125 (2000) MATHEMATICA BOHEMICA No. 2, 145–153

OSCILLATION CRITERIA FOR SECOND ORDER NEUTRAL DIFFERENTIAL EQUATIONS

Jozef Džurina, Božena Mihalíková, Košice

(Received January 19, 1998)

Abstract. Our aim in this paper is to present sufficient conditions for the oscillation of the second order neutral differential equation ( x(t) − px(t − τ )

)_{′′} + q(t)x ( σ(t) ) = 0.

Keywords: neutral equation, delayed argument

MSC 2000 : 34C10, 34K10

In this paper we deal with the oscillatory and asymptotic behavior of the solutions of the neutral differential equation. We consider the second order differential equation of the form (1) ( x(t) − px(t − τ)

)_{′′} + q(t)x ( σ(t) ) = 0 under the assumptions

(i) p and τ are positive numbers;

(ii) q, σ ∈ C(R_+ , R_+ ), lim_{t→∞}σ(t) = ∞, σ(t) � t.

We put z(t) = x(t) − px(t − τ). By a proper solution of Eq. (1) we mean a function x: [T_x, ∞) → R which satisfies (1) for all sufficiently large t and sup{|x(t)|: t � T } > 0 for any T � T_x so that z(t) is twice continuously differentiable. Such a solution is called oscillatory if it has a sequence of zeros tending to infinity; otherwise it is called nonoscillatory. Eq. (1) is said to be oscillatory if all its solutions are oscillatory.

In the recent years there has been a growing interest in oscillation theory of functional differential equations of neutral type, see for example the papers [1–11] and the references cited therein. The recent books by D. D. Bainov and D. P. Mishev, by I. Győri and G. Ladas and by L. H. Erbe, Q. Kong and B. G. Zhang summarize some important work in this area and reflect the overall new developments in the theory of neutral equations.

The purpose of this paper is to establish criteria for oscillation problems of Eq. (1). We discuss Eq. (1) for the cases that 0 < p < 1, p = 1 and p > 1, respectively.

In this paper we have been motivated by the fact that the existing criteria for oscillation problems of Eq. (1) in general do not contain the constant p explicitly (see e.g. [3–5, 7, 8]). Further, we introduce some new techniques that yield a generalization of some criteria presented in the book by L. H. Erbe, Q. Kong and B. G. Zhang.

Theorem 1. Let 0 < p < 1. Assume that

(2) σ ∈ C^1, σ^′(t) � 0.

Further assume that there exists an integer n � 0 such that (3) ∫_∞ ( q(s)σ(s)

1 − p^{n+1} 1 − p − σ^′(s) 4σ(s) ) ds = ∞.

Then the nonoscillatory solutions of Eq. (1) tend to zero as t → ∞.

Proof. Without loss of generality let x(t) be an eventually positive solution of Eq. (1) and define

(4) z(t) = x(t) − px(t − τ).

From Eq. (1) we have z^{′′}(t) < 0 for all large t, say t � t_0. If z^′(t) < 0 eventually, then lim_{t→∞}z(t) = −∞. But z(t) < 0 eventually implies that

x(t) < px(t − τ) < p^2x(t − 2τ) < . . . < p^nx(t − nτ)

for all large t, which implies lim_{t→∞}x(t) = 0. Consequently, lim_{t→∞}z(t) = −∞, a contradiction.

Therefore, z^′(t) > 0 for t � t_0. There are two possibilities for z(t): (a) z(t) > 0 for t � t_1 � t_0, (b) z(t) < 0 for t � t_1.

For case (a), Eq. (1) can be written in the form

z^{′′}(t) + q(t)x ( σ(t) ) = 0.

Using (4) we have

z^{′′}(t) + q(t)z ( σ(t) ) + pq(t)x ( σ(t) − τ ) = 0.

Repeating this procedure we arrive at

(5) z^{′′}(t) + q(t) n∑ i=0 p^iz ( σ(t) − iτ ) + p^{n+1}q(t)x ( σ(t) − (n + 1)τ ) = 0.

Denote a_n(t) =^n ∑ i=0 p^iz ( σ(t) − iτ ) . Then

(6) z^{′′}(t) + a_n(t)q(t) � 0.

Define

(7) v(t) = σ(t)^n ∑ i=0 p^i

a_n(t) z^′(t), t � t_1.

Then v(t) > 0. Observe that

v^′(t) = σ^′(t)^n ∑ i=0 p^i

a_n(t) z^′(t) + σ(t)^n ∑ i=0 p^i

a_n(t) z^{′′}(t) − σ(t)^n ∑ i=0 p^i

a_n(t) z^′(t) σ^′(t)^n ∑ i=0 p^iz^′ ( σ(t) − iτ ) a_n(t) . Since z^′(t) is decreasing, one gets that z^′ ( σ(t) − iτ ) � z^′ ( σ(t) ) and therefore in view of (6) and (7)

v^′(t) � σ^′(t) σ(t) ( v(t) − v^2(t) ) − q(t)σ(t) n∑ i=0 p^i.

It is easy to see that the polynomial P satisfies P (v) = v − v^2 �^1_4 . Thus

v^′(t) � σ^′(t) 4σ(t)

− q(t)σ(t) n∑ i=0 p^i.

Then integrating the last inequality from t_1 to t, we are led to

v(t) � v(t_1) −

∫_t

t_1 ( q(s)σ(s)

1 − p^{n+1} 1 − p − σ^′(s) 4σ(s) ) ds. Letting t → ∞ we have in view of (3) that v(t) → −∞, a contradiction.

For case (b), as mentioned before, we are led to lim_{t→∞}x(t) = 0. □

Corollary 1. Assume that 0 < p < 1 and (2) holds. Let

(8) lim inf_{t→∞} q(t)σ^2(t) σ^′(t) > 1 − p 4 . Then the nonoscillatory solutions of Eq. (1) tend to zero as t → ∞.

Proof. Denote a = lim inf_{t→∞} q(t)σ^2(t) σ^′(t)

. Let an integer n be chosen such that

a − ε >

1 − p 4 ( 1 − p^{n+1} ) , where ε > 0 is small enough. Then there exists a t_1 (large enough) that (9) q(t)σ^2(t) σ^′(t) − 1 − p 4 ( 1 − p^{n+1}

) > ε, t � t_1.

Noting that (9) implies (3) we complete the proof. □ Example 1. Consider the neutral equation

(10) ( x(t) − px(t − τ)

)_{′′} + 1 t √ t x (√ t ) = 0, p ∈ (0, 1), τ > 0.

Condition (8) for Eq. (10) reduces to 8 � (1 − p) and therefore the nonoscillatory solutions of Eq. (1) tend to zero as t → ∞. On the other hand Lemma 4.4.2 and Theorem 4.4.1 in [2] fail for Eq. (10).

The conclusion of Theorem 1 can be strengthened as follows.

Theorem 2. In addition to the condition of Theorem 1, assume that there exists an integer k � 1 such that t − σ(t) > kτ and

(11) lim sup_{t→∞}

∫_t

σ(t)+kτ ( s − σ(s) − kτ ) q(s) ds >

(1 − p)p^k 1 − p^k . Then every solution of Eq. (1) is oscillatory.

Proof. Taking the proof of Theorem 1 into account, it is sufficient to show that z(t) < 0 is impossible for t � t_1 under the assumptions. On the contrary, suppose that x(t) > 0, z^{′′}(t) � 0, z^′(t) > 0 and z(t) < 0 eventually. We rewrite Eq. (1) as

z^{′′}(t) − 1 p q(t)z ( σ(t) + τ ) + q(t) p x ( σ(t) + τ ) = 0.

Reiterating this process we are led to

z^{′′}(t) − q(t) k∑ i=1 z ( σ(t) + iτ ) p^i + q(t) p^k x ( σ(t) + kτ ) = 0

for all large t. Then using the monotonicity of z(t) one gets

(12) z^{′′}(t) − z ( σ(t) + kτ ) q(t) k∑ i=1 1 p^i

� 0.

Integrating (12) from s to t for t > s we have

(13) z^′(t) − z^′(s) −

1 − p^k (1 − p)p^k

∫_t s q(u)z ( σ(u) + kτ ) du � 0.

Integrating (13) in s from σ(t) + kτ to t, we have

z^′(t) ( t − σ(t) − kτ ) � z(t) − z(σ(t) + kτ) + 1 − p^k (1 − p)p^k

∫_t

σ(t)+kτ

(s − σ(s) − kτ)q(s)z ( σ(s) + kτ ) ds.

Hence using the monotonicity of z(t) one gets

z^′(t) ( t − σ(t) − kτ ) � z(σ(t) + kτ) { 1 − p^k (1 − p)p^k

∫_t

σ(t)+kτ

(s − σ(s) − kτ)q(s) ds − 1 } .

Therefore if (11) holds, then we arrive at a contradiction with the sign properties of z(t) and z^′(t). The proof is complete. □ Remark 1. For the special case when k = 1 in (10) we obtain the results presented in [2, Theorem 4.4.1].

Now we give an analogue of Theorems 1 and 2 for the case p = 1.

Theorem 3. Assume that p = 1 and (2) holds. Then the nonoscillatory solutions of Eq. (1) are bounded provided there exists an integer n � 1 such that

(14)

∫_∞ (

nσ(s)q(s) − σ^′(s) 4σ(s) ) ds = ∞.

Proof. Let x(t) be an eventually positive solution of Eq. (1) and z(t) = x(t) − x(t − τ). Then z^{′′}(t) < 0 for t � t_0. If z^′(t) < 0 eventually, then we have lim_{t→∞}z(t) = −∞. Therefore x(t) � x(t − τ) for all large t,

which implies that x(t) is bounded, a contradiction. Therefore, z^′(t) > 0 for t � t_1. Then either z(t) > 0 or z(t) < 0. Assume that z(t) > 0. We rewrite Eq. (1) as

z^{′′}(t) + q(t) n∑ i=0 z ( σ(t) − iτ ) + q(t)x ( σ(t) − (n + 1)τ ) = 0.

Thus

(15) z^{′′}(t) + q(t) n∑ i=0 z ( σ(t) − iτ ) � 0.

Define

v(t) = nσ(t) n∑ i=0 z ( σ(t) − iτ

) z^′(t).

Then v(t) > 0 and

v^′(t) = nσ^′(t) n∑ i=0 z ( σ(t) − iτ

) z^′(t) + nσ(t) n∑ i=0 z ( σ(t) − iτ

) z^{′′}(t)

− nσ(t) n∑ i=0 z ( σ(t) − iτ

) z^′(t) σ^′(t)^n ∑ i=0 z^′ ( σ(t) − iτ ) n∑ i=0 z ( σ(t) − iτ ) .

Since z^′ ( σ(t) − iτ ) � z^′ ( σ(t) ) then in view of (15)

v^′(t) � σ^′(t) σ(t) ( v(t) − v^2(t) ) − nq(t)σ(t) � σ^′(t) 4σ(t)

− nq(t)σ(t).

Integrating the last inequality from t_1 to t, we have

v(t) � v(t_1) −

∫_t

t_1 ( nq(s)σ(s) − σ^′(s) 4σ(s) ) ds, which implies v(t) → −∞. This is a contradiction.

Assume that z(t) < 0 for t � t_1. Then x(t) < x(t − τ), which implies that x(t) is bounded. □

Corollary 2. Assume that p = 1. Let

(16) lim inf_{t→∞} q(t)σ^2(t)

σ^′(t)

> 0.

Then the nonoscillatory solutions of Eq. (1) are bounded.

Proof. Denote a = lim inf_{t→∞}

4q(t)σ^2(t) σ^′(t)

. Let an integer n be chosen such that

a − ε >^1_n , where ε > 0 is small enough. Then there exists a t_1 (large enough) such that

(17)

4q(t)σ^2(t) σ^′(t) − 1 n > ε t � t_1.

Note that (17) implies (16). The proof is complete. □ Theorem 4. In addition to the condition of Theorem 3, assume that there exists an integer k � 1 such that t − σ(t) > kτ and

(18) lim sup_{t→∞}

∫_t

σ(t)+kτ ( s − σ(s) − kτ ) q(s) ds > 1 k .

Then every solution of Eq. (1) is oscillatory.

Proof. Let x(t) be an eventually positive solution of Eq. (1) and z(t) = x(t) − x(t − τ). Taking the proof of Theorem 3 into account, it is sufficient to show that z(t) < 0 is impossible. On the contrary, suppose that x(t) > 0, z^{′′}(t) � 0, z^′(t) > 0 and z(t) < 0 eventually. For (1) one gets

z^{′′}(t) − q(t) k∑ i=1 z ( σ(t) + iτ ) + q(t)x ( σ(t) + kτ ) = 0.

Thus z^{′′}(t) − kq(t)z ( σ(t) + kτ ) � 0.

Exactly as in the proof of Theorem 2 we integrate twice the last inequality to have

z^′(t) ( t − σ(t) − kτ ) � z(t) − z(σ(t) + kτ) + k ∫_t

σ(t)+kτ

(s − σ(s) − kτ)q(s)z ( σ(s) + kτ ) ds.

Hence using monotonicity z(t) we obtain

z^′(t) ( t − σ(t) − kτ ) � z(σ(t) + kτ) { k ∫_t

σ(t)+kτ

(s − σ(s) − kτ)q(s) ds − 1 } ,

which contradicts the sign properties of z(t) and z^′(t). The proof is complete. □ Theorem 5. Assume that p > 1 and (2) holds. Further assume that there exists an integer n � 0 such that ∫_∞ ( q(s)σ(s) p^{n+1} − 1 p − 1 − σ^′(s) 4σ(s) ) ds = ∞.

Then every nonoscillatory solution x(t) of Eq. (1) satisfies x(t) < px(t − τ).

Proof. Let x(t) be an eventually positive solution of Eq. (1) and set z(t) = x(t) − px(t − τ). Then z^{′′}(t) < 0 eventually. There are three possibilities:

(i) z^′(t) > 0, z(t) > 0, (ii) z^′(t) > 0, z(t) < 0, (iii) z^′(t) < 0, z(t) < 0.

For case (i), the proof runs exactly as in the proof Theorem 1 and so it can be omitted. For cases (ii) and (iii) we have assumed that z(t) < 0, then x(t) < px(t − τ) is obvious. □

Corollary 3. Assume that p > 1 and (2) holds. Let

lim inf t→∞ q(t)σ^2(t) σ^′(t)

> 0.

Then every nonoscillatory solution x(t) of Eq. (1) satisfies x(t) < px(t − τ).

Remark 2. When considering more general neutral differential equations with function p(t) instead of a constant p,

(19) ( x(t) − p(t)x(t − τ)

)_{′′}

+ q(t)x ( σ(t) ) = 0,

then it is usual to impose the condition p_1 < p(t) < p_2 on the function p(t). From the proofs of the abovementioned results one can see that the technique presented in this paper can be applied to Eq. (19).

References

[1] D. D. Bainov, A. D. Myskis, A. I. Zahariev: Necessary and sufficient conditions for oscillation of solutions of linear functional differential equations of neutral type with distributed delay. J. Math. Anal. Appl. 148 (1990), 263–273.

[2] D. D. Bainov, D. P. Mishev: Oscillation Theory for Neutral Differential Equations with Delay. Adam Hilger, Bristol, 1991.

[3] L. H. Erbe, Q. Kong, B. G. Zhang: Oscillation Theory for Functional Differential Equations. Dekker, New York, 1995.

[4] L. H. Erbe, Q. Kong: Oscillation results for second order neutral differential equations.

Funkcial. Ekvac. 35 (1992), 545–555.

[5] L. H. Erbe, B. G. Zhang: Oscillation of second order neutral differential equations. Bull.

Austral. Math. Soc. 39 (1989), 71–80.

[6] I. Győri, G. Ladas: Theory of Delay Differential Equations with Applications. Clarendon Press, Oxford, 1991.

[7] J. Jaroš, T. Kusano: Oscillation theory of higher order linear functional differential equations of neutral type. Hiroshima Math. J. 18 (1987), 509–531.

[8] J. Ruan: Types and criteria of nonoscillatory solutions for second order linear neutral differential equations. Chinese Ann. Math. Ser. A 8 (1987), 114–124.

[9] A. I. Zahariev, D. D. Bainov: On some oscillation criteria for a class of neutral type functional differential equations. J. Austral. Math. Soc. Ser. B 28 (1986), 228–239.

[10] B. G. Zhang, J. S. Yu: Oscillation and nonoscillation for neutral differential equations.

J. Math. Anal. Appl. 172 (1993), 11–23.

[11] B. G. Zhang: Oscillation and asymptotic behavior of second order difference equations.

J. Math. Anal. Appl. 172 (1993), 58–68.

Authors’ addresses: Jozef Džurina, Božena Mihalíková, Department of Mathematical Analysis, Faculty of Sciences, Šafárik University, Jesenná 5, 041 54 Košice, Slovakia, e-mails: dzurina@kosice.upjs.sk, mihaliko@duro.upjs.sk.