125 (2000) MATHEMATICA BOHEMICA No. 2, 215–225

ON RADIALLY EXTREMAL GRAPHS AND DIGRAPHS, A SURVEY

Ferdinand Gliviak, Bratislava

(Received May 12, 1998)

Abstract. The paper gives an overview of results for radially minimal, critical, maximal and stable graphs and digraphs.

Keywords: extremal graphs, extremal digraphs, radius of graphs, radius of digraphs

MSC 2000 : 05C12, 05C20, 05C35

1. Introduction

The paper gives an overview of results for radially minimal, critical, maximal and stable graphs and digraphs. First we will speak about graphs and then digraphs. We consider nonempty and finite graphs and digraphs here.

Let G be a graph. Then we denote by: V (G) the vertex set of G; E(G) the edge set of G; d(u, v) the distance in G between the vertices u, v; e(u) = max{d(u, v): v ∈ V (G)} the eccentricity of u; r(G) = min{e(u): u ∈ V (G)} the radius of G.

General notions and notation are according to [2] while the specific notions are defined here.

Clearly, the following three inequalities hold: r(G − e) ⩾ r(G) for every edge e of G; r(G − u) ≠ r(G) for every vertex u of G; r(G + e) ⩽ r(G) for every edge e of the complement of G;

The second inequality is illustrated in Fig. 1, where r(G) = 3; 2 = r(G − b) < r(G) and ∞ = r(G − a) > r(G). Moreover, the paper [10] notes that r(G) − 1 ⩽ r(G − u) for every vertex u of G.

Now we give an overview of radially extremal graphs.

a b�_{Fig. 12. Radially extremal graphs}

We say that a graph G is minimal (by r), if r(G − e) > r(G) for every e ∈ E(G); critical (by r), if r(G − u) ≠ r(G) for every u ∈ V (G); maximal (by r), if r(G + e) < r(G) for every edge e of the complement of G (see [2]).

Extremal (minimal, critical, maximal) graphs are defined and studied using different parameters as connectivity, chromatic number, diameter, . . . , see e.g. [3], [2]. In the sequel we will study radially extremal graphs only. Basic facts about these graphs are in [2, Ch. 5, 95–116].

Minimal graphs form a simple class of graphs:

Theorem 1. (see [10].) A nontrivial graph G is minimal if and only if G is a tree.

Critical graphs and maximal graphs are more complicated.

2.1. Critical graphs. Critical graphs were defined and studied in [10]. Examples of such graphs are the graph in Fig. 1 or the path P_4 of length 3 (and radius 2) or the graph in Fig. 2 of radius 2.

�_{Fig. 2We say that a vertex u of G is peripheral, if there exists a central vertex w such}

that e(w) = r(G) = d(w, u). Using this notion we give the following lemma.

Lemma 2. (See [10].) Let G be a critical graph and u ∈ V (G). Then r(G − u) < r(G) if and only if u is peripheral.

Critical graphs of radius two can be described completely.

Theorem 3. (See [10].) A graph G of radius 2 is critical if and only if G is either a path of length 3 or a complete n-partite graph K_{2,2,...,2}, where n ⩾ 2.

The class of critical graphs can be partitioned into three sets: decreasing graphs for which r(G − u) = r(G) − 1 for every u ∈ V (G); increasing graphs for which r(G − u) > r(G) for every u ∈ V (G); changing graphs containing all the other critical graphs.

The following theorem reduces the study of critical graphs to decreasing graphs.

Theorem 4. (See [11].) Every connected critical graph G is either decreasing or consists of a decreasing subgraph H and endpaths so that one endpath of length r(G) − r(H) is joined to each vertex of H.

The following characterization is given for decreasing graphs.

Theorem 5. (See [10].) The following statements are equivalent: 1. G is a decreasing graph;

2. for every u ∈ V (G) there exists exactly one u ∈ V (G) − {u} such that

e(u) = e(u);

3. there exists a decomposition of V (G) into pairs {u, u} such that

d(u, u) = r(G) > max

x∈V (G)−{u,u}

{d(x, u), d(x, u)}.

The following theorem has a constructive proof for the existence of decreasing and maximal graphs of radius r ⩾ 3.

Theorem 6. (See [10].) Let G be a graph with p ⩾ 3 vertices. Let r ⩾ 3 and k ⩾ 2p + 2 be given integers. Then there exists a k-regular, decreasing and maximal graph Q of radius r which has G as an induced subgraph.

Directly from Theorem 6 a problem follows.

Problem 1. Let G be a graph and r ⩾ 3 a given integer. What is the minimum number of vertices needed to add to G in order to receive an overgraph H of radius r containing G as an induced subgraph such that H is either a decreasing graph or a maximal graph.

Fajtlowicz [8] defines the following class of radially critical graphs:

A graph is α-critical if it has radius r ⩾ 2 and every proper induced connected subgraph has radius strictly smaller than r.

It is clear that α-critical graphs are critical. If we take any connected graph G of radius greater than r, r ⩾ 3, then the proof of Theorem 6 gives us a critical graph Q of radius r. So α-critical graphs form a special class of critical graphs.

Paper [8] defines certain graphs of radius r ⩾ 2, called r-ciliates, and then proves the following:

Theorem 7. (See [8].) A graph G of radius r ⩾ 2 is α-critical if and only if G is an r-ciliate.

Segawa [28] proved the following estimation.

Theorem 8. (See [28].) Let G be a connected graph and let a subset F ⊂ E(G) be such that G − F is connected. Then r(G − F ) ⩽ (|F | + 1)r(G) − ⌊|F |/2⌋.

2.2. Maximal graphs. The first result concerning maximal graphs was the following estimation proved by Vizing in 1967.

Theorem 9. (See [31].) The maximum number of edges in a graph with p vertices and radius r is p(p − 1)/2, if r = 1; ⌊p(p − 2)/2⌋, if r = 2; (p^2 − 4pr + 5p + 4r^2 − 6r)/2, if r ⩾ 3.

These estimations are the best ones possible.

Maximal graphs were studied by different authors, see e.g. Nishanov [23–26], Harary and Thomassen [17], Gliviak, Knor and Šoltés [12–13], and Du, Shi and Zhao [5]. We note that papers [23–26] used the non-standard notions and notation defined e.g. in [32].

The paper [23] does not give any bounds for the diameter of maximal graphs, but it gives some conditions for the maximal graphs with radius r and maximal diameter. Paper [17] studies maximal graphs with respect to various graph parameters, including the radius. This paper shows the following result.

Theorem 10. (See [17].) Let G be a maximal graph of radius at least two. Then r(G) ⩽ d(G) ⩽ 2r(G) − 2.

The paper also describes maximal graphs of radius two.

Theorem 11. (See [17].) A graph G with radius two is maximal if and only if the complement of G, G, is disconnected and each component of G is a star K_{1,s} for s ⩾ 1.

According to Theorem 6, given a graph G and a natural number r ⩾ 3, we can construct a maximal graph of radius r containing G as an induced subgraph.

Maximal graphs of radius two were described later constructively in [5]. They were studied also in [13], where it is shown that the central subgraph of any maximal graphs of radius two contains an edge and shows that those of them that have a star as the central subgraph are sequential joins of complete graphs. Paper [25] describes maximal graphs of radius two independently and in the same way as in Theorem 11.

One class of graphs belonging to the intersection of the classes of maximal and critical graphs of radius r was studied in [24]. This paper also shows that the line graph of the cartesian product of circuits C_{2k}. C_{2r} , where k ⩾ 2, s ⩾ 2, is a critical graph.

Paper [26] proved that a graph G is a maximal graph of radius r ⩾ 2 with exactly one cycle if and only if certain five conditions hold simultaneously. As to maximal graphs having a cut-vertex the following two results were proved:

Theorem 12. (See [12].) Let G be a maximal graph of radius r ⩾ 3 containing a cut-vertex y. Then the graph G − y has exactly two components, say A^′, B^′. Let A and B be the subgraphs of G induced on V (A^′) ∪ {y} and V (B^′) ∪ {y}, respectively. Let the eccentricity satisfy e_A(y) ⩾ e_B (y). Then:

1. e_A(y) + e_B (y) ⩽ 2r − 2, 2. B is a diametrically maximal graph of diameter e_B (y).

Theorem 13. (See [12].)

1. Each maximal graph of radius three contains at most two cut-vertices. 2. Let k and r be given integers such that r ⩾ 4, k ⩾ 1. Then there exists an infinite number of maximal graphs of radius r, containing k cut-vertices.

We can formulate two problems about cut-vertices and centers in maximal graphs. Problem 2. To study maximal graphs with small number of cut-vertices. Problem 3. Study the center C(G) of either a decreasing graph G or a maximal graph G. Estimate this center and describe some properties of the induced subgraph ⟨C(G)⟩ generated by C(G).

Paper [7] gives asymptotically sharp upper bounds for the maximum diameter and radius of (i) a connected graph, (ii) a connected triangle-free graph, (iii) a connected C_4-free graph with n vertices and with minimum degree δ, where n tends to infinity. Now we give these results only for the radius and a connected graph or a connected triangle-free graph.

Theorem 14. (See [7].)

1. Let G be a connected graph with n vertices and with minimum degree δ ⩾ 2.

Then r(G) ⩽^3_2 .^{n−3}_{δ+1} + 5 and this bound is tight apart from the exact value of the aditive constant.

2. Let G be a connected triangle-free graph with n vertices and with minimum degree δ ⩾ 2. Then r(G) ⩽^{n−2}_δ + 12 and this bound is tight apart from the exact value of the aditive constant.

The following theorem gives an upper bound the for radius of a 3-connected graph containing n vertices.

Theorem 15. Let G be a 3-connected graph containing n vertices. Then 1. (see [20]): r(G) <^n_4 + O(log n), 2. (see [19]): r(G) ⩽^n_4 + 8, 3. (see [21]): r(G) ⩽^{n+15}_4 .

For self-centered connected graphs (see [2]) the following result holds.

Theorem 16. (See [1].) Let n ⩾ 2r > 2, except the case n = 2r = 4. Then there exists a self-centered connected graph with n vertices, k edges and radius r if and only if ⌊(nr − 2r − 1)/(r − 1)⌋ ⩽ k ⩽ (n^2 − 4rn + 5n + 4r^2 − 6r)/2. If n = 2r = 4, then k must equal 4.

The following problem concerns some estimations of basic parameters of decreasing or maximal graphs.

Problem 4. Estimate the number of edges, the maximum degree and the minimum degree of either a decreasing graph or a maximal graph.

2.3. Radius stable graphs. Let f be any graph invariant, e.g. radius, diameter, . . . F. Harary [16] defines three changing invariants by f and three unchanging invariants by f. Three changing invariants by f are usually used in the same sense as graphs minimal by f, critical by f and maximal by f—defined here for radius— see [6], [18] and [15]. Three unchanging invariants are new and we will call them edge-stable (by f), vertex-stable (by f) and adding-stable (by f). Now we will define them for radius.

A graph G is e-stable, if r(G − e) = r(G) for every edge e of G; v-stable, if r(G − v) = r(G) for every vertex v of G; a-stable, if r(G + e) = r(G) for every edge e of the complement of G.

These three types of stable graphs may have some applications, but until now they have been studied only from the mathematical point of view. Paper [6] gives several basic facts about these graphs and one general result.

Theorem 17. (See [6].) Every self-centered graph G with at least 3 vertices is e-stable.

We do not know another paper about e-stable, v-stable and a-stable graphs and so we give the following problem.

Problem 5. To receive further mathematical results concerning e-stable, v-stable and a-stable graphs.

3. Basic notions from digraphs

We consider here nonempty and finite digraphs D without loops and multiple arcs. If D is a digraph, then V (D) will be the node set of D and E(D) the arc set of D. The (standard) distance d(u, v) between the nodes u and v in a digraph D is the length of the shortest (directed) u − v path in D if such a path exists; otherwise d(u, v) = ∞.

Paper [4] defines three other distances d_{min}, d_{max}, d_{sum} for a strong digraph D, but we give these notions in general:

d_{min}(u, v) = min(d(u, v), d(v, u)), d_{max}(u, v) = max(d(u, v), d(v, u)), d_{sum}(u, v) = d(u, v) + d(v, u),

where the symbol ∞ is greater than any number and the symbol ∞ + x = ∞ for any x. The detour distance d^∗(u, v) from u to v in a digraph D was defined in [30] as the length of a longest directed u − v path P^∗ (called detour path) for which the subdigraph induced by the vertices of P^∗ contains no shorter directed u − v path. If no directed u − v path exists in D, then the detour distance is infinite.

Let k(u, v) be a distance defined in a digraph D (e.g. d, d_{min}, d_{max}, d_{sum} and d^∗). Then we say that the eccentricity of a node u is e_k(u) = max_{v∈V (D)} k(u, v). So we have defined the eccentricities e_d, e_{min}, e_{max}, e_{sum} and e^∗ for the distances d, d_{min}, d_{max}, d_{sum} and d^∗, respectively. (We note that these eccentricities can be infinite.)

We define the radius r_k (D) = min_{u∈V (D)} e_k(u). So we have defined the radii r_d(D), r_{min} (D), r_{max}(D), r_{sum}(D) and r^∗(D). We note that instead of the symbols e_d and r_d only e and r are usually used.

Several papers, e.g. [27], denote the standard eccentricity e_d(u) as the out-eccen-tricity e^+(u) = max_{v∈V (D)} d(u, v) and they also define the in-eccentricity e^−(u) = max v∈V (D)

d(v, u), and the eccentricity e^0(u) = max(e^+(u), e^−(u)).

Then one can define the out-radius r^+(D) = min_{u∈V (D)} e^+(u) = r_d(D), the in-radius r^−(D) = min_{u∈V (D)} e^−(u), and the radius r^0(D) = min_{u∈V (D)} e^0(u). We note that it is enough to study r^+(D) and r^0(D), because if D is a digraph and D^′ results from D by reversing the orientation of all arcs, then r^+(D) = r^−(D^′).

The distance d_{min}, the eccentricity e_{min}, and the radius r_{min} were defined independently in [9]. Moreover, the properties of distances d, d_{min}, d_{max}, d_{sum} and d^∗ were studied in several papers, e.g. [4], [29], [30].

4. Radially extremal digraphs

First of all we define minimal, critical and maximal digraphs and then give results achieved in literature.

Let D be a digraph and f(D) any radius of D defined earlier, e.g. r(D) = r_d(D) = r^+(D), r_{min}(D), r_{max}(D), r_{sum}(D), r^∗(D), r^−(D) and r^0(D).

Deleting an arc e from D we cannot decrease any distance k between any two nodes of D. Hence f(D − e) ⩾ f(D). Analogously, adding a new arc e to D we have f(D + e) ⩽ f(D). These inequalities enable us to say that a digraph D is: minimal by f, if f(D − e) > f(D) for every arc e of D; critical by f, if f(D − u) ≠ f(D) for every node u of D; maximal by f, if f(D + e) < f(D) for every arc e of the complement of D.

Although there exist several radii of digraphs and then several classes of minimal, critical and maximal digraphs, we have found only three papers about these graphs: Fridman 1973, [9]; Ismailov 1971, [22] and Gliviak and Knor 1995, [14].

Paper [9] describes two classes of non-connected digraphs D such that for every arc e /∈ E(D) we have:

1. either r(D + e) < r(D) or D + e has less strong components than D; 2. either r_{min}(D + e) < r_{min}(D) or D + e has less strong components than D. Moreover this paper proves the following estimation.

Theorem 18. (See [9].) Let D be a digraph with p nodes, q arcs and a finite radius r ⩾ 2. Then q ⩽ p(p − r) + (r^2 − r − 2)/2.

Let D(n, k, r) be a digraph with n nodes, k strong components and a radius r. Paper [22] gives the exact lower bound for the number of arcs in such a digraph and describes all extremal digraphs.

Now we give several results from [14]. P. Kyš (oral communication, [14]) showed the following characterisation of digraphs minimal by r^+ = r_d = r.

Theorem 19. A digraph D is minimal by r if and only if D is a directed rooted out-tree (i.e. acyclic digraph with id_D(x) = 1 for all x ∈ V (D) except the root u for which id_D(u) = 0).

Critical digraphs by r or r^0 with radius r or r^0 equal to ∞ and 1 are described in [14]. Then three results concerning radius r = 2 or r^0 = 2 are proved.

Theorem 20. (See [14].) Let D be a digraph such that r(D) = 2 and |V (D)| ⩾ 5. Then D is critical by r if and only if the complement of D consists of a collection of oriented cycles.

Theorem 21. (See [14].) Let D be a digraph on an even number of nodes such that r^0(D) = 2 and |V (D)| ⩾ 6. Then D is critical by r^0 if and only if the complement of D consists of a collection of independent arcs and oriented two-cycles.

Theorem 22. (See [14].) Let D be a digraph. Then there are infinitely many digraphs critical by r^0 with radius two on an odd number of nodes, containing D as an induced subgraph.

Maximal digraphs D by r or r^0 with radius r(D) or r^0(D) equal to ∞, 1, 2 are described in [14]. Then the following two general existence theorems for critical and maximal digraphs are proved.

Theorem 23. (See [14].) Let D be a digraph, and let t satisfy 3 ⩽ t < ∞. Then there exists an infinite number of digraphs H such that:

1. D is an induced subgraph of H; 2. r(H) = r^−(H) = r^0(H) = t; 3. H is critical by r, r^− and r^0; 4. H is maximal by r and r^−.

Theorem 24. (See [14].) Let D be a digraph, and let t satisfy 3 ⩽ t < ∞. Then there is an infinite number of digraphs maximal by r^0 with radius r^0 = t, which contain D as an induced subgraph.

The following problem is analogous to Theorem 4.

Problem 6. Is it possible to reduce the study of digraphs critical by r to any subclass of these graphs?

At the end we give the following practical problem.

Problem 7. What can be said about results concerning analogous problems for theory of nets (i.e. digraphs with given natural estimation of edges and a source and sink).

References

[1] F. Buckley: Self-centered graphs with a given radius. Proc. 10th S-E Conf. Combinatorics, Graph Theory and Computing. Boca Raton, 1979, pp. 211–215.

[2] F. Buckley, F. Harary: Distance in Graphs. Addison-Wesley, New York, 1990, 335 pp. [3] L. Caccetta: On graphs that are critical with respect to the parameters: diameter, connectivity and edge-connectivity. Matematiche (Catania) 47 (1992), 213–229.

[4] G. Chartrand, Songlin Tian: Distance in digraphs. Mathematics and Computer Models, Preprint, 1991, 15 pp.

[5] Yu Xiang Du, Lijie Shi, Xiaodong Zhao: The structure of upper radius critical graphs.

J. Natur. Sci. Math. 36 (1996), 77–82.

[6] R. D. Dutton, S. R. Medidi, R. C. Brigham: Changing and unchanging the radius of a graph. Linear Algebra Appl. 217 (1995), 67–82.

[7] P. Erdős, J. Pach, R. Pollack, Z. Tuza: Radius, diameter, and minimum degree. J.

Combin. Theory, Ser. B 47 (1989), 73–79.

[8] L. Fajtlowicz: A characterisation of radius critical graphs. J. Graph Theory 12 (1988), 529–533.

[9] G. Sh. Fridman: On radially critical oriented graphs. Dokl. Akad. Nauk 212 (1973), 556–559. (In Russian.)

[10] F. Gliviak: On radially critical graphs. Recent Advances in Graph Theory— Proc. Symp.

Prague 1974. Academia, Praha, 1975, pp. 207–221.

[11] F. Gliviak: On the structure of radially critical graphs. Graphs, Hypergraphs and Block Systems. Proc. Symp. Zielona Gora, Poland, 1976, pp. 69–73.

[12] F. Gliviak, M. Knor, L. Šoltés: On radially maximal graphs. Australasian J. Combin.

9 (1994), 275–284.

[13] F. Gliviak, M. Knor, L. Šoltés: Two-radially maximal graphs with special centers. Math.

Slovaca 45 (1995), 227–233.

[14] F. Gliviak, M. Knor: On radially extremal digraphs. Math. Bohem. 120 (1995), 41–55. [15] N. Graham, F. Harary: Changing and unchanging the diameter of a hypercube. Discrete Appl. Math. 37/38 (1992), 265–274.

[16] F. Harary: Changing and unchanging invariants for graphs. Bull. Malaysian Math. Soc.

(2) 5 (1982), 73–78.

[17] F. Harary, C. Thomassen: Anticritical graphs. Math. Proc. Cambridge Philos. Soc. 79 (1976), 11–18.

[18] T. W. Haynes, L. M. Lawson, R. C. Brigham, R. D. Dutton: Changing and unchanging of the graphical invariants: Minimum and maximum degree, maximum clique size, node independence number and edge independence number. Congr. Numer. 72 (1990), 239–252.

[19] J. Harant: An upper bound for the radius of a 3-connected graph. Discrete Math. 122 (1993), 335–341.

[20] J. Harant, H. Walther: On the radius of graphs. J. Combin. Theory, Ser. B 30 (1981), 113–117.

[21] Katsumi Inoue: Radius of 3-connected graphs. SUT J. Math. 32 (1996), 83–90. [22] Sh. M. Ismailov: The number of arcs of a digraph of a given radius with a given number of vertices and strong components. Dokl. Akad. Nauk Azerbaidzhana 27 (1971), 8–12. (In Russian.)

[23] Ju. Nishanov: On radially critical graphs with maximal diameter. Voprosy algebry, teorii chisel, diferencialnych i integralnych uravneniy. Samarkand State University, Samarkand, 1973, pp. 138–147. (In Russian.)

[24] Ju. Nishanov: On two classes of radially critical graphs. Voprosy algebry i teorii chisel.

Samarkand State University, Samarkand, 1980, pp. 16–22. (In Russian.)

[25] Ju. Nishanov: On radially critical graphs with radius two. Modeli i algoritmy prikladnoj matematiki. Samarkand, 1989, pp. 125–130. (In Russian.)

[26] Ju. Nishanov: On unicyclic radially critical graphs. Voprosy algebry i teorii chisel.

Samarkand State University, Samarkand, 1990, pp. 54–65. (In Russian.) [27] J. Plesnik: Graph Algorithms. Veda, Bratislava, 1983, 343 pp. (In Slovak.) [28] Tomomi Segawa: Radius increase caused by edge deletion. SUT J. Math. 30 (1994), 159–162.

[29] Songlin Tian: Sum distance in digraphs. Congr. Numer. 78 (1990), 179–192. [30] Songlin Tian, Ch. E. Williams: Detour distance in digraphs. Graph Theory and Applications. Proc. Int. Conference, vol. 2, Y. Alavi, A. Schwenk (eds.), John Wiley and Sons, 1995, pp. 1155–1165.

[31] V. G. Vizing: On the number of edges in a graph with given radius. Dokl. Akad. Nauk 173 (1967), 1245–1246. (In Russian.)

[32] A. A. Zykov: Fundamentals of Graph Theory. Nauka, Moskva, 1987, 381 pp. (In Russian.)

Author’s address: Ferdinand Gliviak, Comenius University, Faculty of Mathematics and Physics, Dept. of Numerical Analysis and Optimization, 842 15 Bratislava, Mlynska dolina, Slovak Republic, e-mail: gliviak@fmph.uniba.sk.