G, u) and B is isomorphic to the MValgebra Γ(H, v). In [10], Proposition 11, it is proved that if f̄ is a homomorphism of the abelian l-group G into an abelian l-group H then its restriction f = f̄ ↾ Γ(G, u) is a homomorphism of the MV-algebra Γ(G, u) into the MV-algebra Γ ( H, f̄(u) ) . Further, by [8], Proposition 3.5, if G^′ and H^′ are abelian l-groups, u^′ ∈ G^′ and v^′ ∈ H^′ are strong order units in G^′ and H^′, respectively, and f : Γ(G^′, u^′) → Γ(H^′, v^′) is a homomorphism of MV-algebras such that f(u^′) = v^′, then there exists a homomorphism f̄ of the l-group G^′ into the l-group H^′ such that f is the restriction of f̄ on Γ(G^′, u^′). (Recall that an element u of an l-group G is called a strong order unit if 0 � u and for each x ∈ G there exists n ∈ N such that x � nu.) If we consider in our case the convex l-subgroup of G generated by u and the convex l-subgroup of H generated by v instead of G and H, respectively, we get that f is a homomorphism of the DRl-semigroup (A, ⊕, 0, ∨, ∧, ⊖) into the DRl-semigroup (B, ⊕, 0^′, ∨, ∧, ⊖). □

For a DRl-semigroup with the greatest element 1 we can consider the identity

(i) 1 − (1 − x) = x .

Proposition 2. ([10], Proposition 12) Let A = (A, +, 0, ∨, ∧, −) and B = (B, +, 0^′, ∨, ∧, −) be DRl-semigroups with the greatest elements 1 and 1^′, respectively, satisfying identity (i) and let g : A → B be a homomorphism of DRl-semigroups such that g(1) = 1^′. Then g is a homomorphism of the induced MV-algebras.

Consequently, in what follows, for the class of bounded DRl-semigroups, we will consider the greatest element 1 as a nullary operation and so we will extend the signature of such DRl-semigroups to ⟨+, 0, ∨, ∧, −, 1⟩ of type ⟨2, 0, 2, 2, 2, 0⟩. Further, the morphisms of the categories of algebras considered will be always all homomorphisms of the corresponding signatures. Then we get the following theorem.

Theorem 3. MV-algebras are categorically equivalent to bounded DRl-semigroups satisfying identity (i).

Proof. If A = (A, ⊕, ¬, 0) is an MV-algebra, set F(A) = (A, ⊕, 0, ∨, ∧, ⊖, ¬0). For any MV-algebras A and B and any MV-homomorphism f : A → B set F(f) = f. If we denote by MV the category of all MV-algebras and by DRl_{1(i)} the category of all bounded DRl-semigroups satisfying (i) then Propositions 1 and 2 imply that F : MV → DRl_{1(i)} is a functor which is an equivalence. □

Now, let us recall the notion of a bounded commutative BCK-algebra. A bounded commutative BCK-algebra is an algebra A = (A, ∗, 0, 1) of type ⟨2, 0, 0⟩ satisfying the following identitites:

(1) (x ∗ y) ∗ z = (x ∗ z) ∗ y; (2) x ∗ (x ∗ y) = y ∗ (y ∗ x); (3) x ∗ x = 0; (4) x ∗ 0 = x; (5) x ∗ 1 = 0.

Bounded commutative BCK-algebras were introduced in [12] and, as varieties, in [14]. In [4] it was proved that such a BCK-algebra forms a lattice with respect to the order relation x � y ⇐⇒ x ∗ y = 0 and in [13] it was proved that this lattice is distributive. Mundici in [9] showed that MV-algebras and bounded commutative BCK-algebras are categorically equivalent. If we denote by BCK_{01} the category of bounded commutative BCK-algebras, the following theorem is an immediate consequence of [9] and our Theorem 3.

Theorem 4. The following three categories are equivalent: a) The category MV of MV-algebras.

b) The category DRl_{1(i)} of bounded DRl-semigroups satisfying condition (i). c) The category BCK_{01} of bounded commutative BCK-algebras.

References

[1] C. C. Chang: Algebraic analysis of many valued logics. Trans. Amer. Math. Soc. 88 (1958), 467–490.

[2] C. C. Chang: A new proof of the completeness of the Lukasiewicz axioms. Trans. Amer.

Math. Soc. 93 (1959), 74–80.

[3] R. Cignoli: Free lattice-ordered abelian groups and varieties of MV-algebras. Proc. IX.

Latin. Amer. Symp. Math. Logic, Part 1, Not. Log. Mat. 38 (1993), 113–118. [4] K. Iséki and S. Tanaka: An introduction to the theory of BCK-algebras. Math. Japonica 23 (1978), 1–26.

[5] T. Kovář: A general theory of dually residuated lattice ordered monoids. Thesis, Palacký Univ. Olomouc, 1996.

[6] T. Kovář: Two remarks on dually residuated lattice ordered semigroups. Math. Slovaca.

To appear.

[7] F. Lacava: Some properties of Ł-algebras and existencially closed Ł-algebras. Boll. Un.

Mat. Ital., A(5) 16 (1979), 360–366. (In Italian.)

[8] D. Mundici: Interpretation of AF C^∗-algebras in Łukasiewicz sentential calculus. J.

Funct. Analys. 65 (1986), 15–63.

[9] D. Mundici: MV-algebras are categorically equivalent to bounded commutative BCK-al-gebras. Math. Japonica 31 (1986), 889–894.

[10] J. Rachůnek: DRl-semigroups and MV-algebras. Czechoslovak Math. J. 123 (1998), 365–372.

[11] K. L. N. Swamy: Dually residuated lattice ordered semigroups. Math. Ann. 159 (1965), 105–114.

[12] S. Tanaka: On ∧-commutative algebras. Math. Sem. Notes Kobe 3 (1975), 59–64. [13] T. Traczyk: On the variety of bounded commutative BCK-algebras. Math. Japonica 24 (1979), 283–292.

[14] H. Yutani: Quasi-commutative BCK-algebras and congruence relations. Math. Sem.

Notes Kobe 5 (1977), 469–480.

Author’s address: Jiří Rachůnek, Department of Algebra and Geometry, Faculty of Sciences, Palacký University, Tomkova 40, 779 00 Olomouc, Czech Republic, e-mail: rachunek@risc.upol.cz.