123 (1998) MATHEMATICA BOHEMICA No. 4, 385–404

GENERALIZED BOUNDARY VALUE PROBLEMS WITH LINEAR GROWTH

Valter Šeda, Bratislava

(Received June 5, 1997)

Abstract. It is shown that for a given system of linearly independent linear continuous functionals l_i : C^{n−1} → R, i = 1, . . . , n, the set of all n-th order linear differential equations such that the Green function for the corresponding generalized boundary value problem (BVP for short) exists is open and dense in the space of all n-th order linear differential equations. Then the generic properties of the set of all solutions to nonlinear BVP-s are investigated in the case when the nonlinearity in the differential equation has a linear majorant. A periodic BVP is also studied.

Keywords: generic properties, periodic boundary value problem MSC 1991 : 34B15

1. Introduction

B. Rudolf in [14] has shown that for a given system of linearly independent linear continuous functionals l_i : C^n([a, b], R) → R, i = 1, . . . , n, there exists a linear differential equation

(1) (L(x) ≡)x^{(n)} + n∑ k=1 p_k(t)x^{(n−k)} = 0, a � t � b

such that the BVP (1),

(2) l_i(x) = 0, i = 1, . . . , n

has only the trivial solution. This result also holds when the functionals l_i are given in the space C^{n−1}([a, b], R). In this paper we will prove that the set S of all differential equations (1) such that (1), (2) has only the trivial solution is open and dense in the space of all n-th order linear differential equations and we will derive some consequences of that result. Besides the classical existence theorems the generic properties of the set of all solutions to nonlinear BVP-s having a linear majorant will also be studied. The main tool for showing these properties will be a priori estimates like Leray-Schauder estimations. Finally, a special case will be investigated, namely the periodic BVP.

Throughout the paper we will assume that n � 1, −∞ < a < b < ∞, p_k ∈ C([a, b], R), k = 1, . . . , n, l_i : C^{n−1}([a, b], R) → R is a linear continuous functional, i = 1, . . . , n and the functionals l_i, i = 1, . . . , n, are linearly independent.

Let C^0 = (C([a, b], R), ‖.‖_0 ) be a Banach space with the sup-norm ‖.‖_0 and let the topology in C^l = C^l([a, b], R) be given by the norm ‖.‖_l, whereby

‖x‖_l = max_{k=0,...,l} ‖x^{(k)}‖_0, l = 1, . . . , n.

Further let C_n = C^0 × . . . × C^0 (n times) be the product space with the norm ‖(x_1, . . . , x_n)‖ =^n ∑ k=1 ‖x_k‖_0. Then C_n is a Banach space and the equation (1) can be represented by the n-tuple (p_1, . . . , p_n).

2. Regular case

We will start with the following definition.

Definition 1. The BVP (1), (2) will be called regular if and only if it has only the trivial solution.

Theorem 1. Let a system of linearly independent linear continuous functionals l_i, i = 1, . . . , n, be given. Then the set S of all n-tuples (p_1, . . . , p_n) ∈ C_n such that the BVP (1), (2) is regular is nonempty, open and dense in the space C_n.

Proof. By the Rudolf theorem, [14], S ≠ ∅. Suppose that there exists a sequence of nontrivial solutions y_m to the BVP-s

(L_m(x) ≡)x^{(n)} + n∑ k=1 p_{k,m}(t)x^{(n−k)} = 0, a � t � b

(1_m)

l_i(x) = 0, i = 1, . . . , n (2) where

‖(p_{1,m}, . . . , p_{n,m}) − (p_1, . . . , p_n)‖ → 0 as m → ∞. (3)

Here p_{k,m} ∈ C^0, k = 1, . . . , n, m = 1, 2, . . . .

The solutions y_m can be normalized by the condition

(4) (y_m(a))^2 + (y^′_m(a))^2 + . . . + (y^{(n−1)}_m (a))^2 = 1.

By Corollary 4.1, [5], (3) and (4) imply that there is a subsequence y_{ml} of y_m and a solution y of (1) such that ‖(y_{ml} , . . . , y^{(n−1)}m_l ) − (y, . . . , y^{(n−1)})‖ → 0 as l → ∞. Hence y is a nontrivial solution of (1), (2) and thus C_n \ S is closed. This implies that S is open in C_n.

Now we prove that S is dense in the space C_n. Again by the Rudolf theorem, there is a differential equation

(5) x^{(n)} + n∑ k=1 r_k (t)x^{(n−k)} = 0

such that the BVP (5), (2) is regular. Denote by A: D(A) ⊂ C^{n−1} → C the operator

Ax = n∑ k=1 (p_k(t) − r_k(t))x^{(n−k)}

where

D(A) = {x ∈ C^{n−1} : l_i(x) = 0, i = 1, . . . , n}.

Then the linear operator L − A: D(L) ⊂ C^n → C which is defined on

(6) D(L) = {x ∈ C^n : l_i(x) = 0, i = 1, . . . , n}

is onto and one-to-one. By Lemma 4 ([18], p. 512), its inverse mapping (L − A)^{−1} : C → C^n is continuous and as a mapping from C to C^{n−1} it is completely continuous. Since the equation L(x) = 0 is equivalent to the equation

(7) x = (L − A)^{−1}(−A(x))

and the operator K = −(L − A)^{−1} ∘ A: D(A) ⊂ C^{n−1} → C^{n−1} is completely continuous, either (7) has only the trivial solution or 1 is an eigenvalue of K. In the latter case there is an ε > 0 such that the equation λx = (L − A)^{−1} ∘ (−Ax) as well as Lx = (1 −^1_λ )Ax has only the trivial solution for all λ ∈ (1 − ε, 1) ∪ (1, 1 + ε). This means that for these λ the BVP L(x) + (^1_λ − 1)A(x) = 0, (2) is regular. □

Consider now a sequence of generalized boundary conditions

(2_j ) l^{(j)}_i (x) = 0, i = 1, . . . , n,

j = 1, 2, . . ., where l^{(j)}_i : C^{n−1} → R

is a linear continuous functional, i = 1, . . . , n, j = 1, 2, . . . and for each j = 1, 2, . . . the functionals l^{(j)}_i , i = 1, . . . , n are linearly independent.

Denote by S_j the set of all n-tuples (p_1, . . . , p_n) ∈ C_n such that the BVP (1), (2_j ) is regular. On the basis of the Baire theorem ([13], Theorem 2.2), Theorem 1 implies that the set^∞ ⋂ j=1 S_j is dense in C_n and hence the following corollary holds.

Corollary 1. If a sequence of the boundary conditions (2_j ), j = 1, 2, . . . is given, then the set of all n-tuples (p_1, . . . , p_n) ∈ C_n for which the BVP-s (1), (2_j ), j = 1, 2, . . . are regular is dense in the space C_n.

Let {t_j }^∞_{j=0} ⊂ [a, b] be an injective sequence of points in [a, b]. A point t_j is conjugate to t_0 for the equation

(8) x^{′′} + p_1(t)x^′ + p_2(t)x = 0

([8], p. 216) if and only if the BVP (8),

x(t_0) = 0, x(t_j ) = 0

is not regular. Hence, by Corollary 1, the set of all pairs (p_1, p_2) such that all conjugate points to t_0 in [a, b] for the equation (8) (when they exist) are different from {t_j }^∞_{j=1} is dense in C_2.

Now we introduce the notions which are well-known in the coincidence theory developed by J. Mawhin (see e.g. [7]). According to (1), the operator L: D(L) ⊂ C^{n−1} → C^0 is defined by

(9) L(x) = x^{(n)} + n∑ k=1 p_k(t)x^{(n−k)}, x ∈ D(L)

where D(L) is determined by (6). By the Rudolf theorem L is a Fredholm mapping of index zero. Hence, there exist linear continuous projectors P : C^{n−1} → C^{n−1}, Q: C^0 → C^0 such that

R(P ) = N(L), N(Q) = R(L) and C^{n−1} = N(L) ⊕ N(P ), C^0 = R(Q) ⊕ R(L) as topological direct sums. Further, the restriction L_P of L to D(L) ∩ N(P ) is oneto-one and onto R(L) so that its algebraic inverse K_P : R(L) → D(L) ∩ N(P ) is well defined.

We shall distinguish two cases: Either (1), (2) is regular or not. When the BVP (1), (2) is regular, then P (x) ≡ 0, x ∈ C^{n−1}, Q(y) ≡ 0, y ∈ C^0 and C^{n−1} = N(P ), C^0 = R(L). In this case L_P = L, K_P = L^{−1}. The operator L^{−1} : C^0 → D(L) ⊂ C^{n−1} is constructed with help of the Green function G = G(t, s), a � t, s � b for the BVP (1), (2) given in [18]. L^{−1} is defined in Lemma 1, ([18], p. 510) by the relation

(10) L^{−1}(x)(t) =

∫_b a G(t, s)x(s) ds, a � t � b, x ∈ C^0.

Further, for each k ∈ {1, . . . , n − 1} (if n � 2) we have

(11) (L^{−1}(x))^{(k)}(t) =

∫_b a ∂^kG(t, s)

∂t^k x(s) ds, a � t � b, x ∈ C^0.

By Lemma 3 ([18], p. 512), the function φ(t) =

∫_b a |G(t, s)| ds, a � t � b, is continuous on [a, b] and hence, by the result in [6], p. 187,

(12) ‖L^{−1}‖ = max_{a�t�b}

∫_b a |G(t, s)| ds.

A similar relation holds for the norm ‖L^{−1}_k ‖ of the linear operator standing on the right-hand side of (11). Hence

(13) ‖L^{−1}_k ‖ = max_{a�t�b}

∫_b a | | | ∂^kG(t, s) ∂t^k | | | ds.

For brevity, in what follows we will write ‖L^{−1}_0 ‖ instead of ‖L^{−1}‖.

Let f = f(t, x_1, . . . , x_{p+1}) ∈ C([a, b] × R^{p+1} , R), g ∈ C([a, b], R), where 0 � p � n − 1. The following existence lemma holds for the nonlinear perturbation of the regular BVP.

Lemma 1. If the BVP (1), (2) is regular and if there exist positive constants c_1, . . . , c_{p+1}, d such that δ = p+1∑ k=1 c_k‖L^{−1}_{k−1}‖ < 1,

(14)

|f(t, x_1, . . . , x_{p+1})| � p+1∑ k=1 c_k|x_k| + d, a � t � b, x_1, . . . , x_{p+1} ∈ R

(15) and

|g(t)| � M, a � t � b,

(16)

then each possible solution x of the BVP (2),

(17) L(x) = f(t, x, . . . , x^{(p)}) + g(t)

satisfies a priori estimates

(18) ( min k=1,...,p+1

c_k ) ‖x‖_p � p+1∑ k=1 c_k‖x^{(k−1)}‖_0 � δ 1 − δ

(d + M),

and for each g ∈ C^0 there exists a solution of the BVP (17), (2).

Proof. By means of Lemmas 5 and 6 in [18], p. 516, the problem (17), (2) is equivalent to the fixed point problem for the operator

(19) T (x)(t) =

∫_b a G(t, s)[f(s, x(s), . . . , x^{(p)}(s)) + g(s)] ds, a � t � b, x ∈ C^p.

This operator as a mapping from C^p to C^p is completely continuous. By the Leray- Schauder principle the existence of a fixed point of T will be proved if it is shown that the set of all possible solutions of the family of equations

(20) x = λT (x), 0 � λ � 1

is a priori bounded (in the norm ‖.‖_p) independently of λ.

Let λ ∈ [0, 1], x be a possible solution of (20) and let k ∈ {1, . . . , p + 1}. Then

x^{(k−1)}(t) = λ

∫_b a ∂^{k−1}G(t, s)

∂t^{k−1}

[f(s, x(s), . . . , x^{(p)}(s)) + g(s)] ds, a � t � b,

and by (12), (13), (15), (16) we have

‖x^{(k−1)}‖_0 � ‖L^{−1}_{(k−1)}‖ (p+1∑ j=1 c_j ‖x^{(j−1)}‖_0 + d + M ) .

Hence_{p+1} ∑ k=1 c_k‖x^{(k−1)}‖_0 � δ

(_{p+1}∑ k=1 c_k‖x^{(k−1)}‖_0 + d + M )

and thus (18) is true. □

Example. Let 0 < η < 1. Consider the Green function for the problem x^{′′} = 0, x(0) = 0, x(1) − x(η) = 0.

(21) Since

x(t) = t(1 − η)^{−1} [ (η − 1)

∫_η 0 g(s) ds +

∫_1 η [sg(s) − g(s)] ds ] + ∫_t 0 (t − s)g(s) ds,

0 � t � 1, is the unique solution of the BVP x^{′′} = g(t), (21), the Green function G = G(t, s) for that problem is determined by G(t, s) = G_1(t, s) + K(t, s) 0 � t, s � 1 where G_1(t, s) = { −t 0 � s � η −^{1−s}_{1−η} t η � s � 1 ,

K(t, s) = { t − s 0 � s � t � 1 0 0 � t < s � 1 and hence G(t, s) < 0 for 0 < s < 1, 0 < t � 1, G(t, 0) = G(t, 1) = 0, 0 � t � 1, G(0, s) = 0, 0 � s � 1.

Therefore the solution x_0(t) = −^1_2 (1 + η)t +^{t2}_2 , 0 � t � 1 of the problem x^{′′} = 1, (21) satisfies |x_0(t)| =

∫_1 0 |G(t, s)| ds, 0 � t � 1 and hence (22) ‖L^{−1}_0 ‖ = max_{0�t�1} |x_0(t)| =^1_8 (1 + η)^2.

Since^{∂G(t,s)}_{∂t} � 0 for 0 � t � η, 0 � s � 1, we have ∫_1 0 | | ∂G(t, s) ∂t | | ds = |x_{′0}(t)| � |x_{′0}(0)| =_{12} (1 + η)

in [0, η]. A direct calculation gives

∫_1 0 | | ∂G(t, s) ∂t | | ds = 1 2(1 − η)

[2t^2 + η^2 + 1 − 2t(1 + η)] �^1_2 (1 − η), η � t � 1.

Thus (23) ‖L^{−1}_1 ‖ =^1_2 (1 + η).

By means of (22), (23), Lemma 1 gives an existence statement for the nonlinear BVP (21), (24) x^{′′} = f(t, x, x^′), which completes the statements in [4].

Remark 1. Estimations of ‖L^{−1}_k ‖ for a BVP of the third and of the fourth order can be found in [16], Lemma 3 and in [10], Lemma 4, respectively.

The existence and uniqueness of a solution to (17), (2) is guaranteed by Theorem 2. If the BVP (1), (2) is regular and if there exist constants c_1, . . . , c_{p+1} such that (14) is true and

|f(t, x_1, . . . , x_{p+1}) − f(t, y_1, . . . , y_{p+1})| � p+1∑ k=1 c_k|x_k − y_k|, a � t � b, x_1, . . . , x_{p+1}, y_1, . . . , y_{p+1} ∈ R,

(25) then the BVP (17), (2) has a unique solution.

Proof. Consider the space C^p_1 = C^p([a, b], R) provided with the norm ‖x‖_{p,1} = p+1∑ k=1 c_k‖x^{(k−1)}‖_0. With respect to inequalities ( min k=1,...,p+1

c_k ) ‖x‖_p � ‖x‖_{p,1} �

(_{p+1}∑ k=1 c_k ) ‖x‖_p

the norms ‖.‖_p, ‖.‖_{p,1} are equivalent and hence C^p_1 is a Banach space. Consider the operator T : C^p_1 → C^p_1 given by (19). In view of (25), we have

‖T^{(k−1)}(x) − T^{(k−1)}(y)‖_0 � ‖L^{−1}_{k−1}‖ p+1∑ k=1 c_k‖x^{(k−1)} − y^{(k−1)}‖_0

for each k = 1, . . . , p + 1 and x, y ∈ C^p_1 . Thus ‖T (x) − T (y)‖_{p,1} � δ‖x − y‖_{p,1}, which means that T is a strict contraction on C^p_1 . The result follows by the Banach fixed point theorem. □ Remark 2. In the case of homogeneous boundary conditions, Theorem 2 generalizes Theorem 1.1.1 in [1].

Corollary 1 and Lemma 1 imply Theorem 3. If a sequence of the boundary conditions (2_j ), j = 1, 2, . . ., is given and the function f satisfies the condition lim |x_1|+...+|x_{p+1}|→∞

|f(t, x_1, . . . , x_{p+1})| |x_1| + . . . + |x_{p+1}| = 0 uniformly in t ∈ [a, b], then there exists a sequence of n-tuples (p_{1,m}, . . . , p_{n,m}) ∈ C_n, m = 1, 2, . . ., such that (3) is fulfilled and the BVP (2_j ),

(17_m) L_m(x) = f(t, x, . . . , x^{(p)}) + g(t)

has a solution x_{m,j} for each m = 1, 2, . . . and each j = 1, 2, . . . .

Another sufficient condition for the existence of a solution to (17), (2) is given in the next lemma.

Lemma 2. Let there exist a sequence of n-tuples (p_{1,m}, . . . , p_{n,m}) ∈ C_n, m = 1, 2, . . . such that (3) is satisfied and the BVP (17_m), (2) has a solution x_m for each m = 1, 2, . . . . Let the sequence {x_m} be bounded in C^{n−1}. Then there exists a subsequence {x_{ml} } of {x_m} and a solution x of the problem (17), (2) such that x_{ml} → x as l → ∞ in C^n.

Proof. By (17_m), the sequence {x_m} is even bounded in C^n. Hence, by the Ascoli theorem, there exists a subsequence {x_{ml} } of the sequence {x_m} and a function x ∈ C^{n−1} such that x_{ml} → x as l → ∞ in C^{n−1}. In view of (3) and (17_m) the sequence x^{(n)}_{ml} is uniformly convergent on [a, b] and hence x ∈ C^n and x_{ml} → x as l → ∞ in C^n. Thus x is a solution of (17), (2). □

Now we prove generic properties of the set of all solutions to (17), (2). To that aim we need the definition of the range of bifurcation R_b of the BVP (17), (2) (see Definition 4.1 in [20], p. 29). For the sake of completeness we will give it here.

First we introduce the Banach space X_0 = (D(L), ‖.‖_n) ([20], p. 28). Then the set R_b of all g ∈ C^0 with the property that there is a solution x of the BVP (17), (2) and a sequence g_k → g as k → ∞ such that the BVP (17), (2) for g = g_k has at least two different solutions x_k, z_k for each k and x_k → x, z_k → x in X_0 for k → ∞ is called the range of bifurcation of the BVP (17), (2).

By Lemma 1, Theorems 4.1 and 4.2 in [20], pp. 31–32, we get the following theorem.

Theorem 4. If the problem (1), (2) is regular and there exist positive constants c_1, . . . , c_{p+1}, d such that (14), (15) are true, then the following statements hold:

1. For each g ∈ C^0 the set S_g of all solutions of the BVP (17), (2) is nonempty and compact.

2. If C^0 \ R_b ≠ ∅, then each component of that set is nonempty, open and hence a region. The number n_g of solutions of the BVP (17), (2) is finite and constant on each component of the set C^0 \ R_b.

3. If R_b = ∅, then the problem (17), (2) has a unique solution for each g ∈ C^0 and this solution continuously depends on g as a mapping from C^0 onto X_0.

4. If^{∂f}_{∂xi} ∈ C([a, b] × R^{p+1} , R), i = 1, . . . , p + 1, then the open set C^0 \ R_b is dense in C_0 and hence, R_b is nowhere dense in C^0.

Proof. Since (1), (2) is regular, the operator L given by (9) satisfies the assumption (H.1) of Theorem 4.1. Since f is continuous, (H.2) is satisfied and in the case that^{∂f}_{∂xi} are continuous, (H.4) is fulfilled. By the apriori estimates (18) it follows that also (H.3) holds. Then Lemma 1 and Theorems 4.1, 4.2 imply the statements. □

Remark 3. We see that under the assumptions of Theorem 4, uniqueness of the BVP (17), (2) implies correctness of that BVP, that is the existence, uniqueness and continuous dependence of the solution x of the BVP (17), (2) on g.

3. Non regular case

This case is more complicated as the previous one. Now we apply the results of [17] and [20]. Denote by F the Nemitskij operator F : C^p → C^0 which is defined by

(26) F (x) = f ∘ x, x ∈ C^p

The properties of the operator L and F are given by the following lemma.

Lemma 3. The following statements hold:

(i) For each integer k, 0 � k � n − 1, the operator L: D(L) ⊂ C^k → C^0 is a linear Fredholm operator of index zero.

(ii) If there exists a continuous linear operator A: D(L) ⊂ C^r → C^0 with 0 � r � n − 1 such that L − A: D(L) ⊂ C^r → C^0 is one-to-one, then L − A is onto, the inverse operator (L − A)^{−1} : C^0 → D(L) ⊂ C^{n−1} is completely continuous and (L − A)^{−1} as a mapping from C^0 into C^n is continuous.

(iii) The operator K_P : R(L) ⊂ C^0 → D(L) ∩ N(P ) ⊂ C^{n−1} is completely continuous.

(iv) F + g : C^p → C^0 is continuous and maps bounded sets in C^p into bounded sets in C^0.

(v) F + g : C^p → C^0 is L-completely continuous.

Proof. (i) By the Rudolf theorem, there exists a continuous linear operator A: C^r → C^0 with 0 � r � n − 1 such that L − A: D(L) ⊂ C^r → C^0 is one-to-one. Then by Lemmas 1 and 4, [18], the operator L − A: X_0 → C^0 is a homeomorphism of X_0 onto C^0 and A: X_0 → C^0 is a linear completely continuous operator. Nikoľskij theorem ([20], p. 21) implies that L: X_0 → C^0 is a linear Fredholm operator of index zero. The same is true about L: D(L) ⊂ C^k → C^0.

(ii), (iii) If L − A: D(L) ⊂ C^r → C^0 is one-to-one, then it is onto, and by Lemma 4, [18], (L − A)^{−1} : C^0 → C^{n−1} is completely continuous and (L − A)^{−1} : C^0 → C^n is continuous and hence, by Remark 1 and Lemma 1 in [17], p. 555, the operators L: D(L) ⊂ C^r → C^0 and L_P : D(L) ∩ N(P ) ⊂ C^r → C^{n−1} are closed and K_P : R(L) ⊂ C^0 → C^r is completely continuous. Since A is continuous also as a mapping from C^{n−1} to C^0, K_P : R(L) ⊂ C^0 → C^{n−1} is completely continuous, too.

(iv) The statement follows from the continuity of the functions f and g. (v) Let E ⊂ C^p be a bounded set. Then by (iii) and (iv) the mappings Q∘(F + g), K_P ∘ (I − Q) ∘ (F + g) are continuous on E and the sets Q ∘ (F + g)(E) and K_P ∘ (I − Q) ∘ (F + g)(E) are relatively compact in C^0 and in C^p, respectively. This implies the statement. □

Remark 4. By (iii), the statements (iv), (v) also hold for the restriction F + g : C^k → C^0, p < k � n − 1.

On the basis of Theorem 3 ([17], p. 561), the following lemmma holds which is analogous to Lemma 1.

Lemma 4. Suppose that the BVP (1), (2) is not regular and the following assumptions hold:

(a) R(L) ∩ N(L) = {0};

(b) there exists a continuous linear operator A: C^r → C^0 with 0 � r � n − 1 such that L − A: D(L) ⊂ C^r → C^0 is one-to-one;

(c) there exist constants c_1, . . . , c_p, d > 0 such that (15) is true.

Let d_1 > 0 and let s = max(p, r).

(d) The constant c =^{p+1} ∑ k=1 c_k satisfies

(27) c < 1 ‖K_P ‖ d_1 1 + d_1

where ‖K_P ‖ is the norm of K_P : R(L) ⊂ C^0 → C^s. Let ε = ±1.

(e) There exists an R_1 > 0 with the following property:

εF (x + x̃) + εg + kx ∉ R(L)

for all x = x + x̃ ∈ D(L), x ∈ N(L), x̃ ∈ N(P ), k ∈ R such that

‖x‖_s � R_1, ‖x̃‖_s � d_1‖x‖_s and k > 0.

Then the problem (17), (2) has a solution. Moreover, if g satisfies (16) and (f) there exists an R_3 � R_2 where

R_2 =

‖K_P ‖(d + M) d_1(1 − ‖K_P ‖c) − ‖K_P ‖c such that F (x + x̃) + g ∉ R(L) for all x = x + x̃ ∈ D(L), x ∈ N(L), x̃ ∈ N(P ) satisfying

‖x‖_s � R_3, ‖x̃‖_s � d_1‖x‖_s,

then any solution x of the BVP (17), (2) satisfies the inequalities

‖x‖_s < R_3

(28) and ‖x̃‖_s �

‖K_P ‖c 1 − ‖K_P ‖c

‖x‖_s +

‖K_P ‖(d + M) 1 − ‖K_P ‖c . (29)

Proof. On the basis of Lemma 3, the operator L: D(L) ⊂ C^s → C^0 satisfies the assumptions (L_1), (L^′_2) and (L_3) in [17], pp. 554–555 with X = C^s, Z = C^0, and by the assumption (a) of this lemma (L_4) is satisfied, too. Lemma 3 with Remark 4 also implies that F + g : C^s → C^0 is continuous, maps bounded sets in C^s into bounded sets in C^0 and is L-completely continuous. By virtue of (15), the assumption (F_5) of Theorem 3 in [17], p. 561, is satisfied. Then (27) together with the assumption (e) imply that also (F_6) is fulfilled. By the just mentioned Theorem 3 the existence statement follows.

Now we prove the a priori estimates (28) and (29). By Lemma 1 ([17], p. 555), and by (15), (16) any solution x = x + x̃ of (17), (2), x ∈ N(L), x̃ ∈ N(P ), satisfies the inequalities

‖x̃‖_s � ‖K_P ‖‖L(x)‖_0 � ‖K_P ‖‖F (x)+g‖_0 � ‖K_P ‖c‖x̃‖_s+‖K_P ‖c‖x‖_s+‖K_P ‖(d+M)

and hence (29) is true. Since (27) is equivalent to ‖K_P ‖c/(1 − ‖K_P ‖c) < d_1, the right-hand side of (29) is less than or equal to d_1‖x‖_s if and only if

‖x‖_s � R_2.

Hence for ‖x‖_s � R_2 we have

(30) ‖x̃‖_s � d_1‖x‖_s.

By the assumption (f) the solution x of L(x) = F (x) + g cannot satisfy ‖x‖_s � R_3, (30) and thus (28) and (29) are true. □

By virtue of Lemma 4 the proof of the following theorem is similar to that of Theorem 4.

Theorem 5. If the problem (1), (2) is not regular, the assumptions (a)–(d) of Lemma 4 hold, further for each g ∈ C^0 the assumption (e) of that lemma is satisfied and for each M > 0 and each g ∈ C^0 satisfying (16) the assumption (f) of Lemma 4 holds, then all statements of Theorem 4 hold.

Consider the BVP (2), (17^′) L(x) = f(t, x) + g(t) + h(t, x, x^′, . . . , x^{(p)}) where f ∈ C([a, b] × R, R), g ∈ C([a, b]), h ∈ C([a, b] × R^{p+1} , R), 0 � p � n − 1. We show that under simple assumptions on N(L), R(L) Theorem 5 implies the following theorem.

Theorem 6. Assume that the following conditions are satisfied: (i) N(L) = {x ∈ D(L): x is a constant on [a, b]}, R(L) = {y ∈ C^0 :

∫_b a y(x) dx = 0};

(ii) there exists a continuous linear operator A: C^r → C^0 with 0 � r � n − 1 such that L − A: D(L) ⊂ C^r → C^0 is one-to-one;

(iii) there exist constants c, d, δ > 0 such that

|f(t, x_1)| � c|x_1| + d, |h(t, x_1, . . . , x_{p+1})| � δ for a � t � b, x_1, . . . , x_{p+1} ∈ R; (iv)

(31) 2c‖K_P ‖ < 1 where ‖K_P ‖ is the norm of K_P : R(L) ⊂ C^0 → C^s, s = max(p, r);

(v) for ε = 1 or ε = −1

(32) lim_{x→∞} εf(t, x) = ∞, lim_{x→−∞} εf(t, x) = −∞ uniformly in t ∈ [a, b]. Then all statements of Theorem 4 hold for the BVP (17^′), (2).

Proof. We shall show that all assumptions of Theorem 5 concerning the BVP (17^′), (2) hold and by this theorem Theorem 6 follows. The assumptions (i)–(iii) imply that the problem (1), (2) is not regular and the assumptions (a)–(c) of Lemma 4 are satisfied where instead of d we have d + δ. In view of (31) there exists a d_1 such that

(33) 0 < d_1 < 1

and (27) is true. Hence the assumption (d) of Lemma 4 is also fulfilled.

Now with respect to (i) we can choose the projector P (x) =^1_{b−a}

∫_b a x(t) dt, x ∈ C^s.

Then P (x) = x for each x ∈ D(L) and x(t) = x + x̃(t), a � t � b. On the basis of (33), the condition ‖x̃‖_s � d_1‖x‖_s implies that |x̃(t)| � d_1|x|, a � t � b and hence

(34) x(t) � (1−d_1)x for x > 0 and x(t) � (1−d_1)x for x < 0, a � t � b, x ∈ D(L).

Suppose further that g satisfies (16). Since F : C^p → C^0 is now determined by the relation

(26^′) F (x) = f ∘ x + h ∘ x

and εF (x + x̃) + εg + kx ∈ R(L) if and only if

∫_b a ε [ f(t, x + x̃(t)) + g(t) + h(t, x + x̃(t), . . . , x̃^{(p)}(t)) ] dt + kx(b − a) = 0,

on the basis of (34) we get that both conditions (e) and (f) of Lemma 4 will be satisfied if for all sufficiently great |x| and k � 0 we have

sign [ εf(t, x + x̃(t)) + εg + εh(t, x(t), . . . , x^{(p)}(t)) + kx ] = sign x.

This follows by the boundedness of g, h and (32). The proof is complete. □ If L(x) = x^{(n)} and the conditions (2) are of the form

(35) x^{(i)}(a) − x^{(i)}(b) = 0, i = 0, . . . , n − 1,

then the condition (i) is satisfied and A = cI : C^0 → C^0 where c ≠ 0 is sufficiently small and I is the identity in C^0. Hence r = 0 and thus s = p in conditions (ii) and (iv), respectively.

Corollary 2. If the conditions (iii), (iv) (with s = p) and (v) of Theorem 6 are satisfied, then all statements of Theorem 4 hold for the BVP (35),

(36) x^{(n)} = f(t, x) + g(t) + h(t, x, . . . , x^{(p)}).

Remark 5. The operator K_P for certain periodic BVP-s is constructed in [9], [11].

Consider a special case of (36), (35), namely the BVP (35),

(37) x^{(n)} = f(x) + g(t) + h(t, x)

where f ∈ C(R, R). Similarly as in [2], the results will depend on the fact whether n is odd or even. We will denote the scalar product and the norm in L^2([a, b], R) by (., .) and ‖.‖_L2 , respectively.

Lemma 5. Suppose that n = 2m + 1, n � 3, ε = 1 or ε = −1, f satisfies the condition

(32^′) lim_{x→∞} εf(x) = ∞, lim_{x→−∞} εf(x) = −∞,

g fulfils (16) and h satisfies

(38) |h(t, x_1)| � δ for a � t � b, x_1 ∈ R

with a δ > 0. Then the following statements hold:

(1) There exists a constant R > 0 such that each possible solution x of the BVP (37), (35) where x(t) = x + x̃(t), a � t � b, x =^1_{b−a}

∫_b a x(t) dt, satisfies the inequalities

(39) |x| � R,

(40) ‖x̃‖_0 � 1 3 ( b − a 2p )_{n−2} ( b − a 2 )_2 (M + δ).

(2) For each c_1 > 0 sufficiently small there exists an R_1 > 0 such that all possible solutions x(t) = x + x̃(t), a � t � b, of (35),

(41) x^{(n)} − (1 − μ)εc_1x = μ[f(x) + h(t, x)], 0 < μ < 1

satisfy the inequalities

(39^′) |x| � R_1

(40^′) ‖x̃‖_0 � 1 3 ( b − a 2p )_{n−2} ( b − a 2 )_2 δ.

Proof. 1. If x is a possible solution of (37), (35), then, similarly as in Lemma 1, [2], we get

(−1)^{n−12} ‖ ‖x(^{n+1}2 ) ‖ ‖^2_{L2} = (x^{(n)}, x^′) = (f(x(.)), x^′) + (g, x^′) + (h(., x(.)), x^′)

and in view of (35), (16), (38) we have

(42) ‖ x(^{n+12} ) ‖_2 L^2 � (M + δ)(b − a)‖x

′‖_0.

By Sobolev and Wirtinger inequalities ([12], pp. 216–217),

(43) ‖x^′‖_0 � 3^{−1/2}

(b − a)^{1/2} 2 ( b − a 2p ) n−3_2 ‖ ‖x^{( n+1}2^) ‖ ‖_{L2} .

(42) and (43) imply that ‖ ‖x(^{n+1}2 ) ‖ ‖_{L2} � b − a 2 ( b − a 3 )_{1/2} ( b − a 2p ) n−3_2

(M + δ)

and thus ‖x^′‖_L2 � b − a 2 ( b − a 3 )_{1/2} ( b − a 2p )_{n−2} (M + δ),

which implies (40).

If (39) were not true, there would exist solutions x_k(t) = x_k + x̃_k(t), a � t � b, k = 1, 2, . . . of (37), (35) such that either lim_{k→∞} x_k = ∞ or lim_{k→∞} x_k = −∞. Only the first case will be considered. Then in view of (16), (38), (40) and the first condition in (38^′) f(x_k(t)) + g(t) + h(t, x_k(t)) would be of constant sign for all sufficiently great k and hence, x^{(n−1)}_k (b) − x^{(n−1)}_k (a) ≠ 0. This contradiction with (35) proves (39). We remark that the contradiction is also attained in the case when x_k are solutions of x^{(n)} = f(x) + g_k(t) + h(t, x, . . . , x^{(p)}) and all g_k satisfy |g_k(t)| � M, a � t � b.

2. If we start with (41) instead of (37) and proceed in the same way as above, we come to the inequality ‖ ‖x(^{n+1}2 ) ‖ ‖^2_{L2} � δ(b − a)‖x^′‖_0

which now replaces (42). This inequality leads to (40^′).

If there existed solutions x_k(t) = x_k + x̃_k (t), a � t � b, k = 1, 2, . . . of x^{(n)} = (1−μ_k)εc_1x+μ_k [f(x)+h(t, x)] with lim_{k→∞} x_k = ∞, then with respect to (38), (40^′) and the first condition in (32^′), the functions (1 − μ_k)εc_1x_k(t) + μ_k [ f(x_k (t)) + h(t, x_k(t) ] would be of constant sign for all sufficiently great k. This again contradicts (35) and thus (39^′) is true. Similarly we proceed in the case when lim_{k→∞} x_k = −∞. □

Lemma 6. Suppose that n = 2m, n � 2, ε = 1 or ε = −1, f satisfies (32^′) and the following condition:

There exists β, 0 � β <

(_{2p} b−a )_n

, such that

(44) (−1)^{n/2}(f(v) − f(w))(v − w) � β(v − w)^2, v, w ∈ R,

g fulfils (16) and h satisfies (38). Then the following statements hold: (1) There exists a constant R > 0 such that each possible solution x of the BVP (37), (35) where x(t) = x + x̃(t), a � t � b, x =^1_{b−a}

∫_b a x(t) dt, satisfies the inequalities

|x| � R,

(45)

‖x̃‖_0 � ( 1 − β

( b − a 2p )_n)_{−1} 1 3 (b − a 2 )_2(b − a 2p )_{n−2} (M + δ).

(46)

(2) For each c_1, 0 < c_1 < β, c_1 sufficiently small, there exists an R_1 > 0 such that all possible solutions x(t) = x + x̃(t), a � t � b of (41), (35) satisfy the inequalities

|x| � R_1,

(45^′)

‖x̃‖_0 � ( 1 − β

( b − a 2p )_n)_{−1} 1 3 (b − a 2 )_2( b − a 2p )_{n−2} δ. (46^′)

Proof. 1. If x is a possible solution of the BVP (37), (35), then, similarly as in the proof of Lemma 2, [2], we get that ‖ x^{( n2 )} ‖_2 L^2 = (−1) n 2 (x^{(n)}, x̃) = (−1)^{n2} ( f(x(.)) − f(x), x − x ) + (−1)^{n2} (g, x̃) + (−1)^{n2} ( h(., x(.)), x̃ ) . Then by (44), (16), (38)

(47) ‖ ‖x(^n2 ) ‖ ‖^2_{L2} � β‖x̃‖^2_{L2} + (b − a)(M + δ)‖x̃‖_0.

Again Sobolev and Wirtinger inequalities imply that

‖x̃‖_L2 � ( b − a 2p ) n_2 ‖

‖x(^n2 ) ‖ ‖_{L2} , (48)

‖x̃‖_0 � 1 2 ( b − a 3 ) 1_2 (

b − a 2p ) n−2_2 ‖ ‖x(^n2 ) ‖ ‖_{L2} .

(49)

From (47), (48) and (49) we get ‖ ‖x^{( n}2^) ‖ ‖_{L2} � ( 1 − β ( b − a 2p )_n)_{−1} b − a 2 ( b − a 3 ) 1_2 ( b − a 2p ) n−2_2 (M + δ)

and further

‖x^′‖_L2 � ( 1 − β ( b − a 2p )_n)_{−1} b − a 2 ( b − a 3 ) 1_2 ( b − a 2p )_{n−2} (M + δ),

which implies (46).

If (45) were not true, then similarly as in the proof of statement 1 in Lemma 5, the existence of solutions x_k(t) = x_k + x̃_k(t), a � t � b, k = 1, 2, . . . of (37), (35) with the property lim_{k→∞} x_k = ∞ or lim_{k→∞} x_k = −∞ in view of (46), (16), (38) would imply that f(x_k(t)) + g(t) + h(t, x_k(t)) is of constant sign for all sufficiently great k and this would lead to a contradiction with (35). Thus (45) is proved.

2. Since 0 < c_1 < β and (x, x̃) = (x̃, x̃), each solution x(t) = x + x̃(t), a � t � b of (41), (35) satisfies the inequality ‖ x^{( n2 )} ‖_2 L^2 � [(1 − μ)c1 + μβ]‖x̃‖ 2 L^2 + (b − a)δ‖x̃‖0

� β‖x̃‖^2_L2 + (b − a)δ‖x̃‖_0

which replaces (47). Therefore (46) with M = 0 implies (46^′). The inequality (45^′) can be proved in the same way as (39^′) has been proved. □

Remark 6. It is clear that the condition (44) is equivalent to the following condition: If n = 4m (n = 4m + 2), m � 1, then the function F (x) = f(x) − βx (F (x) = f(x) + βx) is nonincreasing (nondecreasing) in R.

Theorem 7. Suppose that n � 2, ε = 1 or ε = −1, f satisfies (32^′), h fulfils (38) and when n = 2m, there exists β, 0 � β <

(_{2p} b−a )_n

such that (44) is satisfied.

Then the statements 1–3 of Theorem 4 hold for the BVP (37), (35). Moreover, if f ∈ C^1(R, R) and^{∂h}_{∂x} ∈ C([a, b] × R, R), then also statement 4 of Theorem 4 holds for that BVP.

Proof. Proceeding in a similar way as in the proof of Theorem 4 we see that the assumptions (H.1), (H.2) and in the case that f^′,^{∂h}_{∂x} , are continuous, also (H.4) of Theorems 4.1 and 4.2, [20], are satisfied. Since the BVP x^{(n)} − εc_1x = 0, (35), is regular for all sufficiently small c_1 > 0, the a priori estimates given in Lemmas 5 and 6 imply that also (H.3) and (H.5) are fulfilled. Then the result follows by Theorems 4.1 and 4.2 as well as by Corollary 4.2 in [20]. □

By Remark 6, Theorem 3 in [19] and Theorem 5.2 in [20], Theorem 7 implies the following corollary.

Corollary 3. Suppose that n � 2, ε = 1 or ε = −1, f satisfies (32^′), h fulfils (38) with a positive constant δ and that the following conditions are true: (a) If n = 2m + 1, then the function f(.) + h(t, .) is either nonincreasing in R or nondecreasing in R for every t ∈ [a, b].

(b) If n = 4m, then the function f(.)+h(t, .) is nonincreasing in R for every t ∈ [a, b] and there exists a β, 0 � β <

(_{2p} b−a )_n such that the function f(x) − βx of the variable x is nonincreasing in R.

(c) If n = 4m − 2, then the function f(.) + h(t, .) is nondecreasing in R for every t ∈ [a, b] and there exists a β, 0 � β <

(_{2p} b−a )_n such that the function f(x) + βx of the variable x is nondecreasing in R. Then there exists a closed set R_b ⊂ C^0 such that for each g ∈ C^0 \R_b the BVP (37), (35) has a unique solution, for each g ∈ R_b the set S_g of all solutions of that BVP is convex and R_b = R_2, where R_2 ⊂ R_b is the set of all g ∈ C^0 for which the BVP (37), (35) has infinitely many solutions.

Remark 7. We see that under the assumptions of Corollary 3 the following alternative holds: Either the BVP (37), (35) has a unique solution or it has infinitely many solutions, more precisely a nontrivial convex compact set of solutions.

References

[1] S. R. Bernfeld, V. Lakshmikantham: An Introduction to Nonlinear Boundary Value Problems. Academic Press, Inc., New York, 1974.

[2] S .H. Ding, J. Mawhin: A multiplicity result for periodic solutions of higher order ordinary differential equations. Differential Integral Equations 1 (1988), 31–39.

[3] J.-P. Gossez, P. Omari: Periodic solutions of a second order ordinary differential equation: A necessary and sufficient condition for nonresonance. J. Differential Equations 94 (1991), 67–82.

[4] Ch. P. Gupta: A note on a second order three-point boundary value problem. J. Math.

Anal. Appl. 186 (1994), 277–281.

[5] Ph. Hartman: Ordinary Differential Equations. Wiley-Interscience, New York, 1969. [6] L. V. Kantorovich, G. P. Akilov: Functional Analysis. Nauka, Moscow, 1977. (In Russian.)

[7] J. Mawhin: Topological Degree Methods in Nonlinear Boundary Value Problems. CBMS Regional Conf. Ser. in Math. 40, American Math. Soc., Providence, 1979.

[8] F. Neuman: Global Properties of Linear Ordinary Differential Equations. Academia, Praha, 1991.

[9] Ľ. Pinda: A remark on the existence of small solutions to a fourth order boundary value problem with large nonlinearity. Math. Slovaca 43 (1993), 149–170.

[10] Ľ. Pinda: On a fourth order periodic boundary value problem. Arch. Math. (Brno) 30 (1994), 1–8.

[11] Ľ. Pinda: Landesman-Lazer type problems at an eigenvalue of odd multiplicity. Arch.

Math. (Brno) 30 (1994), 73–84.

[12] N. Rouche, J. Mawhin: Équations différentielles ordinaires, T. 2: Stabilité et solutions périodiques. Masson et Cie, Paris, 1973.

[13] W. Rudin: Functional Analysis. Mc. Graw-Hill Book Co., New York, 1973. [14] B. Rudolf: The generalized boundary value problem is a Fredholm mapping of index zero. Arch. Math. (Brno) 31 (1995), 55–58.

[15] B. Rudolf: A multiplicity result for a periodic boundary value problem. (Preprint). [16] V. Šeda: On the three-point boundary-value problem for a nonlinear third order ordinary differential equation. Arch. Math. 2, Scripta Fac. Sci., Nat. UJEP Brunensis 8 (1972), 85–98.

[17] V. Šeda: Some remarks to coincidence theory. Czechoslovak Math. J. 38 (1988), 554–572. [18] V. Šeda: Quasilinear and approximate quasilinear method for generalized boundary value problems. WSSIA 1 (1992), 507–529.

[19] V. Šeda, J. J. Nieto, M. Gera: Periodic boundary value problems for nonlinear higher order ordinary differential equations. Appl. Math. Comp. 48 (1992), 71–82.

[20] V. Šeda: Fredholm mappings and the generalized boundary value problem. Differential Integral Equations 8 (1995), 19–40.

Author’s address: Valter Šeda, Department of Mathematical Analysis, Comenius University, Mlynská dolina, 842 15 Bratislava, Slovakia, e-mail: seda@fmph.uniba.sk.