127 (2002) MATHEMATICA BOHEMICA No. 3, 375–384

ON THE CONNECTIVITY OF SKELETONS OF PSEUDOMANIFOLDS WITH BOUNDARY

R. Ayala, M. J. Chávez, A. Márquez, A. Quintero, Sevilla

(Received August 16, 2000)

Abstract. In this note we show that 1-skeletons and 2-skeletons of n-pseudomanifolds with full boundary are (n + 1)-connected graphs and n-connected 2-complexes, respectively. This generalizes previous results due to Barnette and Woon.

Keywords: connectivity, graph, 2-complex, pseudomanifolds

MSC 2000 : 05C40, 57M20, 57Q05

Introduction

The classical notion of n-connectedness in graph theory admits an immediate generalization to 2-complexes. Moreover, Woon [5] showed that 2-skeletons of closed combinatorial n-manifolds are examples of n-connected 2-complexes. This result is a partial analogue of a theorem due to Barnette [2] stating that 1-skeletons of closed n-pseudomanifolds are (n + 1)-connected graphs. It is then a natural question to ask for an extension of Woon’s theorem to all closed pseudomanifolds. Here we provide such an extension and, moreover, we show that both the theorems actually hold for pseudomanifolds with full boundaries; see Theorem 2.3 and Theorem 3.4, respectively.

1. Preliminaries

We recall that a locally finite simplicial complex, K, is a countable set of simplexes such that:

(a) If σ ∈ K and τ is a face of σ (τ < σ, for short) then τ ∈ K. (b) If σ, σ^′ ∈ K then σ ∩ σ^′ is either empty or a common face of σ and σ^′. (c) Any σ ∈ K is a face of only finitely many simplexes of K.

For σ ∈ K, the star and the link of σ in K are the subcomplexes st(σ; K) = {μ; μ, σ < τ ∈ K}, and lk(σ; K) = {μ ∈ st(σ; K); σ ∩ μ = ∅}, respectively. Here a subcomplex L of K is a complex whose simplexes are simplexes of K. Given a subcomplex L ⊆ K, the notation K − L will stand for the subcomplex of K, K − L = {τ ∈ K; τ < ϱ and ϱ ∉ L}. The i-skeleton of K is the subcomplex sk^iK ⊆ K consisting of all simplexes σ ∈ K with dim σ � i.

A simplicial complex K is said to be purely n-dimensional if any simplex σ ∈ K is a face of an n-simplex of K. A purely n-dimensional simplicial complex K is said to be strongly connected if, given any two n-simplexes γ, γ^′ ∈ K, there exists a chain of n-simplexes connecting them. Here by a chain from γ to γ^′ we mean a sequence σ_0 . . . σ_k of n-simplexes such that γ = σ_0, γ^′ = σ_k, and σ_i ∩ σ_{i+1} is a common (n − 1)-face. For the sake of simplicity, we will say that K is an n-complex when K is a purely n-dimensional locally finite complex. Let σ be an (n − 1)-simplex of an n-complex K. The valence of σ, val(σ), is the number of n-simplexes in st(σ; K). The valence of K is the number

val(K) = min{val(σ); dim σ = n − 1}.

An (n − 1)-simplex σ ∈ K is said to be a boundary simplex if val(σ) = 1. Otherwise we say that σ is an interior simplex. The boundary of K, ∂K, is the smallest subcomplex of K containing the boundary simplexes. The boundary ∂K is said to be full if any simplex in K meets ∂K in a (possibly empty) face.

We recall that an n-pseudomanifold M is a strongly connected n-complex such that val(σ) � 2 for any (n − 1)-simplex σ ∈ M. We will denote by P the class of all pseudomanifolds. An n-pseudomanifold M is said to be normal if for every k-simplex σ (k � n − 2) the link lk(σ; M) is an (n − k)-pseudomanifold, and ∂M is also a normal (n − 1)-pseudomanifold. Let N stand for the class of all normal pseudomanifolds.

A combinatorial n-ball (n-sphere) is a simplicial complex which admits a subdivision simplicially isomorphic to a subdivision of the n-simplex Δ^n (∂Δ^{n+1}, respectively). A combinatorial n-manifold M is a purely n-dimensional complex such that for every vertex v ∈ M, lk(v; M) is a combinatorial (n − 1)-ball or a combinatorial (n − 1)-sphere. The class of all combinatorial manifolds will be denoted by C.

More generally, a homology n-manifold M is an n-complex such that for every vertex v ∈ M, ~H_∗(lk(v; M)) is either trivial or isomorphic to ~H_∗(S^{n−1}). Here ~H_∗ denotes reduced simplicial homology. If H denotes the class of all homology manifolds, we have C ⊆ H ⊆ N ⊆ P. Moreover, it can be shown that all these classes coincide in dimension 1. In dimension 2 one has N = H = C while in dimension 3 the equality H = C still holds.

2. Connectivity of 1-skeletons of pseudomanifolds

By a graph we mean a connected 1-complex G. A path α : a_0 − a_n between two vertices a_0, a_n ∈ G is a finite sequence of vertices {a_0, . . . , a_n} such that a_i ≠ a_j (i ≠ j), and the segment ⟨a_i, a_{i+1}⟩ is an edge of G (0 � i � n − 1).

Two paths α, β : a − b are said to be independent if α ∩ β = {a, b}. The dual notion to independent paths is the notion of a juncture set. Namely, given a set of vertices J ⊆ V (G), we say that J is a juncture set for a, b ∈ V (G) if a and b lie in different components of G − J.

The classical Menger-Whitney Theorem relating independent paths and juncture sets is the following

Theorem 2.1 ([3]). Given two vertices a, b in a graph G, the following two statements are equivalent:

(a) There is no juncture set for a and b with fewer than n vertices. (b) There exist n independent paths from a to b.

A graph G is said to be n-connected if condition (b), and hence (a), holds for any pair of vertices.

In [2] it is proved that the 1-skeleton sk^1M of a finite n-pseudomanifold without boundary is an (n + 1)-connected graph. The same proof works for infinite pseudomanifolds without boundary. We will extend this result to any n-pseudomanifold (n � 2) with full boundary (see §1). The following simple example shows that fullness of boundaries is needed. We recall that for any pseudomanifold M the boundary of its first barycentric subdivision is always full.

Example 2.2. Clearly the 1-skeleton of the 2-ball M below is only 2-connected:

M ≡ �_{Theorem 2.3. Let M n be an n-pseudomanifold with full boundary (n � 2).}

Then its 1-skeleton sk^1 M is an (n + 1)-connected graph.

The proof of (2.3) follows the same pattern as the proof for closed pseudomanifolds in [2]. In particular, we use the following lemma ([2]; §3).

Lemma 2.4. Let K be a strongly connected n-complex. Then sk^1K is nconnected.

In addition to (2.4) we will also need the following results to start induction in the proof of (2.3).

Lemma 2.5. Let M be a 2-pseudomanifold with full boundary. Given a vertex v ∈ M, the family L = {L_i} of connected components of L = lk(v; M) is a disjoint family of cycles and arcs. Moreover, L possesses the following properties with respect to the family {M_j } of strongly connected components of M^′ = M − st(v; M): (a) Any 1-simplex in L − ∂M lies in the boundary of exactly one M_j . Moreover, if L_i is an arc then L_i is contained in the boundary of a unique M_j .

(b) Given M_j and M_j′ , there exists at least one cycle L_i such that dim(M_j ∩ L_i) = dim(M_j′ ∩ L_i) = 1.

Proof. If a vertex w ∈ L has valence � 3 in L then the edge ⟨v, w⟩ is contained in at least three 2-simplexes, and M is not a 2-pseudomanifold. Hence val(w) � 2, and L is a (disjoint) family of cycles and arcs. If v is a vertex in the interior of M then L only contains cycles.

Any 1-simplex γ ⊆ L−∂M must be an interior simplex of M. Therefore γ ⊆ ∂M^′, and there is only one strong component M_j ⊆ M^′ with γ ⊆ ∂M_j since dim(M_j ∩ M_j′ ) � 0.

Assume now ∂L_i ≠ ∅. Then v ∈ ∂M, and for two consecutive 1-simplexes γ, γ^′ ⊆ L_i with γ ⊆ ∂M_j and γ^′ ⊆ ∂M_j′ , the vertex w = γ ∩ γ^′ must be an interior point since ∂M is full in M. Let S ⊆ lk(w; M) be the connected component of lk(w; M) containing v. It is easy to check that S actually contains two vertices u, u^′ with γ = ⟨u, w⟩ and γ^′ = ⟨w, u^′⟩. As S is a cycle, we can find an arc from u to u^′ in S − {v}. Hence there is a chain of 2-simplexes from γ to γ^′, and so M_j = M_j′ . This proves (a).

Finally, any chain of 2-simplexes connecting M_j and M_j′ must pass through some component L_i ⊆ L. Here we use the fact that the 2-pseudomanifold M is strongly connected. Moreover, L_i is a cycle by (a). □

Proposition 2.6. Given a 2-pseudomanifold M with full boundary, the 1-skeleton sk^1M is 3-connected.

Proof. By (2.4) sk^1M is at least 2-connected. Assume sk^1M is not 3-connected, and let J = {v_1, v_2} be a juncture set for the vertices a, b ∈ M. Let γ_1 and γ_2 be two independent paths from a to b with γ_i ∩ J = {v_i} (i = 1, 2). Let p_1 and p_2 be the vertices in M with ⟨p_1, v_1⟩∪⟨v_1, p_2⟩ ⊆ γ_1. In particular, p_1, p_2 ∈ lk(v_1; M). Let M_i be the strongly connected components of M^′ = M − st(v_1; M) containing p_i (i = 1, 2). By (2.5 (b)) there exists a cycle S ⊆ lk(v_1; M) such that dim(M_i ∩ S) = 1 (i = 1, 2).

By applying (2.4) to M_i we can find a path ϱ_i ⊆ M_i from p_i to p^′_i ∈ S such that v_2 /∈ ϱ_i (i = 1, 2). Moreover, we can assume p_i ≠ p^′_i. Now, we can find a new path η ⊆ S from p^′_1 to p^′_2 with v_2 /∈ η. It is clear that a path ξ ⊆ ϱ_1 ∪ ϱ_2 ∪ η ∪ γ_1 can be defined from a to b avoiding J. This contradicts the fact that J is a juncture set for a, b. □

With the help of (2.6) the proof of (2.3) is the same as Barnette’s proof in [2]. We include the proof here because it will be used later in the proof of the 2-dimensional analogue of (2.3) in (3.4) below.

Proof of (2.3). The case n = 2 is (2.6). Assume the result for n−1, and let J = {v_1, . . . , v_m} be a minimal juncture set for sk^1M where M is an n-pseudomanifold with full boundary. Suppose for a moment that J^′ = {v_2, . . . , v_m} does not separate any strongly connected component of L = lk(v_1; M). Then the following n-pseudomanifold M^′ is constructed: If ^M = M − st(v_1; M) and {L_1, . . . , L_k} are the strongly connected components of L, we define M^′ = ^M ∪ {c_i ∗ L_i}_{1⩽i⩽k} where c_i ∗ L_i is the cone over L_i with vertex c_i. The set J^′ separates sk^1M^′ since otherwise, given two vertices a, b ∈ M^′, there exists a path γ ⊆ M^′ from a to b with γ ∩ J^′ = ∅. As J separates M, then γ ∩ L_i ≠ ∅ for some i. Let p_i and q_i denote the first and the last vertex of γ in L_i, respectively. As J^′ does not separate L_i, we can find a path η_i ⊆ L_i from p_i to q_i with η_i ∩ J^′ = ∅. It is now easy to find a path ξ ⊆ � {η_i; γ ∩ (c_i ∗ L_i) ≠ ∅} ∪ γ from a to b in sk^1M − {v_1} which does not meet J^′.

Then J^′ does not separate sk^1M − {v_1}, a contradiction. Therefore J^′ necessarily separates one of the strongly connected components of L, and hence m � n + 1 by the induction hypothesis. □

We conclude this section by introducing a class of (n+1)-connected graphs containing the 1-skeletons of normal pseudomanifolds. By doing that we give an alternative and shorter proof of (2.3) for the class of normal pseudomanifolds, and hence for homology and combinatorial manifolds.

Definition 2.7. A graph G is said to be relatively n-connected with respect to a vertex v if lk(v; G) is contained in an n-connected subgraph which does not contain v.

Remark 2.8. Notice that any n-simplicial graph G in the sense of Larman and Mani ([4]) is relatively n-connected with respect to any vertex v ∈ G.

Proposition 2.9. Any graph G relatively n-connected with respect to all vertices v ∈ G is (n + 1)-connected.

Proof. Assume that for m � n, J = {v_1, . . . , v_m} is a minimal juncture set of vertices for G. We find m independent paths γ_1, . . . , γ_m going between two vertices a, b ∈ G − J and such that γ_i ∩ J = {v_i} for all i. Hence each intersection γ_i ∩ lk(v_i; G) contains at least two vertices. Let p, q ∈ γ_1 ∩ lk(v_1; G) with p ≠ q. As G is relatively n-connected with respect to v_1, let G^′ ⊆ G be an n-connected subgraph with lk(v_1; G) ⊆ G^′ and v_1 ∉ G^′. Since p, q ∈ G^′, we find a path η ⊆ G^′ between p and q such that η ∩ J = ∅. Therefore a path can be found in γ_1 ∪ η from a to b avoiding J. This yields a contradiction. □

Proposition 2.10. The 1-skeleton sk^1M of any normal n-pseudomanifold M (n � 2) with full boundary is relatively n-connected for each vertex v ∈ M.

Proof. The case n = 2 is obvious since for each vertex v, lk(v; M) ⊆ sk^1M_v where M_v = M − st(v; M) is a connected 2-manifold and hence (2.4) applies. Notice that M_v is connected since M has a full boundary but M_v need not have full boundary.

Assume (2.10) holds for n − 1. Given a normal n-pseudomanifold M, each link lk(v; M) is a normal (n − 1)-pseudomanifold with full boundary and by the induction hypothesis and (2.9) sk^1 lk(v; M) is n-connected. The inclusion lk(v; sk^1M) ⊆ sk^1 lk(v; M) yields that sk^1M is relatively n-connected. □

3. Connectivity of 2-skeletons of pseudomanifolds

Given a 2-complex P , then a 2-path in P , α : e_0 − e_n, is a finite sequence of edges and triangles {e_0, t_1, e_1, t_2, . . . , t_n, e_n} such that t_i are triangles, e_i are edges and e_i, e_{i+1} < t_i (1 � i � n). Two 2-paths α, β : e_0 − e_n are said to be independent if α ∩ β = {e_0, e_n}.

2-paths in P induce a stronger notion of connectedness in any 2-complex P . Namely, P is said to be 2-path connected if any two edges e, e^′ can be joined by a 2- path in P . The definition of a 2-path connected component is now clear. Notice that the term “strongly connected” is equivalent to “2-path connected” for 2-complexes.

For the sake of simplicity, we will say that P is an admissible 2-complex if P is a 2-path connected 2-complex such that any triangle in P contains at most one boundary edge. Notice that this is the case if ∂P is full in P .

If P is an admissible 2-complex and E_{int}(P ) denotes the set of interior edges of P (see Sect. 1), then the bipartite graph of P , G(P ), is defined as follows. Let

V (G(P )) = E ∪T where E is the set consisting of the barycentres e with e ∈ E_{int}(P ), and T is the set of the barycentres of triangles of P . Now e ∈ E is joined in G(P ) to t̄ ∈ T if e < t. Clearly G(P ) is a subcomplex of the 1-skeleton sk^1P^{(1)} of the first barycentric subdivision P^{(1)} of P .

It is obvious that any 2-path in P yields a path in G(P ) and viceversa. In particular, P is 2-path connected if and only if G(P ) is connected. Moreover, two 2-paths in P are independent if and only if their associated paths in G(P ) are independent.

The notion of a juncture set in a 2-complex is now clear. Namely, a set J of edges and/or triangles of P is a juncture set for the interior edges e and e^′ if they lie in different 2-path components of P − J. Notice that J is a juncture set for P if and only if the set J = {ν; ν ∈ J} is a juncture set for G(P ). Then the following theorem is an immediate consequence of (2.1).

Theorem 3.1. Let P be an admissible 2-complex. If e, e^′ ∈ E_{int}(P ) the following two statements are equivalent:

(a) There is no juncture set of edges and/or triangles for e and e^′ with fewer than n elements.

(b) There exist n independent 2-paths from e to e^′.

An admissible 2-complex P is said to be n-connected if condition (b), and hence (a), holds for any pair of interior edges.

The next theorem allows us to consider juncture sets containing only edges. See ([5]; Thm. 3) or ([1]; Thm. 2.15) for a proof.

Theorem 3.2. Let P be an admissible 2-complex. Assume val(e) � n for any e ∈ E_{int}(P ). Then P is n-connected if and only if there exists no juncture set J ⊆ E_{int}(P ) with fewer than n edges.

We are now ready to prove the 2-dimensional analogue of Theorem 2.3 in (3.4) below. For this we start with

Proposition 3.3. Any 2-pseudomanifold M with full boundary is 2-connected. Proof. By (3.2) it suffices to show that no interior edge e separates two edges α, β ∈ E_{int}(M). As ∂M is full in M, there is at least one vertex v in e ∩ (M − ∂M). Therefore lk(v; M) is a disjoint union of cycles by (2.5). If σ_1 and σ_2 are the two 2-simplexes of M with σ_1 ∩ σ_2 = e, let e_1 and e_2 be the opposite faces of v in σ_1 and σ_2, respectively. Clearly e_1 ∪ e_2 lies in a component C ⊆ lk(v; M). Moreover, given a 2-path R : α − β, the 2-simplexes σ_1 and σ_2 must be contained in R. As C is a cycle the difference A = C − e_1 ∪ e_2 is an arc in lk(v; M). Let ^A ⊆ st(v; M) be the subcomplex generated by v and A. It is now easy to define 2-paths from α to β in ^A ∪ R avoiding e. □

Theorem 3.4. Let M be an n-pseudomanifold (n � 2) with full boundary. Then sk^2M is n-connected.

Proof. We proceed inductively. For n = 2 the result is (3.3). Assume that Theorem 3.4 holds for n − 1. Since ∂M is full, any edge e ⊆ M belongs to at least two n-simplexes of M. Hence val(e) � n in sk^2M and, by (3.2), there are minimal juncture sets consisting of edges. Let J = {e_1, . . . , e_k} be such a juncture set. Let ~M be the subdivision of M such that V ( ~M) − V (M) is the one-point set consisting of the barycentre b(e_1) of e_1. Let e^′_1 and e^{′′}_1 be the two edges in ~M with e_1 = e^′_1 ∪ e^{′′}_1 .

As J is a juncture set for sk^2M, Lemma 3.5 below shows that ~J = {e^′_1, e^{′′}_1 , e_2, . . . , e_k} is a juncture set for sk^2 ~M. By replacing M by ~M and st(v_1; M) by st(b(e_1); ~M), the proof of (2.3) can be mimicked here with the obvious changes (edges for vertices, paths for 2-paths, etc.) to show that k � n + 1. This completes the proof. □

Lemma 3.5. The set ~J above is a juncture set for sk^2 ~M.

Proof. Assume J is a juncture set for interior edges α and β in sk^2M, while ~J is not a juncture set for the same edges in sk^2 ~M. Then there exists a 2-path R = {α, t_0, α_1, t_1, . . . , α_m, t_m, β} in sk^2M − ~J connecting α and β. Below we will reduce R to a new 2-path R^′ with fewer triangles in sk^2 ~M − sk^2M. After a finite number of reductions we will have constructed a 2-path between α and β in sk^2M −J, which will yield a contradiction.

Let v_0, v_1 be the vertices of α and let us assume that t_0 ∉ sk^2M (otherwise we choose the first triangle in R with this property). Necessarily t_0 = ⟨v_0, v_1, b(e_1)⟩, and so α_1 is either the edge ⟨v_1, b(e_1)⟩ or ⟨v_0, b(e_1)⟩. We will assume α_1 = ⟨v_1, b(e_1)⟩, the case α_1 = ⟨v_0, b(e_1)⟩ being similar. If t_1 = ⟨v_1, b(e_1), v_2⟩ with e_1 = ⟨v_0, v_2⟩, then α_2 = ⟨v_1, v_2⟩ and we replace R by R^′ = {α, t, α_2, t_2, . . .} where t = ⟨v_0, v_1, v_2⟩. If t_1 ≠ ⟨v_1, b(e_1), v_2⟩ we necessarily have t_1 = ⟨v_1, b(e_1), w⟩ where σ = ⟨v_0, v_1, v_2, w⟩ is a 3-simplex of M. Moreover, α_2 is either the edge ⟨v_1, w⟩ or the edge ⟨b(e_1), w⟩. In the first case we can reduce R to the 2-path R^′ = {α, t^′, α_2, t_2, . . . , α_m, β} where t^′ = ⟨v_0, v_1, w⟩. In the other case the edge α_3 is necessarily an edge of σ, and we can find a 2-path R_0 ⊆ sk^2σ from α to α_3 such that R can be reduced to the 2-path R^′ = R_0 ∪ {α_3, t_3, . . . , α_m, β}. □

Remark 3.6. In general, for any strongly connected n-complex P the 2- dimensional skeleton sk^2P is (n − 1)-connected. Compare (2.4). Indeed, for n = 2 the result is trivial since 1-connectivity is just strong connectedness as required. Moreover, for n � 3, let C be the n-complex consisting of two n-simplexes sharing a common (n − 1)-face. Then one shows as in ([5]; Prop. 4) that sk^2C is (n − 1)- connected. From this one can easily derive that for any chain C ⊆ P of n-simplexes σ_0, . . . , σ_k, the 2-skeleton sk^2C is (n − 1)-connected. Now the result is immediate. Compare ([5]; Thm. 5).

We next introduce a class of n-connected 2-complexes containing the 2-skeletons of normal n-pseudomanifolds. This yields an alternative proof of Theorem 3.4 for the class N of normal pseudomanifolds, and so for homology and combinatorial manifolds.

Definition 3.7. An admissible 2-complex P is said to be relatively n-connected with respect to the vertex v ∈ P if lk(v; P ) is contained in an n-connected 2- subcomplex which does not contain v.

Remark 3.8. Notice that any n-radial 2-complex P in the sense of Woon is relatively (n − 1)-connected with respect to any vertex v ∈ P ([5]; Prop. 4.2).

Proposition 3.9. Let P be an admissible 2-complex relatively (n − 1)-connected with respect to all vertices v ∈ P . If val(e) � n for all e ∈ E_{int}(P ) then P is n-connected.

Proof. Let J be a minimal juncture set for the interior edges α, β in P . Since val(v) � n for all e ∈ E_{int}(P ) we can use (3.2) to assume that J = {e_1, . . . , e_k} ⊆ E_{int}(P ). Assume also that k � n − 1, and let R_1, . . . , R_k be 2-paths such that R_i ∩ J = {e_i} for 1 � i � k.

Let R_1 be a sequence of edges and triangles R_1 = {a_0, t_0, a_1, t_1, . . . , a_m, t_m, a_{m+1}} with a_0 = α, a_{m+1} = β and a_j = e_1 = ⟨v, w⟩. If a_{j−1} ∩a_{j+1} = {w}, then a_{j−1}, a_{j+1} ∈ lk(v; P ) and by a similar argument as in the proof of (2.9) we find a 2-path R^′_1 from α to β with R^′_1 ∩ J = ∅, which is a contradiction. Hence k � n.

Assume now a_{j−1} ∩ a_{j+1} = ∅, and let a_{j−1} be an edge of t_{j−1} distinct from a_{j−1} and e_1. As val(a_{j+1}) � n and k � n − 1 we can find a triangle t with t ∩ t_j = a_{j+1} and such that its three edges are not in J. Now let w be the common vertex of a^′_{j−1} and a_{j+i}. Then one edge b < t as well as a_{j−1} belong to lk(w; P ), and we conclude as above. □

Proposition 3.10. The 2-skeleton sk^2M of any normal n-pseudomanifold M (n � 2) with full boundary is relatively (n − 1)-connected for each vertex v ∈ M.

Proof. If n = 2 we have lk(v; M) ⊆ M_v = M − st(v; M), and the result follows by applying (3.6) to M_v. Notice that M_v is connected, and hence strongly connected since M has full boundary. However, one cannot guarantee that M_v has full boundary. We now proceed inductively as in the proof of (2.10) by using the inclusion lk(v; sk^2M) ⊆ sk^2 lk(v; M) and (3.9). □

Acknowledgement. This work was partially supported by the project DG- ICYT PB96-1374.

References

[1] R. Ayala, M. J. Chávez, A. Márquez, A. Quintero: On the connectivity of infinite graphs and 2-complexes. Discrete Math. 194 (1999), 13–37.

[2] D. Barnette: Decompositions of homology manifolds and their graphs. Israel J. Math.

41 (1982), 203–212.

[3] D. König: Theory of Finite and Infinite Graphs. Birkhäuser, 1990. [4] D. G. Larman, P. Mani: On the existence of certain configuration within graphs and the 1-skeletons of polytopes. Proc. London Math. Soc. 20 (1970), 144–60.

[5] E. Y. Woon: n-connectedness in pure 2-complexes. Israel J. Math. 52 (1985), 177–192.

Authors’ addresses: R. Ayala, A. Quintero, Departamento de Geometría y Topología, Facultad de Matemáticas, Universidad de Sevilla, Apartado 1160, 41080-Sevilla, Spain; M. J. Chávez, Departamento de Matemáticas Aplicadas I. Escuela de Arquitectura Técnica, Universidad de Sevilla, Avda. Reina Mercedes s/n, 41012-Sevilla, Spain; A. Márquez, Departamento de Matemáticas Aplicadas I. Facultad de Informática, Universidad de Sevilla, c/ Tarfia s/n, 41012-Sevilla, Spain.