124 (1999) MATHEMATICA BOHEMICA No. 2–3, 193–219

THE OBSTACLE PROBLEM FOR FUNCTIONS OF LEAST GRADIENT

William P. Ziemer, Kevin Zumbrun, Bloomington

(Received November 24, 1998)

Dedicated to Professor Alois Kufner on the occasion of his 65th birthday

Abstract. For a given domain Ω ⊂ R^n , we consider the variational problem of minimizing the L^1-norm of the gradient on Ω of a function u with prescribed continuous boundary values and satisfying a continuous lower obstacle condition u � ψ inside Ω. Under the assumption of strictly positive mean curvature of the boundary ∂Ω, we show existence of a continuous solution, with Hölder exponent half of that of data and obstacle.

This generalizes previous results obtained for the unconstrained and double-obstacle problems. The main new feature in the present analysis is the need to extend various maximum principles from the case of two area-minimizing sets to the case of one sub- and one superminimizing set. This we accomplish subject to a weak regularity assumption on one of the sets, sufficient to carry out the analysis. Interesting open questions include the uniqueness of solutions and a complete analysis of the regularity properties of area superminimizing sets. We provide some preliminary results in the latter direction, namely a new monotonicity principle for superminimizing sets, and the existence of “foamy” superminimizers in two dimensions.

Keywords: least gradient, sets of finite perimeter, area-minimizing, obstacle

MSC 2000 : 49Q05, 35J85

1. Introduction

A rather complete and extensive literature is now in place concerning existence and regularity of solutions to a wide range of variational problems for which the

Research of first author supported in part while visiting Charles University, June, 1997. Research of second author supported in part by the National Science Foundation under Grant No. DMS-9107990.

following is prototypical:

(1.1) inf � Ω |∇u|^p : u ∈ W^{1,p}(Ω), u − g ∈ W^{1,p}_0 (Ω) � . Here, Ω ⊂ R^n is a bounded, open set, 1 < p < ∞ and g ∈ W^{1,p}(Ω) ∩ C^0(Ω). The Euler-Lagrange equation for (1.1) is the p-Laplacian div(|∇u|^{p−2}∇u) = 0. The interested reader can consult recent books on this subject and the references therein, [1], [11], and [13]. The theory related to the case corresponding to p = 1 is far less complete. In spite of the fact that there is a vast literature relating to the least area functional, inf_u � Ω � 1 + |∇u|^2 � , there are many open questions concerning other functionals with linear growth in |∇u|. Investigations concerning such questions were considered in [20], [19]. In particular, the Dirichlet problem was investigated; that is, for a bounded Lipschitz domain Ω ⊂ R^n , and for g : ∂Ω → R^1 continuous, the questions of existence and regularity of solutions to

(1.2) inf {‖∇u‖(Ω): u ∈ BV(Ω), u = g on ∂Ω}

were examined. Here ‖∇u‖(Ω) denotes the total variation of the vector-valued measure ∇u evaluated on Ω. It was shown that a solution u ∈ BV(Ω) ∩ C^0(Ω) exists provided that ∂Ω satisfies two conditions, namely, that ∂Ω has non-negative curvature (in a weak sense) and that ∂Ω is not locally area-minimizing. See Section 2 below for notation and definitions.

In this paper we consider the obstacle problem

(1.3) inf � ‖∇u‖ (Ω): u ∈ C^0(Ω), u � ψ on Ω, u = g � ψ on ∂Ω �

where Ω ⊂ R^n is a bounded Lipschitz domain, g : ∂Ω → R^1 is continuous and ψ is a continuous function on Ω. The analogous obstacle problem for (1.1) was investigated by several authors and is now well understood, cf. [4], [12], [16], [15]. One of the difficulties encountered in the analysis of both (1.1) and (1.3) is the fact that the compactness in L^1(Ω) of a sequence whose BV-norms are bounded does not ensure, a priori, continuity of the limiting function or that it will assume the boundary values g, thus making the question of existence problematic. In this paper as well as in [20], we rely heavily on the discovery made in [3] that the superlevel sets of a function of least gradient are area-minimizing. This fact, along with the co-area formula (see (2.10) below), suggests that the existence of a function of least gradient subject to an obstacle constraint can be established by actually constructing each of its superlevel sets in such a way that it reflects both the appropriate boundary condition and the obstacle condition. The main thrust of this paper is to show that this is possible. Thus we show that there exists a continuous solution to (1.3) and we also show it inherits essentially the same regularity as the boundary data and obstacle.

As in [20], both existence and regularity are developed by extensive use of BV theory and sets of finite perimeter as well as certain maximum principles. One of the main contributions of this paper is a new maximum principle that involves a super area-minimizing set and an area-minimizing set, Theorem 3.3. The similar result involving two area-minimizing sets, due independently to [14] and [18], played a crucial role in [20].

Our extended maximum principle requires a weak regularity property on one of the sets, that the set be contained in the (topological) closure of its interior. This is clearly satisfied in the contexts that we apply it, for which one of the sets is always area-minimizing. But, an interesting open question is whether or not this technical assumption can be dropped.

This issue leads us to consider a question of interest in its own right: “What is the regularity of a (sub)superminimizing set?” We conclude by presenting some separate, preliminary results on this subject, including a new monotonicity principle for (sub)superminimizing sets, and the existence of unusual, “foamy” (sub)superminimizers in two dimensions. It is our hope that these results will stimulate further investigation into the topic of regularity.

2. Preliminaries

The Lebesgue measure of a set E ⊂ R^n will be denoted |E| and H^α(E), α > 0, will denote α-dimensional Hausdorff measure of E. Throughout the paper, we almost exclusively employ H^{n−1}. The Euclidean distance between two points x, y ∈ R^n will be denoted by |x − y|. The open ball of radius r centered at x is denoted by B(x, r) and B(x, r) denotes its closure.

If Ω ⊂ R^n is an open set, the class of function u ∈ L^1(Ω) whose partial derivatives in the sense of distribution are measures with finite total variation in Ω is denoted by BV(Ω) and is called the space of functions of bounded variation on Ω. The space BV(Ω) is endowed with the norm

(2.1) ‖u‖_{BV(Ω)} = ‖u‖_{1;Ω} + ‖∇u‖(Ω)

where ‖u‖_{1;Ω} denotes the L^1-norm of u on Ω and where ‖∇u‖ is the total variation of the vector-valued measure ∇u.

The following compactness result for BV(Ω) will be needed later, cf. [10] or [21]. 2.1 Theorem. If Ω ⊂ R^n is a bounded Lipschitz domain, then BF (Ω) ∩ � u: ‖u‖_{BV(Ω)} � 1 � is compact in L^1(Ω). Moreover, if u_i → u in L^1(Ω) and U ⊂ Ω is open, then lim inf x→∞ ‖∇u_i‖(U) � ‖∇u‖(U).

A Borel set E ⊂ R^n is said to have finite perimeter in Ω provided the characteristic function of E, χ_E , is a function of bounded variation in Ω. Thus, the partial derivatives of χ_E are Radon measures on Ω and the perimeter of E in Ω is defined as (2.2) P (E, Ω) = ‖∇χ_E‖(Ω).

A set E is said to be of locally finite perimeter if P (E, Ω) < ∞ for every bounded open set Ω ⊂ R^n .

One of the fundamental results in the theory of sets of finite perimeter is that they possess a measure-theoretic exterior normal which is suitably general to ensure the validity of the Gauss-Green theorem. A unit vector ν is defined as the measuretheoretic exterior normal to E at x provided lim_{r→0} r^{−n}|B(x, r) ∩ {y : (y − x) · ν < 0, y ∉ E} | = 0 and (2.3) lim_{r→0} r^{−n}|B(x, r) ∩ {y : (y − x) · ν > 0, y ∈ E} | = 0. The measure-theoretic normal of E at x will be denoted by ν(x, E) and we define (2.4) ∂_∗E = {x: ν(x, E) exists} .

The Gauss-Green theorem in this context states that if E is a set of locally finite perimeter and V : R^n → R^n is a Lipschitz vector field, then (2.5) � E div V (x) dx = � ∂_∗E

V (x) · ν(x, E) dH^{n−1}(x), cf. [6, §4.5.6]. Clearly, ∂_∗E ⊂ ∂E, where ∂E denotes the topological boundary of E. Also, the topological interior of E is denoted by E^i = (R^n \ ∂E) ∩ E, the topological exterior by E^e = (R^n \ ∂E) ∩ (R^n \ E) and E^c to denote the complement R^n \ E. The notation E ⊂⊂ F means that the closure of E, E, is a compact subset of F^i.

For measurable sets E, the measure-theoretic interior, E^i_m, is the set of all points at which the metric density of E is 1 and the measure-theoretic exterior, E^e_m, is all points at which the metric density is 0. The measure-theoretic closure, E_m, is the complement of E^e_m and the measure theoretic-boundary is defined as ∂_mE := R^n \ (E^i_m ∪ E^e_m). Clearly, ∂_∗E ⊂ ∂_mE ⊂ ∂E. Moreover, it is well known that

(2.6) E is of finite perimeter if and only if H^{n−1}(∂_mE) < ∞

and that

(2.7) P (E, Ω) = H^{n−1}(Ω ∩ ∂_mE) = H^{n−1}(Ω ∩ ∂_∗E) whenever P (E, Ω) < ∞

cf. [6 §4.5]. From this it easily follows that

(2.8) P (E ∪ F, Ω) + P (E ∩ F, Ω) � P (E, Ω) + P (F, Ω),

thus implying that sets of finite perimeter are closed under finite unions and intersections.

The definition implies that sets of finite perimeter are defined only up to sets of measure 0. In other words, each such set determines an equivalence class of sets of finite perimeter. In order to avoid this ambiguity, we will employ the measure theoretic closure of E as the canonical representative; that is, with this convention

(2.9) x ∈ E if and only if lim sup_{r→0}

|E ∩ B(x, r)| |B(x, r)|

> 0.

Furthermore, it easy to see that

(2.10) ∂_∗E = ∂E.

This convention will apply, in particular, to all competitors of the variational problems (2.22) and (2.23) below as well as to the sets defined by (2.18).

Of particular importance to us are sets of finite perimeter whose boundaries are area-minimizing. If E is a set of locally finite perimeter and U a bounded, open set, then E is said to be area-minimizing in U if P (E, U) � P (F, U) whenever EΔF ⊂⊂ U. Also, E is said to be super area-minimizing in U (sub area-minimizing in U) if P (E, U) � P (E ∪ F, U) (P (E, U) � P (E ∩ F, U)) whenever EΔF ⊂⊂ U.

A tool that will play a significant role in this paper is the co-area formula. It states that if u ∈ BV(Ω), then

(2.11) ‖∇u‖(Ω) =

�_∞ −∞ P (E_t, Ω) dt

where E_t = {u � t}. In case u is Lipschitz, we have � Ω |∇u| dx =

�_∞ −∞ H^{n−1} � u^{−1}(t) ∩ Ω � dt. Conversely, if u is integrable on Ω then

(2.12)

�_∞ −∞ P (E_t, Ω) dt < ∞ implies u ∈ BV(Ω),

cf. [5], [7].

Another fundamental result is the isoperimetric inequality for sets of finite perimeter. It states that there is a constant C = C(n) such that

(2.13) P (E)^{n/(n−1)} � C|E|

whenever E ⊂ R^n is a set of finite perimeter. Furthermore, equality holds if and only if E is a ball when C is the best constant.

The regularity of ∂E plays a crucial role in our development. In particular, we will employ the notion of tangent cone. Suppose E is area-minimizing in U and for convenience of notation, suppose 0 ∈ U ∩∂E. For each r > 0, let E_r = R^n ∩{x: rx ∈ E}. It is known (cf. [17, §35]) that for each sequence {r_i} → 0, there exists a subsequence (denoted by the full sequence) such that χ_{Ei} converges in L^1_{loc}(R^n ) to χ_C , where C is a set of locally finite perimeter. In fact, C is area-minimizing and is called the tangent cone to E at 0. Although it is not immediate, C is a cone and therefore the union of half-lines issuing from 0. It follows from [17, §37.6] that if C is contained in H where H is any half-space in R^n with 0 ∈ ∂H, then ∂H is regular at 0. That is there exists r > 0 such that

(2.14) B(0, r) ∩ ∂E is a real analytic hypersurface.

Furthermore, ∂E is regular at all points of ∂_∗E and

(2.15) H^α ((∂E \ ∂_∗E) ∩ U) = 0 for all α > n − 8,

cf. [10, Theorem 11.8]. We let sing(∂E) denote the points of ∂E at which ∂E is not regular.

The boundary data g admits a continuous extension G ∈ BV(R^n \Ω)∩C^0(R^n \Ω), [10, Theorem 2.16]. In fact, G ∈ C^∞(R^n \ Ω), but we only need that G is continuous on the complement of Ω. Clearly, we can require that the support of G is contained in B(0, R) where R is chosen so that Ω ⊂⊂ B(0, R). We have

(2.16) G ∈ BV(R^n \ Ω) ∩ C^0(R^n \ Ω) with G = g on ∂Ω.

We now introduce sets that will ensure that our constructed solution satisfies the required Dirichlet condition u = g on ∂Ω and the obstacle condition u � ψ in Ω. Thus, for each t ∈ [a, b], let

L_t = (R^n \ Ω) ∩ {x: G(x) � t},

(2.17) L_t = closure({x: x ∈ Ω, ψ(x) > t}).

(2.18)

Note that the co-area formula (2.11) and the fact that G ∈ BV(R^n \ Ω) imply that P (L_t, R^n \ Ω) < ∞ for almost all t. For all such t, we remind the reader that we employ our convention (2.9) in defining L_t.

We let [a, b] denote the smallest interval containing g(∂Ω) ∪ ψ(Ω) and define

(2.19) T := [a, b] ∩ � t: P (L_t, R^n \ Ω) < ∞.

Thus, by (2.7) and the fact that H^{n−1}(∂Ω) < ∞, we obtain

(2.20) H^{n−1}(∂_mL_t) = P (L_t, R^n \ Ω) + H^{n−1} [(∂_mL_t) ∩ (∂Ω)] < ∞.

For each t ∈ T , the variational problems min � P (E, R^n ): E \ Ω = L_t \ Ω, E ⊃ L_t � , (2.21) max {|E|: E is a solution of (2.21)}

(2.22)

will play a central role in our development. In light of Theorem 2.1, a solution to both problems can be obtained from the direct method. (2.20) is also used to obtain existence for (2.21). We will denote by E_t the solution to (2.22). In this regard, note that our convention (2.9) ensures that E_t \ Ω = L_t \ Ω; furthermore, because of our convention, L_t need not be a closed set. Also, observe that E_t is super area-minimizing in Ω.

3. A maximum principle First, we begin with a result which is a direct consequence of a maximum principle for area-minimizing hypersurfaces established independently in [14] and [18].

3.1 Theorem. Let E_1 ⊂ E_2 and suppose both E_1 and E_2 are area-minimizing in an open set U ⊂ R^n . Further, suppose x ∈ (∂E_1) ∩ (∂E_2) ∩ U. Then ∂E_1 and ∂E_2 agree in some neighborhood of x.

3.2 Lemma. For arbitrary measurable sets A, B ⊂ R^n , it holds that H^{n−1}(∂_m(A ∪ B)) � H^{n−1}(∂_mA ∩ (B^i_m)^c) + H^{n−1}(∂_mB ∩ (A_m)^c) H^{n−1}(∂_m(A ∩ B)) � H^{n−1}(∂_mA ∩ B^i_m) + H^{n−1}(∂_mB ∩ A_m).

Proof. It follows immediately from definitions that

(∂_mA ∩ (B^i_m)^c) ∪ (∂_mB ∩ (A^i_m)^c) = (∂_mA ∩ (B^i_m)^c) ∪ (∂_mB ∩ (A_m)^c), which yields the first inequality. The result for intersections then follows from ∂_mA = ∂_mA^c and A ∩ B = (A^c ∪ B^c)^c. □ 3.3 Theorem. Let E be sub area-minimizing and F super area-minimizing relative to an open set U, with E ⊂ F and ∂E ∩ ∂F ⊂⊂ U. Further, suppose that E ∩ U = E^i ∩ U. Then, relative to U, either ∂E ∩ ∂F = ∅ or else ∂E = ∂F in a neighborhood of ∂E ∩ ∂F .

Proof. Suppose ∂E ∩ ∂F ≠ ∅. The set ∂E ∩ ∂F is contained in open neighborhood V ⊂⊂ U and thus, for sufficiently small |w|, w ∈ R^n , we have (3.1) (E + w) \ F ⊂ V + w ⊂⊂ U.

Choose x_0 ∈ ∂E ∩ ∂F . Since E = E^i, there exists w ∈ R^n with |w| arbitrarily small such that x_0 − w ∈ E^i, or equivalently (3.2) x_0 ∈ (E + w)^i.

Denote the translated set E + w by E_w. By shrinking U if necessary, we can arrange that E_w is sub area-minimizing in U.

Now we will show that F is area-minimizing in the open set U ∩ E^i_w. For, suppose to the contrary that there were a set G with GΔF ⊂⊂ U ∩ E^i_w

(3.3) and P (G, U ∩ E^i_w) < P (F, U ∩ E^i_w).

(3.4) By (3.3), G ∩ U = F ∩ U near ∂E_w, while, by (3.4), (3.5) H^{n−1}(∂_mG ∩ E^i_w ∩ U) < H^{n−1}(∂_mF ∩ E^i_w ∩ U). Since F and G agree on (E_w)^i_m \ E^i_w ⊂ ∂_mE_w, it follows that (3.6) H^{n−1}(∂_mG ∩ (E_w )^i_m ∩ U) < H^{n−1}(∂_mF ∩ (E_w )^i_m ∩ U)). On the other hand, super area-minimality of F in U implies that P (F ∪ E_w, U) � P (F, U). With Lemma 3.2, this gives

H^{n−1}(∂_mF ∩ ((E_w)^i_m)^c ∩ U) + H^{n−1}(∂_mE_w ∩ (F_m)^c ∩ U) � H^{n−1}(∂_m(F ∪ E_w ) ∩ U) � H^{n−1}(∂_mF ∩ U) = H^{n−1}(∂_mF ∩ ((E_w )^i_m)^c ∩ U) + H^{n−1}(∂_mF ∩ (E_w)^i_m ∩ U), and thus (3.7) H^{n−1}(∂_mE_w ∩ (F_m)^c ∩ U) � H^{n−1}(∂_mF ∩ (E_w )^i_m ∩ U). Therefore, (3.8)

H^{n−1}(∂_m(G ∩ E_w) ∩ U) � H^{n−1}(∂_mE_w ∩ G_m ∩ U) + H^{n−1}(∂_mG ∩ (E_w )^i_m ∩ U) = H^{n−1}(∂_mE_w ∩ F_m ∩ U) + H^{n−1}(∂_mG ∩ (E_w)^i_m ∩ U) < H^{n−1}(∂_mE_w ∩ F_m ∩ U) + H^{n−1}(∂_mF ∩ (E_w)^i_m ∩ U) � H^{n−1}(∂_mE_w ∩ F_m ∩ U) + H^{n−1}(∂_mE_w ∩ (F_m)^c ∩ U) = H^{n−1}(∂_mE_w ∩ U), where the first inequality follows by Lemma 3.2, the second by substituting F for G in the vicinity of ∂_mE_w, the third by (3.5), the fourth by (3.7), and the last by set decomposition. In other words, P (G ∩ E_w, U) < P (E_w, U). But, at the same time, (G ∩ E_w)ΔE_w = E_w \ G ⊂ (E_w \ F ) ∪ (GΔF ) is compactly supported in U, by (3.1) and (3.3), contradicting the sub areaminimality of E_w in U. By contradiction, we have that F is area-minimizing in E^i_w ∩ U, as claimed.

By basic regularity results, we also have that F = F^i in a neighborhood of x_0. By a symmetric argument, it follows that E is area-minimizing near x_0 as well, and therefore we can appeal to Theorem 3.1 to obtain our conclusion. □

We do not know whether the hypothesis E ∩ U = E^i ∩ U in the previous result is necessary. However, in the case where E is area-minimizing in U, the regularity results (2.15) show that the hypothesis is satisfied and this is sufficient for the purposes of this paper. The following result is what we need and it now follows immediately from Theorem 3.3.

3.4 Corollary. Let E be area-minimizing and F super area-minimizing relative to an open set U, with E ⊂ F and ∂E ∩ ∂F ⊂⊂ U. Then, relative to U, either ∂E ∩ ∂F = ∅ or else ∂E = ∂F in a neighborhood of ∂E ∩ ∂F .

4. Construction of the solution

In this section we will construct a solution u of (1.3) by using E_t ∩ Ω to define the set {u � t} up to a set of measure zero for almost all t. This construction will be possible for bounded Lipschitz domains Ω whose boundaries satisfy the following two conditions.

(i) For every x ∈ ∂Ω there exists ε_0 > 0 such that for every set of finite perimeter A ⊂⊂ B(x, ε_0)

(4.1) P (Ω, R^n ) � P (Ω ∪ A, R^n ).

(ii) For every x ∈ ∂Ω, and every ε � 0 there exists a set of finite perimeter A ⊂⊂ B(x, ε) such that

(4.2) P (Ω, B(x, ε)) > P (Ω \ A, B(x, ε)) .

Clearly, we may assume that x ∈ A.

The first condition states that ∂Ω has non-negative mean curvature (in the weak sense) while the second states that Ω is not locally area-minimizing with respect to interior variations. Also, it can be easily verified that if ∂Ω is smooth, then both conditions together are equivalent to the condition that the mean curvature of ∂Ω is positive on a dense set of ∂Ω.

An important step in our development is the following lemma.

4.1 Lemma. For almost all t ∈ [a, b], ∂E_t ∩ ∂Ω ⊂ g^{−1}(t).

Proof. First note that if t > max_{x∈∂Ω} g(x), then ∂E_t ∩ ∂Ω = ∅. So we may assume that t ∈ T and t � max_{x∈∂Ω} g(x). The proof will proceed by contradiction and we first show that ∂E_t is locally area minimizing in a neighborhood of each point x_0 ∈ (∂E_t ∩ ∂Ω) \ g^{−1}(t), i.e., we claim that there exists ε > 0, such that for every set F with the property that F ΔE_t ⊂⊂ B(x_0, ε), we have (4.3) P (E_t, B(x_0, ε)) � P (F, B(x_0, ε)) or equivalently, P (E_t, R^n ) � P (F, R^n ).

By our assumption, either g(x_0) < t or g(x_0) > t. First consider the case g(x_0) < t. Since G(x_0) = g(x_0) < t and G is continuous on R^n \ Ω, there exists ε > 0, such that B(x_0, ε) ∩ L_t = ∅. Also, ψ is continuous on Ω and ψ(x_0) � g(x_0) < t, so we may take ε small enough such that L_t ∩ B(x_0, ε) = ∅. We will assume that ε < ε_0, where ε_0 appears in condition (4.1). We proceed by taking a variation F that satisfies F ΔE_t ⊂⊂ B(x_0, ε). Because of (4.1) and (2.8), for every A ⊂⊂ B(x_0, ε), note that

(4.4)

P (A ∪ Ω, R^n ) + P (A ∩ Ω, R^n ) � P (A, R^n ) + P (Ω, R^n ) � P (A, R^n ) + P (A ∪ Ω, R^n ) Hence (4.5) P (A ∩ Ω, R^n ) � P (A, R^n ).

Define F^′ = (F \ B(x_0, ε)) ∪ (F ∩ Ω), clearly

F^′ \ Ω = (F \ B(x_0, ε)) \ Ω = (F \ Ω) \ B(x_0, ε) = E_t \ Ω \ B(x_0, ε) = L_t \ Ω \ B(x_0, ε) = L_t \ Ω and F^′ ⊃ L_t. Thus F^′ is admissible in (2.21) and therefore P (E_t, R^n ) � P (F^′, R^n ).

Now we will show that P (F^′, R^n ) � P (F, R^n ) which, with the previous inequality, will imply (4.3). First observe from E_tΔF ⊂⊂ B(x_0, ε) and (E_t \ Ω) ∩ B(x_0, ε) = (L_t \ Ω) ∩ B(x_0, ε) = ∅ that F^′ ∩ B(x_0, ε) = F ∩ B(x, ε) ∩ Ω and F^′ΔF ⊂⊂ B(x_0, ε). Hence we obtain by (4.5)

(4.6)

P (F, R^n ) − P (F^′, R^n ) = P (F, B(x_0, ε)) − P (F^′, B(x_0, ε)) = P (F ∩ B(x_0, ε), B(x_0, ε)) − P (F ∩ B(x_0, ε) ∩ Ω, B(x_0, ε)) = P (F ∩ B(x_0, ε), R^n ) − P (F ∩ B(x_0, ε) ∩ Ω, R^n ) � 0

This establishes (4.3) when g(x_0) < t. Now using the facts that x_0 ∈ ∂E_t ∩ ∂Ω and that near x_0, ∂Ω is super area-minimizing (by (4.1)), E_t is both contained in Ω and is area-minimizing, we may employ Corollary 3.4 to conclude that ∂E_t and ∂Ω agree near x_0. This implies that ∂Ω is area-minimizing near x_0, which contradicts (4.2).

The argument to establish (4.3) when g(x_0) > t requires a slightly different treatment from the previous case. Since G(x_0) = g(x_0) > t, the continuity of G in Ω^c implies that B(x_0, ε) \ Ω ⊂ L_t, provided ε is sufficiently small. Thus, we have B(x_0, ε) \ Ω ⊂ E_t. Clearly, we may assume ε chosen to be smaller than ε_0 of (4.1). Observe that the assumption that ∂Ω is locally Lipschitz implies that P (Ω, B(x_0, ε)) = P (R^n \ Ω, B(x_0, ε)). Consequently, we can appeal to (4.1) to conclude that R^n \ Ω is sub area-minimizing in B(x_0, ε). On the other hand, E_t is super area-minimizing. Since E_t ∩ B(x_0, ε) \ Ω ⊃ B(x_0, ε) \ Ω we may apply Theorem 3.3 to find that ∂E_t = ∂(R^n \ Ω) = ∂Ω in some open neighborhood U of x_0. This implies that L_t ∩ U = ∅ since L_t ⊂ E_t and ∂E_t ∩ U ∩ Ω = ∅. Consequently, E_t must be area-minimizing in U, which implies that ∂Ω is also area-minimizing. As in the previous case, we arrive at a contradiction to (4.2). □

In order to ultimately identify E_t ∩ Ω as the set {u � t} (up to a set of measure zero) for almost all t, we will need the following result.

4.2 Lemma. If s, t ∈ T with s < t, then E_t ⊂⊂ E_s.

Proof. We first show that E_t ⊂ E_s. Note that

(E_s ∩ E_t) \ Ω = (E_s \ Ω) ∩ (E_t \ Ω) = (L_s \ Ω) ∩ (L_t \ Ω) = L_t \ Ω and L_t ⊂ E_t, L_t ⊂ E_s =⇒ L_t ⊂ E_s ∩ E_t.

Thus, E_s ∩ E_t is a competitor with E_t.

Similarly,

(E_s ∪ E_t) \ Ω = (E_s \ Ω) ∪ (E_t \ Ω) = (L_s \ Ω) ∪ (L_t \ Ω) = L_s \ Ω and L_t ⊂ E_t, L_s ⊂ E_s ⇒ L_s ⊂ E_s ∪ E_t.

So E_s ∪ E_t is a competitor with E_s. Then employing (2.8), we have

P (E_s, R^n ) + P (E_t, R^n ) � P (E_s ∪ E_t, R^n ) + P (E_s ∩ E_t, R^n ) � P (E_s, R^n ) + P (E_t, R^n ),

and thus, since E_t and E_s are minimizers,

P (E_s ∪ E_t, R^n ) = P (E_s, R^n ) and P (E_s ∩ E_t, R^n ) = P (E_t, R^n ).

Reference to (2.23) yields |E_s ∪ E_t| = |E_s|, which in turn implies |E_s \ E_t| = 0. In view of our convention (2.9),

x ∈ E if and only if lim sup_{r→0}

|E ∩ B(x, r)| |B(x, r)|

> 0,

we conclude that E_t ⊂ E_s.

Now we come to the crucial part of the argument which is to show that this containment is in fact strict. For this purpose, first note that

(4.7) E_t \ Ω = L_t \ Ω ⊂⊂ L_s \ Ω = E_s \ Ω.

Now observe that Lemma 4.1 implies

(4.8) ∂E_t ∩ ∂E_s ∩ ∂Ω = ∅.

In review of (4.7) and (4.8), it remains to show that

(4.9) ∂E_t ∩ ∂E_s ∩ Ω = ∅

in order to establish the lemma. For this purpose, let S ≡ ∂E_s ∩ ∂E_t ∩ Ω. Then for x_0 ∈ S, there are three possible cases with case (ii) being the central issue of this paper.

(i) For any ε > 0, L_s ∩ L_t ∩ Ω ∩ B(x_0, ε) is non-empty. (ii) x_0 ∈ L_s and B(x_0, ε) ∩ L_t = ∅ for some ε > 0.

(iii) B(x_0, ε) ∩ L_t = ∅ = B(x_0, ε) ∩ L_s for some ε > 0, thus implying that both ∂E_s and E_t are area-minimizing in B(x_0, ε).

Next, we will prove that the 3 cases above are impossible, i.e. S = ∅, which implies that E_t ⊂⊂ E_s.

For case (i), we can choose some sequence {y_n} ⊂ L_s ∩ L_t, such that lim_{n→∞} y_n = x_0. Since ψ is continuous, we have lim_{n→∞} ψ(y_n) = ψ(x_0) � t. Since t > s, there exists an ε > 0, such that B(x_0, ε) ⊂ E_s which contradicts the fact that x ∈ ∂E_s.

For case (ii), first observe that E_s is super area-minimizing and that E_t is areaminimizing near x_0. Since E_t ⊂ E_s, if follows from the maximum principle that ∂E_s and ∂E_t agree in a neighborhood of x_0.

For case (iii), since E_s and E_t are area minimizing in B(x_0, ε) and E_t ⊂ E_s, we apply the maximum principle again to conclude that ∂E_t and ∂E_s agree in a neighborhood of x_0.

Now combining above (i), (ii) and (iii), we conclude that for each x ∈ S, there exists ε_x > 0 such that B(x, ε_x) ⊂ Ω and S is area minimizing in B(x, ε_x). Also, we see that S consists only of components of ∂E_s that do not intersect ∂Ω.

We proceed to conclude the proof by showing that S = ∅. Intuitively, the reason for this is that any component of S must be a cycle (and therefore a bounding cycle). But locally area-minimizing bounding cycles do not exist. The rigorous justification of this is essentially contained in the proof of [17, Corollary 37.8], which we include for the reader’s convenience.

Let S^′ be a component of the set of regular points of S. Our first step is to show that S^′ is a cycle in the sense of currents; that if, we wish to show that

(4.10) � S^′

dφ = 0

whenever φ is a smooth (n − 2)-form on R^n with compact support. For each x ∈ S, we use the area-minimizing property of S in B(x, ε_x) and the monotonicity formula, cf. [10, Remark 5.13] to conclude that H^{n−1}(B(x, r) ∩ S^′)r^{−(n−1)} is a nondecreasing function of r on (0, ε_x) where S^′ is the component of S containing x. Thus, it follows that only a finite number of components of S can intersect any given compact subset of B(x, ε_x), in particular, spt φ ∩ B(x, ε_x/2). Thus, there exists a concentric ball B ⊂ B(x, ε_x/2) such that for any smooth function ζ with spt ζ ⊂ B, we have � S^′∩B

d(ζφ) = � ∂E_s

d(ζφ) = 0.

As this holds for each x ∈ S^′, using a partition of unity, we conclude that � S^′

dφ = 0

as required.

This shows that S^′ is an (n − 1)-rectifiable cycle in the sense of currents; that is, ∂S^′ = 0. From the theory of integral currents, it follows that S^′ is a bounding cycle. That is, we can appeal to [6, Thm. 4.4.2] or [17, 27.6] to conclude that there is a set F ⊂ R^n of finite perimeter such that ∂F = S^′. It follows from elementary considerations that there is a vector ν ∈ R^n and a corresponding hyperplane, P , with normal ν such that P ∩ S^′ ≠ ∅ and

F ⊂ {x: (x − x_0) · ν � 0}

where x_0 ∈ P ∩ S^′. Corollary 3.4 implies P ∩ S^′ is open as well as closed in P , thus leading to a contradiction since S ∩ ∂Ω = ∅. □

Now we are in a position to construct the solution u to problem (1.3). For this purpose, we first define for t ∈ T ,

A_t = E_t ∩ Ω.

With the help of Lemma 4.2, observe that for t ∈ T ,

{g > t} ⊂ (E_t)^i ∩ ∂Ω ⊂ A_t ∩ ∂Ω

(4.11)

{g > t} ⊂ A_t ∩ ∂Ω ⊂ E_t ∩ ∂Ω = [(E_t)^i ∪ ∂E_t] ∩ ∂Ω ⊂ {g � t}.

(4.12)

Finally, note that (4.12) and Lemma 4.1 imply

(4.13) A_t ⊂⊂ A_s

relative to the topology on Ω whenever s, t ∈ T with s < t. We now define our solution u by

(4.14) u(x) = sup{t: x ∈ A_t}.

4.3 Theorem. The function u defined by (4.14) satisfies the following: (i) u = g on ∂Ω (ii) u is continuous on Ω, (iii) A_t ⊂ {u � t} for all t ∈ T and |{u � t} − A_t| = 0 for almost all t ∈ T . (iv) u � ψ on Ω.

Proof. To show that u = g on ∂Ω, let x_0 ∈ ∂Ω and suppose g(x_0) = t. If s < t, then G(x) > s for all x ∈ Ω^c near x_0. Hence, x_0 ∈ (E_s)^i ∩ ∂Ω by (4.11) and consequently, x_0 ∈ A_s for all s ∈ T such that s < t. By (4.14), this implies u(x) � t. To show that u(x) = t suppose by contradiction that u(x) = τ > t. Select r ∈ (t, τ) ∩ T . Then x ∈ A_r. But A_r ∩ ∂Ω ⊂ {g � r} by (4.12), a contradiction since g(x) = t < r.

For the proof of (ii), it is easy to verify that

{u � t} = � A_s : s ∈ T, s < t � and {u > t} = � A_s : s ∈ T, s > t � . The first set is obviously closed while the second is open relative to Ω by (4.13). Hence, u is continuous on Ω.

For (iii), it is clear that {u � t} ⊃ A_t. Now, {u � t} − A_t ⊂ u^{−1}(t). But |u^{−1}(t)| = 0 for almost all t because |Ω| < ∞.

In (iv), it is sufficient to show u(x_0) � ψ(x_0) for x_0 ∈ Ω. Let t = u(x_0) and r = ψ(x_0) and suppose t < r. Then x_0 ∈ L_r′ ⊂ E_r′ for t < r^′ < r. But then, x_0 /∈ A_r′ by the definition of u, a contradiction. □

4.4 Theorem. If Ω is a bounded Lipschitz domain that satisfies (4.1) and (4.2), then the function u defined by (4.14) is a solution to (1.3).

Proof. Let v ∈ BV(Ω), v = g on ∂Ω be a competitor in problem (1.3). We recall the extension G ∈ BV(R^n − Ω) of g, (2.17). Now define an extension v ∈ BV(R^n ) of v by v = G in R^n − Ω. Let F_t = {v � t}. It is sufficient to show that (4.15) P (E_t, Ω) � P (F_t, Ω) for almost every t ∈ T (see (2.19)), because then v ∈ BV(Ω) and (2.11) would imply �_b a P (E_t, Ω) dt �

�_∞ −∞ P (F_t, Ω) dt = ‖∇v‖ (Ω) < ∞.

Hence, by (2.12), u ∈ BV(Ω); furthermore, ‖∇u‖ (Ω) � ‖∇v‖ (Ω) by (2.11) .

We know that E_t is a solution of (4.16) min � P (E, R^n ): E \ Ω = L_t \ Ω, E ⊃ L_t � , while F_t − Ω = L_t − Ω and F_t ⊃ L_t. Hence, (4.17) P (E_t, R^n ) � P (F_t, R^n ). Next, note that

(4.18)

P (E_t, R^n ) = H^{n−1}(∂_∗E_t − Ω) + H^{n−1}(∂_∗E_t ∩ ∂Ω) + H^{n−1}(∂_∗E_t ∩ Ω) � H^{n−1}(∂_∗L_t − Ω) + P (E_t, Ω).

We will now show that

(4.19)

P (F_t, R^n ) = H^{n−1}(∂_∗L_t − Ω) + H^{n−1}(∂_∗F_t ∩ Ω) = H^{n−1}(∂_∗L_t − Ω) + P (F_t, Ω), which will establish (4.15) in light of (4.17) and (4.18).

Observe

P (F_t, R^n ) = H^{n−1}(∂_∗L_t − Ω) + H^{n−1}(∂_∗F_t ∩ ∂Ω) + H^{n−1}(∂_∗F_t ∩ Ω). We claim that H^{n−1}(∂_∗F_t ∩ ∂Ω) = 0 for almost all t because ∂_∗F_t ⊂ ∂F_t ⊂ v^{−1}(t) since v ∈ C^0(R^n ). But H^{n−1}(v^{−1}(t) ∩ ∂Ω) = 0 for all but countably many t since H^{n−1}(∂Ω) < ∞. □

5. Modulus of continuity of the solution

5.1 Lemma. Suppose Ω is a bounded, open subset of R^n whose boundary is C^2 with mean curvature bounded below by a > 0. Assume g ∈ C^{0,α}(∂Ω), and ψ ∈ C^{0,α/2}(Ω) for some 0 < α � 1. Let u ∈ C^0(Ω) ∩ BV(Ω) be a solution to (1.3). Then, there exist positive numbers δ and C depending only on a, ‖g‖_C0,α_{(∂Ω)}, ‖g‖_C0_{(∂Ω)}, ‖ψ‖_C0,α/2_{(Ω)} and ‖u‖_C0_{(Ω)} such that

|u(x) − u(x_0)| � C|x − x_0|^{α/2}.

whenever x_0 ∈ ∂Ω and x ∈ Ω with |x − x_0| < δ.

Proof. For each x_0 ∈ ∂Ω we will construct functions ω^+, ω^− ∈ C^0(U) where U = U(x_0, δ) := B(x_0, δ) ∩ Ω and δ > 0 is sufficiently small, such that (i) ω^+(x_0) = ω^−(x_0) = g(x_0), (ii) for x ∈ U(x_0, δ)

|ω^+(x) − g(x_0)| � C|x − x_0|^{α/2} |ω^−(x) − g(x_0)| � C|x − x_0|^{α/2},

(iii) ω^− � u � ω^+ in U(x_0, δ).

We begin with the construction of ω^−. To this end, let d(x) = dist (x, ∂Ω). Since ∂Ω ∈ C^2 recall that d ∈ C^2({x: 0 � d(x) < δ_0}) for some δ_0 > 0, cf. [9, Lemma 14.16]. Furthermore, since ∂Ω has positive mean curvature and |∇d| = 1, it follows that

(5.1) div � ∇d |∇d| � = Δd � −a,

in {x: 0 � d(x) < δ_0} for some a > 0. For each ε > 0, set

v(x) = |x − x_0|^2 + λd(x) ω^−(x) = max{ψ, −Kv^{α/2}(x) + g(x_0)},

where λ > 0 and K are to be determined later. Clearly (i) is satisfied.

Next, in the open set {ω^− > ψ}, observe that

|∇ω^−| = K^α_2 v^{α2 −1}|∇v|,

|∇v| = |2(x − x_0) + λ∇d| � λ|∇d| − 2|x − x_0| = λ − 2|x − x_0| > 0, provided we choose δ and λ such that λ > 2δ. Further, we note that div � ∇ω^− |∇ω^−| � = − div � ∇v |∇v| � = −1 |∇v|^3 Av, where Av = |∇v|^2Δv − D_ivD_j vD_{ij} v. Finally, observe that Av < 0 for λ sufficiently large and δ sufficiently small. Indeed, using D_idD_{ij} d = 0 for any j, one readily obtains Av = |∇v|^2(λΔd + 2(n − 1)) − 4λ(x − x_0)_i(x − x_0)_j D_{ij} d and |∇v|^2 = λ^2 + 4|x − x_0|^2 + 4λ(x − x_0) · ∇d

so that Av � −aλ^3 + O(λ^2), as λ → ∞

uniformly for δ < δ_0.

Clearly, we can choose K sufficiently large so that ω^− = ψ on ∂U(x_0, δ) and that (ii) is satisfied, where K depends only on ‖g‖_C0,α_{(∂Ω)} , ‖g‖_C0_{(∂Ω)} , ‖ψ‖_C0,α/2_{(Ω)} and ‖u‖_C0_{(Ω)}. Also, on Δ := {ω^− > u} ∩ U(x_0, δ), we have ω^− = −Kv^{α/2} + g(x_0) and therefore

(5.2) |∇ω^−| > 0 and div � ∇ω^− |∇ω^−| � > 0 on Δ.

We now proceed to show that Δ = ∅, which will establish the first of the inequalities in (iii). For this purpose, note that ω^− ∈ BV(Δ). Next, for t > 0, let Δ_t := {ω^− − t > u} and note that

(5.3) Δ = ∪_{t>0}Δ_t Δ_t ⊂⊂ Δ ⊂ Ω.

Let ω^∗ := max(u, ω^− −t) and note that ω^∗ ∈ BV(Ω)∩C^0(Ω) since ω^− −t = ψ −t < u on ∂Δ_t. For all but countably many t > 0, it follows from basic measure theory that

(5.4) ‖∇ω^∗‖ (∂Δ_t) = 0 = ‖∇u‖ (∂Δ_t).

For the remainder of this argument, we will consider only such t. Since ω^∗ � u � ψ, it follows that

(5.5) ‖∇u‖ (Ω) � ‖∇ω^∗‖ (Ω).

Now let η ∈ C^∞_0 (Δ) satisfy η = 1 on Δ_t and 0 � η � 1 in Δ. Set

h = η

∇ω^− |∇ω^−| so that h ∈ [C^1_0 (Δ)]^n. Since ω^∗ = u on Δ − Δ_t, it follows from � Δ u div h dx = −∇u(h), and � Δ ω^∗ div h dx = −∇ω^∗(h),

that � Δ u − ω^∗ dx = � Δ_t

(u − ω^− + t) div h dx = [∇(ω^∗ − u)](h).

It follows from (5.4) and the definition of the BV norm that

‖∇ω^∗‖ (∂Δ_t) � ‖∇u‖ (∂Δ_t) + � ∂Δ_t

|∇ω^∗| dx = 0,

so that � Δ_t

(u − ω^∗ + t) div h dx = ∇ω^∗(hχ_{Δt} ) − ∇u(hχ_{Δt} ) � � Δ_t

|∇ω^∗| dx − ‖∇u‖ (Δ_t).

Since u − ω^− + t < 0 and div h > 0 on Δ_t, we have � Δ_t

|∇ω^∗| dx < ‖∇u‖ (Δ_t).

That is, ‖∇ω^∗‖ (Δ_t) < ‖∇u‖ (Δ_t).

Since ω^∗ = u on R^n \ Δ_t, we obtain from (5.4) that ‖∇ω^∗‖ (Ω) < ‖∇u‖ (Ω), which contradicts (5.5). Thus we conclude that ω^− � u on U(x_0, δ).

The proof of the second inequality in (iii) is obtained by a similar argument using ω^+(x) := Kv^{α/2}(x) + g(x_0). □

5.2 Theorem. Suppose Ω is a bounded, open subset of R^n with C^2 boundary having mean curvature bounded below by a > 0. Suppose g ∈ C^{0,α}(∂Ω), and ψ ∈ C^{0,α/2} for some 0 < α � 1. If u ∈ C^0(Ω) ∩ BV(Ω) is a solution to (1.3), then u ∈ C^{0,α/2}(Ω).

Proof. For s < t, consider the superlevel sets E_s, E_t of u and assume that dist(∂E_s, ∂E_t) = |y − x| where x ∈ E_t and y ∈ E_s. Assume t − s is small enough to ensure that |y−x| < δ, where δ is given by Lemma 5.1. Observe that L_t ⊂ E_t ⊂⊂ E_s. Theorems 4.3 and 4.4 imply that u is continuous on Ω and therefore bounded. Hence it is sufficient to show that |u(y) − u(x)| = |t − s| � C|x − y|^{α/2} whenever |y − x| < δ. This will be accomplished by examining the following five cases.

(i) If either x or y belongs to ∂Ω, then our result follows from Lemma 5.1. (ii) y ∈ ∂E_s \ L_s, x ∈ ∂E_t ∩ L_t: Since L_s ⊃ L_t, there exists y^′ ∈ ∂L_s such that y^′ − x = c(y − x), 0 < c < 1, and therefore

(5.6) |u(y) − u(x)| = |t − s| = |ψ(y^′) − ψ(x)| � C|y^′ − x|^{α/2} � C|y − x|^{α/2}.

(iii) y ∈ ∂E_s ∩ L_s, x ∈ ∂E_t ∩ L_t: This is treated as in the previous case. (iv) y ∈ ∂E_s ∩ L_s, x ∈ ∂E_t \ L_t: Let [∂E_t]_v denote the translation of ∂E_t by the vector v := y − x. Since E_s is super area-minimizing and E_t is area-minimizing in some neighborhoods of y and x respectively, we can apply Corollary 3.4 to conclude that ∂E_s and [∂E_t]_v agree on some open set containing their intersection. Let S be the connected component of the intersection that contains y. If z is a limit point of S, then z ∈ S since S is closed and z = y^′ − x^′ where y^′ ∈ ∂E_s and x^′ ∈ ∂E_t. There are several possibilities to consider. First, if y^′ and x^′ can be treated by the first three cases, then nothing more is required as our desired conclusion is reached. If not, then either y^′ ∈ ∂E_s ∩ L_s, x^′ ∈ ∂E_t \ L_t, or y^′ ∈ ∂E_s \ L_s, x^′ ∈ ∂E_t \ L_t. In the first of these last two possibilities, observe that E_s is super area-minimizing and [∂E_t]_v is area-minimizing while in the second of the last two possibilities, both ∂E_s and [∂E_t]_v are area-minimizing. Hence, in each of these two possibilities, we may apply Corollary 3.4 to conclude that ∂E_s and [∂E_t]_v agree on some open set containing their intersection. Thus, if y^′ and x^′ cannot be treated by the first three cases, it follows that S is area-minimizing in some open set containing S. With S^′ denoting a component of the regular set of S, we are precisely in the situation encountered in the proof of (4.10) in Lemma 4.2, which leads to a contradiction.

(v) y ∈ ∂E_s \ L_s, x ∈ ∂E_t \ L_t: This is treated as in the previous case. □

6. A monotonicity principle for superminimizing sets

An issue left open in our development is whether the regularity requirement E ∩ U = E^i ∩ U is necessary in Theorem 3.3, the extended maximum principle for sub and superminimizing sets.

This suggests the question, of interest in its own right, of what regularity, if any, is enjoyed by (sub)superminimizing sets. For example, do (sub)superminimizers have tangent cones? Are they C^1 or analytic H^{n−1} almost-everywhere? And, the question begged by Theorem 3.3, is a subminimizer necessarily the closure of its interior? In the next section, we will give an explicit example showing that the last conjecture is false. In this section, we present some preliminary results in the direction of regularity, consisting of a new monotonicity principle and consequent one-sided mass bound for (sub)superminimizing sets.

Let B_r = B(0, r) denote the ball of radius r about the origin in R^n . Let F be a superminimizing set in U, and without loss of generality, assume B_1 ⊂ U.

6.1 Lemma. Let ~A = {x ∈ A^c : the metric density of A is one at x}. Then, H^{n−1}(∂B_r ∩ ~A) = 0 for almost all r.

Proof. The Lebesgue measure of ~A ∩ B_1 is zero. But, by the co-area formula, (2.11), it is also equal to

�_1 0 H^{n−1}(∂B_r ∩ ~A) dr, whence the result follows. □

6.2 Lemma. Let E area subminimizing in U, B_1 ⊂ U, and r such that H^{n−1}(∂B_r ∩ ~E) = 0. Then, P (E, B_r) � H^{n−1}(E ∩ ∂B_r).

Proof. The set G = E\B_r is a competitor to E. Exterior to B_r, G has the same reduced boundary as does E, but interior to B_r, it has no reduced boundary. On ∂B_r, G has reduced boundary contained in the set of points at which E has density one, which by assumption is contained in E except for a set of H^{n−1}-measure zero.

Therefore, by the subminimality of E, we have

0 � P (E \ B_r, U) − P (E, U) � H^{n−1}(E ∩ ∂B_r) − P (E, B_r),

giving the result. □

Define the dimension-dependent constant 0 < δ(n) < 1/2 by

δ(n) = |D_1|/|B_1|,

where D_1 ⊂ B_1 is a set bounded by a hemispherical cap of radius one, orthogonal to ∂B_1.

6.3 Lemma. If |A∩B_r|/|B_r| � δ(n), then P (A, B_r)/H^{n−1}(∂B_r) � |A∩B_r|/|B_r|.

Remark. Another way of stating this result is that P (A, B_r) �^n_r |A ∩ B_r|. It could also be rephrased as an isoperimetric inequality.

Proof. By rearrangement, we find that the set D of minimum perimeter P (D, B_r) subject to |D ∩ B_r| = |A ∩ B_r| is the set bounded by a hemispherical cap meeting ∂B orthogonally. Trivially, we have

(6.1) P (D, B) � P (A, B).

Let D_r be the set bounded by a spherical cap of radius r, intersecting ∂B_r orthogonally, so that |D ∩ B_r|/|B_r| = δ(n). Since |D ∩ B_r|/|B_r| = |A ∩ B_r|/|B_r| � δ(n), we thus have that |D| � |D_r| and so the radius of the hemispherical cap bounding D is less than or equal to r. It follows by elementary geometry that

(6.2) H^{n−1}(∂D ∩ ∂B) � P (D, B).

(To see this, e.g., one can reflect the hemispherical cap D about the plane of its intersection with B_r, to obtain a surface oriented in the same direction as the patch D ∩ ∂B_r and containing the patch in its interior. Since the patch has positive mean curvature, it follows that this outer surface has greater area than does D ∩ ∂B_r.)

But, D is entirely contained in the cone C from ∂D ∩ ∂B_r to the center of B_r and tangent to D at ∂B_r. That is, |A ∩ B_r| � |C|. On the other hand, the volume ratio |C|/|B_r| for a cone is exactly its surface ratio, H^{n−1}(∂D ∩ ∂B_r)/H^{n−1}(∂B_r). Combining these facts with (6.2) and (6.1), we have

|A|/|B_r| � |C|/|B_r| = H^{n−1}(∂D ∩ ∂B_r)/H^{n−1}(∂B_r) � P (D, B_r)/H^{n−1}(∂B_r) � P (A, B_r )/H^{n−1}(∂B_r),

which leads to our desired conclusion. □

We now prove our main result, a volume monotonicity principle for superminimizing sets.

6.4 Proposition. Let E be subminimizing in U, B_1 ⊂ U. If |E∩B_1|/|B_1| < δ(n) (0 < δ(n) < 1/2 as defined above Lemma 6.3), then the ratio |E ∩ B_r|/|B_r| is increasing in r for 0 � r � 1.

Proof. From Lemmas 6.2 and 6.3, we have

H^{n−1}(E ∩ ∂B_r)/H^{n−1}(∂B_r) � P (E, B_r)/H^{n−1}(∂B_r) � |E ∩ B_r|/|B_r)|

for almost all r, so long as |E ∩ B_r|/|B_r| < δ(n).

By the co-area formula, (2.11),

( d/ dr)|B_r | = H^{n−1}(∂B) and ( d/ dr)|E ∩ B_r| = H^{n−1}(E ∩ ∂B_r).

Thus,

d|E ∩ B_r|/ d|B_r| = H^{n−1}(E ∩ ∂B_r)/H^{n−1}(∂B) � |E ∩ B_r|/|B_r|,

giving monotonicity so long as |E ∩ B_r|/|B_r| < δ(n). But, because of monotonicity, this property persists for all 0 � r � 1. □

This property has many implications. Among them is the following important one, a one-sided bound on the average density.

6.5 Proposition. Let E be subminimizing in U, B_1 ⊂ U. If 0 ∈ ∂E, then |E ∩ B_1|/|B_1| � δ(n).

Proof. Suppose to the contrary that |E ∩ B_1|/|B_1| < δ(n). Then, for some R < 1, |E ∩ B(x, R)| < δ(n) for every x ∈ B_{1−R}. By the monotonicity property of Proposition 6.4, we thus have |E ∩ B(x, r)|/|B(x, r)| < δ(n) for r � R. Thus,

|E ∩ ~B|/| ~B| < δ(n) <^1_2

for any ball contained in B_{1−R}; hence the density of E is strictly less than 1/2 at each point of B_{1−R}.

But, since the density of E must be zero or one at almost every point of B_{1−R}, the density of E must be zero at almost every point in B_{1−R}, and therefore |E ∩B_{1−R}| = 0. But, by our convention in choosing set representatives, this would imply that B_{1−R} ⊂ E^e, in particular 0 ∈ E^e, a contradiction. □

6.6 Corollary. If E is subminimizing, then E^i_m = (E^e_m)^c = E.

Proof. By Proposition 6.5, the density of E at any x ∈ ∂E is strictly greater than 0, hence ∂E ∩ E^e_m = ∅. It follows that ∂E, and therefore E as well, is contained in (E^e_m)^c ⊂ E^i_m. Since E^i_m is always contained in E, we thus obtain

E^i_m = (E^e_m)^c = E,

as claimed. □

6.7 Corollary. Let E be minimizing in U and x ∈ ∂E. Then, in any ball B(x, r) ⊂ U, the relative volume fractions of E and E^c are bounded below by δ(n) > 0.

Proof. By the previous Proposition applied to E and E^c, we find that violation of this bound would imply that x were in the interior of E or of E^c. But, x ∈ ∂E by assumption, a contradiction. □

6.8 Corollary. Let E be minimizing in U and x ∈ ∂E. Then, in any ball B(x, r) ⊂ U, P (E, B_r) � δr^{n−1}, where δ > 0 is an independent constant.

Proof. This follows from Corollary 6.7 plus the explicit form of the minimizer of P (A, B_r) among sets with |A| = |E|. □

Remark. Propositions 6.4 and 6.5 give an alternative, and more elementary route to regularity of minimizing sets than the usual path via the Isoperimetric Theorem for minimal surfaces, cf., [10, Chapter 8]. Using Corollary 6.8, one can go on to show existence of tangent cones, etc. This standard result is usually proved by reference to the Isoperimetric Theorem for minimal surfaces, cf. [10, Chapter 5].

7. “Foamy” sets

We conclude by demonstrating existence of sparse, “foamy” superminimizing sets having topological boundary with positive Lebesgue measure, thus indicating possible limitations of a regularity theory for (sub)superminimizing sets.

For B(x_1, r), B(x_0, R) ⊂ U ⊂ R^2 , B(x_1, r) ∩ B(x_0, R) = ∅, consider the obstacle problem

(7.1) inf{P (F, U): B(x_1, r) ∪ B(x_0, R) ⊂ F ⊂⊂ U}.

7.1 Lemma. For r sufficiently small, the solution of (7.1) is

E = B(x_1, r) ∪ B(x_0, R).

Moreover, for any connected set ~F containing B(x_1, r) ∪ B(x_0, R), there holds

(7.2) P ( ~F , U) > P (E, U) + δ,

for some δ > 0.

Proof. Without loss of generality, take U to be all of R^2 . Since we are in two dimensions, minimal surfaces for (7.1) are easily characterized as arcs of ∂B(x_0, R), ∂B(x_1, r) joined by straight lines. By explicit comparison, it is then found that the connected competitor ~F with least perimeter is the convex hull of ∂B(x_0, R), ∂B(x_1, r), which for r sufficiently small satisfies (7.2). Among disconnected competitors, the best is E = B(x_1, r) ∪ B(x_0, R), by (2.13). □

7.2 Proposition. For any open V ⊂⊂ U ⊂ R^2 , and any ε > 0, there exists a superminimizing set F in U such that F = V and |F | � pε^2.

Proof. Enumerate the rationals as {x_j }. □

Claim. For suitably chosen r_j ,

F_J := � j⩽J B(x_j , r_j )

has the properties:

(i) Any set F_J ⊂ G ⊂⊂ U with a connected component containing two B(x_j , r_j ) with j � J, satisfies

P (G, U) > P (F_J , U) + δ_J , δ_J > 0,

(ii)

(7.3) ∞� j=J+1

P (B(x_j , r_j ) < δ_J .

Proof of claim. The radii r_j may be chosen inductively, as follows: Choose r_1 < ε/2 sufficiently small that B(x_1, r_1) ⊂ V . If x_{j+1} ∈ F_j , then take r_{j+1} = 0. Otherwise, choose r_{j+1} so small that B(x_{j+1}, r_{j+1}) ⊂ V \ F_j ,

(7.4) P ((B(x_{j+1}, r_{j+1}), U) <^{δj}_2 ,

and, by Lemma 7.1, any connected set G containing B(x, r_{j+1} ) and any B(x_k , r_k), k � j satisfies

(7.5) P (G, U) > P (B(x_{j+1}, r_{j+1}), U) + P (B(x_k , r_k), U) + δ_{j+1}

for some δ_{j+1} > 0. By (7.4), (ii) is clearly satisfied. Further, (7.4) and (7.5) together give (i). For, if G has a component containing any B(x_k , r_k), B(x_l, r_l), k ≠ l � j, then (7.3) holds by the induction hypothesis. Likewise, if no component of G contains B(x_{j+1}, r_{j+1}) and any B(x_k , r_k), k � j. The remaining case is that precisely one B(x_k , r_k), k � j, lies in a component with B(x_{j+1}, r_{j+1}), and the rest lie each in distinct components. In this case, (7.3) follows by (7.5) and (2.13).

Defining F := � j B(x_j , r_j ), we find that F is superminimizing in U. For, let G be

any competitor. If G has any component containing B(x_j , r_j ) and B(x_k , r_k), j < k, then (i)–(ii) together give

P (G, U) > P (F_k , U) + δ_k > P (F_k , U) + ∞� k+1 P (B(x_j , r_j ), U) � P (F, U).

On the other hand, if each B(x_j , r_j ) lies in a distinct component G_j of G, then either G_j ≡ B(x_j , r_j ), or, by the Isoperimetric Theorem, P (G_j , U) � P (B(x_j , r_j ), U), with strict inequality for some J. Noting that P (G, U) �^k � j=1 P (G_j , U) for any finite sum,

and recalling (ii), we thus obtain P (G, U) > P (F, U) as claimed.

By (ii), and the choice r_1 < ε, we have |F | � pε^{2 ∞} � j=1 (1/2)^{2j} < pε^2. But, clearly,

also, F is dense in V , giving F = V as claimed. □

Remark. It is not clear whether such a construction can be carried out in higher dimensions, since Lemma 7.1 no longer holds with positive δ.

Consequences. 1. The construction of Proposition 7.2 shows that in general E = E^i is false for subminimizing sets E, in contrast to the result of Corollary 6.6. It would seem that some form of connectivity must be assumed on E, if this property is to hold.

2. A similar construction with U = B(0, 1) yields a superminimizing set of the form B^+(0, 1) ∪ G, where G is the union of a disjoint family of discs dense in U \ B^+(0, 1). Here B^+(0, 1) denotes the upper half-ball {x ∈ B(0, 1): x_n � 0}. Taking E = B^+(0, 1) and F = E ∪ G, we find that the strong maximum principle as stated in Theorem 3.3 is violated, although the regularity assumption E = E_i is satisfied. This shows that the assumption ∂E ∩ ∂F ⊂⊂ U is important. However, we remark that in the original form as stated in [18], the conclusion of the theorem was that ∂E and ∂F should agree on their components of x_0. This version of the theorem remains valid also for the above example, though the two statements are equivalent for minimizing sets.

Evidently, the issue of a maximum principle for sub- and superminimizing sets is a delicate one, requiring ideas beyond those in this paper. This would appear to be an interesting area for further study.

References

[1] Adams, D. R., Hedberg, L. I.: Function Spaces and Potential Theory. Springer-Verlag, 1996.

[2] Biroli, M., Mosco, U.: Wiener criterion and potential estimates for obstacle problems relative to degenerate elliptic operators. Ann. Mat. Pura Appl. 159 (1991), 255–281.

[3] Bombieri, E.; De Giorgi, E.; Giusti, E.: Minimal cones and the Bernstein problem.

Invent. Math. 7 (1969), 255–267.

[4] Choe, H. J., Lewis, J. L.: On the obstacle problem for quasilinear elliptic equations of p Laplacian type. SIAM J. Math. Anal. 22 (1991), 623–638.

[5] Federer, H.: Curvature measures. Trans. Amer. Math. Soc. 93 (1959), 418–491. [6] Federer, H.: Geometric Measure Theory. Springer-Verlag, New York, 1969. [7] Fleming, W. H., R. Rishel: An integral formula for total gradient variation. Arch. Math.

11 (1960), 218–222.

[8] Frehse, J., Mosco, U.: Variational inequalities with one-sided irregular obstacles. Manuscripta Math. 28 (1979), 219–233.

[9] Gilbarg, D., Trudinger N. S.: Elliptic Partial Differential Equations of Second Order.

Springer-Verlag, New York, 1983, Second Ed.

[10] Giusti, E.: Minimal Surfaces and Functions of Bounded Variation. Birkhäuser, 1985. [11] Heinonen, J., Kilpeläinen, T., Martio, O.: Nonlinear Potential Theory of Degenerate Elliptic Equations. Oxford University Press, Oxford, 1993.

[12] Lieberman, G.: Regularity of solutions to some degenerate double obstacle problems.

Indiana Univ. Math. J. 40 (1991), 1009–1028.

[13] Malý, J., Ziemer, W. P.: Fine Regularity of Elliptic Equations. Mathematical Surveys and Monographs, Vol. 51, American Mathematical Society, 1997.

[14] Moschen, Maria Pia: Principio di massimo forte per le frontiere di misura minima.

Ann. Univ. Ferrara, Sez. VII 23 (1977), 165–168.

[15] Mu, Jun, Ziemer, W. P.: Smooth regularity of solutions of double obstacle problems involving degenerate elliptic equations. Commun. Partial Differential Equations 16 (1991), 821–843.

[16] Michael, J., Ziemer, W. P.: Existence of solutions to nonlinear obstacle problems. Nonlinear Anal. 17 (1991), 45–73.

[17] Simon, L.: Lectures on Geometric Measure Theory. Proc. Centre Math. Analysis, ANU Vol. 3, 1983.

[18] Simon, L.: A strict maximum principle for area minimizing hypersurfaces. J. Differential Geom. 26 (1987), 327–335.

[19] Sternberg, P., Ziemer, W. P.: The Dirchlet problem for functions of least gradient. IMA Vol. Math. Appl. 47 (1993), 197–214.

[20] Sternberg, P., Williams, G., Ziemer, W. P.: Existence, uniqueness, and regularity for functions of least gradient. J. Reine Angew. Math. 430 (1992), 35–60.

[21] Ziemer, W. P.: Weakly Differentiable Functions: Sobolev Spaces and Functions of Bounded Variation. Springer-Verlag, New York, 1989, Graduate Texts in Math.

Authors’ addresses: William P. Ziemer, Kevin Zumbrun, Department of Mathematics, Indiana University, Bloomington, IN 47405-5701, USA, e-mails: ziemer@indiana.edu, zumbrun@indiana.edu.