128 (2003) MATHEMATICA BOHEMICA No. 2, 169–178

A NOTE ON EQUALITY OF FUNCTIONAL ENVELOPES

Martin Kružík, Bonn & Praha

(Received January 14, 2002)

Abstract. We characterize generalized extreme points of compact convex sets. In particular, we show that if the polyconvex hull is convex in R^{m×n} , min(m, n) � 2, then it is constructed from polyconvex extreme points via sequential lamination. Further, we give theorems ensuring equality of the quasiconvex (polyconvex) and the rank-1 convex envelopes of a lower semicontinuous function without explicit convexity assumptions on the quasiconvex (polyconvex) envelope.

Keywords: extreme points, polyconvexity, quasiconvexity, rank-1 convexity

MSC 2000 : 49J45

1. Introduction

It was proved in [10], [19] that there exist minimal generators of quasiconvex, rank-1 convex and polyconvex sets called quasiconvex, rank-1 convex and polyconvex extreme points, respectively. Here we show that for compact convex sets in R^{m×n} , min(m, n) � 2, all these notions of extreme points coincide and are equal to lamination extreme points which are easy to identify. If min(m, n) � 3 it still holds true that quasiconvex and rank-1 convex extreme points coincide with lamination extreme points of convex compact sets as shown in [11]. This enables us to prove that if min(m, n) = 2 and K ⊂ R^{m×n} and its polyconvex hull is convex then this hull is constructed by the sequential lamination from the set of lamination extreme points of K. An analogous assertion holds for the quasiconvex hull in general dimensions. Therefore our results retrieve theorems from [7], [20] that convexity of the polyconvex hull of a compact set is equivalent to convexity of its rank-1 convex hull if min(m, n) � 2, and an analogous theorem about the quasiconvex hull.

Then we apply our results to give a sufficient condition for the equality of semiconvex envelopes, and we give a necessary condition for a function with a subquadratic growth to have a nonconvex quasiconvexification.

We say that a function f : R^{m×n} → R is quasiconvex if for any φ ∈ W^{1,∞}(R^n ; R^m ), (0, 1)^n-periodic, and any A ∈ R^{m×n}

f(A) � ∫ (0,1)^n

f(A + ∇φ(x)) dx.

Quasiconvexity plays a crucial role in the calculus of variations. Namely, the sequential weak* lower semicontinuity of I : W^{1,∞}(Ω; R^n ) → R, I(u) = ∫ Ω f(∇u(x)) dx, Ω ⊂ R^n a bounded domain, is equivalent to the quasiconvexity of f : R^{m×n} → R, see [1], [13], [14].

Further, we say that f : R^{m×n} → R is rank-1 convex if for any A, B ∈ R^{m×n} , rank(A − B) � 1 and any 0 � λ � 1

f(λA + (1 − λ)B) � λf(A) + (1 − λ)f(B).

Finally, f : R^{m×n} → R is polyconvex if there is a convex function h: R^{σ(m,n)} → R such that f(A) = h(T (A)) for any A ∈ R^{m×n} , where T (A) is the vector of all

subdeterminants of A and σ(m, n) =

min(m,n) ∑ i=1 (_m i )(_n i ) ; cf. [3], [6].

Rank-1 convexity is a necessary condition for quasiconvexity but it is not a sufficient condition if m � 3 and n � 2 as shown in [18]. On the other hand, polyconvexity is a sufficient condition for quasiconvexity. If min(m, n) = 1 then all the three notions are equivalent to the usual convexity.

Let K be a compact set in R^{m×n} . Besides the convex hull C(K) we define the quasiconvex hull, rank-1 convex hull and the polyconvex hull, Q(K), R(K) and P (K) of K, respectively (see e.g. [15]) by

Q(K) := {A ∈ R^{m×n} ; f(A) � sup_K f ∀f : R^{m×n} → R quasiconvex},

the other two hulls being defined analogously.

Finally, we define the so-called lamination convex hull L(K) of K as L(K) := ⋃ i∈N∪{0}

L_i(K), where L_0(K) := K and

L_i(K) := {λA + (1 − λ)B ; 0 � λ � 1, rank(A − B) = 1, A, B ∈ L_{i−1}(K)}, i ∈ N.

Clearly, we have L(K) ⊂ R(K) ⊂ Q(K) ⊂ P (K) and contrary to quasiconvex, rank-1 convex and polyconvex hulls the lamination convex hull is relatively easy to construct.

The notion of quasiconvexity is closely related to gradient Young measures. Let Ω ⊂ R^n be a bounded domain and K ⊂ R^{m×n} compact. It is known ([4], [8]) that for any sequence {u_k}_{k∈N} ⊂ W^{1,∞}(Ω; R^m ) such that ∇u_k(x) ∈ K for almost all x ∈ Ω, there exists its subsequence (here denoted in the same way) and a family of probability measures {ν_x}_{x∈Ω}, supported on K and such that for any continuous function v : K → R and any b ∈ L^1(Ω)

(1.1) lim_{k→∞} ∫ Ω v(∇u_k(x))b(x) dx = ∫ Ω ∫ K v(A)ν_x(dA)b(x) dx.

The family of probability measures {ν_x}_{x∈Ω} for which the above limit passage holds is called a gradient Young measure generated by {∇u_k}_{k∈N} . If {ν_x}_{x∈Ω} is independent of x we call such a measure a homogeneous gradient Young measure. It follows from the analysis by Kinderlehrer and Pedregal [8] who found an explicit characterization of gradient Young measures that a probability measure ν supported on a compact set K is a homogeneous gradient Young measure if and only if for any quasiconvex f : R^{m×n} → R

(1.2) f ( ∫ K Aν(dA) ) � ∫ K f(A)ν(dA).

If {u_k} is bounded only in some W^{1,p}(Ω; R^m ), 1 < p < +∞, a similar characterization is available. In particular, a necessary condition for a measure {ν_x} to be generated by a sequence in W^{1,p}(Ω; R^m ) is that

(1.3) f ( ∫ R^{m×n}

Aν_x(dA) ) � ∫ R^{m×n}

f(A)ν_x(dA)

hold for almost all x ∈ Ω and for all f : R^{m×n} → R which are quasiconvex and have at most p-growth at infinity; cf. [9] for details. Moreover, the limit passage in (1.1) is satisfied with R^{m×n} instead of K for all v : R^{m×n} → R continuous with at most p-growth at infinity and b ∈ L^∞(Ω).

A homogeneous gradient Young measure which satisfies (1.2) even for all rank-one convex functions will be called a homogeneous laminate, cf. [16], and if it satisfies (1.2) for all polyconvex functions it will be called a homogeneous polyconvex measure.

It is well known (see e.g. [2], [15]) that the quasiconvex (rank-1 convex, polyconvex) hull of a compact set K ⊂ R^{m×n} coincides with the set of first moments of all homogeneous gradient Young measures (homogeneous laminates, homogeneous polyconvex measures) supported on K.

We say that A in K is a quasiconvex extreme point of K if the only homogeneous gradient Young measure supported on K with the first moment A is δ_A (Dirac’s mass at A). Following Zhang [19] we denote the set of all quasiconvex extreme points of K by K_{q,e}. Analogously, we denote by K_{r,e} the set of rank-1 convex extreme points of K, i.e. the set of points which can only be represented by a Dirac mass among all homogeneous laminates, and K_{p,e} stands for those points in K which can only be represented by a Dirac measure among all homogeneous polyconvex measures in K. As homogeneous laminates form a strict subset of homogeneous gradient Young measures ([18]) we have K_{p,e} ⊂ K_{q,e} ⊂ K_{r,e}. It has been proved in [10], [19] that polyconvex, quasiconvex and rank-1 convex extreme points are the smallest generators of the polyconvex, quasiconvex and rank-1 convex hulls of a compact set K ⊂ R^{m×n} . Specifically, e.g. for the polyconvex hull, P (M) = P (K) for a compact set M ⊂ K if and only if K_{p,e} ⊂ M.

We say that A ∈ K is a lamination extreme point if the following holds:

A = λB + (1 − λ)C, 0 < λ < 1, B, C ∈ K, rank(B − C) � 1 ⇒ B = C = A

and we denote their set by K_{l,e}.

The above definition is a particular case of D-convex extreme points defined in [12]. The generalized notions introduced above of extreme points are in general different as shown in [10, Example 4] for the case K_{p,e} ≠ K_{q,e} ≠ K_{r,e}.

Quasiconvex hulls play an important role in the theory of martensitic transformations. Namely, the quasiconvex hull of the zero set of a material stored energy density is the set of stress free configurations. The rank-1 convex hull is an inner approximation of this set, while the polyconvex hull is an outer approximation. In this sense, our results below assert that if Q(K) is convex then all stress free states can be obtained from K_{q,e} by finite sequential lamination.

Finally, we denote by K_e the set of convex (usual) extreme points of K, by Aff K the affine hull of K, Aff K := A+ span(K−K) for any fixed A ∈ K and the dimension of K, dim K := dim span(K − K). We say that A, B ∈ R^{m×n} are rank-1 connected if rank(A − B) = 1. Aff K has rank-1 connections if it contains rank-1 connected matrices.

We will need the following lemma. Its first part about K_{q,e} already appeared in [19, Th. 1.4].

Lemma 1.1. Let K ⊂ R^{m×n} be compact, convex and such that Aff K does not have rank-1 connections. Then K = K_{q,e}. If min(m, n) = 2 then even K = K_{p,e}.

Proof. We follow the proof of [5, Th. 4.1]. Suppose that A ∈ K. We can assume without loss of generality that A = 0, as quasiconvex extreme points are translation invariant, i.e., if B ∈ K_{q,e} then B − D ∈ {C − D ; C ∈ K}_{q,e} for a fixed D ∈ R^{m×n} . Therefore we can also assume that Aff K is a linear subspace without rank-1 matrices. Suppose now that there is a homogeneous gradient Young measure ν supported on K such that its first moment ν = A = 0 and ν ≠ δ_0. Let the span of supp ν have a dimension 0 < l < mn. Clearly, span supp ν ⊂ Aff K and therefore it contains no rank-1 matrices. Let {E_i} be an orthonormal basis for R^{m×n} such that the first l elements, {E_i}^l_{i=1}, form a basis of the span of supp ν. Consider the quadratic form

(1.4) ψ(F ) = mn∑ i=l+1

(E_i · F )^2 − ε|F |^2,

where ε > 0 can be chosen such that ψ is rank-1 convex (see [5, proof of Th. 4.1]) and therefore by [6, Ch. 4, Th. 1.7] also quasiconvex. As ν is a gradient Young measure we have from (1.2) with ψ instead of f that

0 = ψ(ν) � ∫ K ψ(F )ν(dF ) = ∫ supp ν

ψ(F )ν(dF ).

But if 0 ≠ F ∈ supp ν we have ψ(F ) = −ε|F |^2 < 0, so this is a contradiction as ν was supposed to be non-atomic.

If min(m, n) = 2 and ν is a non-atomic homogeneous polyconvex Young measure then the rank-1 convex ψ in (1.4) is always polyconvex (see [6, Ch. 4, Th. 1.7]) and we reach a contradiction by the same argument. □ Remark 1.2. If min(m, n) = 1 and K ⊂ R^{m×n} has more than one point then, obviously, Aff K has always rank-1 connections.

2. Generators of convex compact sets

Every compact set K ⊂ R^{m×n} satisfies P (K) = P (K_{p,e}), cf. [10], and, in general, L(K_{p,e}) ⊂ P (K), strictly. If K is convex we have the following result which relies on Lemma 1.1.

Proposition 2.1. Let K ⊂ R^{m×n} be a compact convex set, min(m, n) � 2. Then K = L_{dim K} (K_{p,e}).

Proof. We proceed by induction. If dim K = 1 and Aff K has rank-1 connections then the assertion clearly holds due to the Krein-Milman theorem because K_e ⊂ K_{p,e}; cf. [2, Cor. I.2.4]. If Aff K has no rank-1 connections then K = K_{p,e} by Lemma 1.1 and K = L_1(K). Suppose that the assertion holds for sets of dimensions less than d and that dim K = d. Take P ∈ ∂K and let H ⊂ Aff K be the supporting hyperplane to K through P . Then K ∩ H is compact, convex and its dimension is less than d. By the induction hypothesis K ∩ H = L_{dim K∩H} ((K ∩ H)_{p,e}). But if A ∈ (K ∩ H)_{p,e} ⊂ K ∩ H then A ∈ K_{p,e} because K is in one of the halfspaces determined by H. Thus P ∈ K ∩ H ⊂ L_{dim K∩H} (K_{p,e}) ⊂ L_{d−1}(K_{p,e}). If Aff K has rank-1 connections then L_d(K) = L_1(∂K). Therefore K ⊂ L_1(L_{d−1}(K_{p,e})). Hence, K ⊂ L_d(K_{p,e}). On the other hand, as K_{p,e} ⊂ K we have L_d(K_{p,e}) ⊂ K, i.e., K = L_d(K_{p,e}).

If Aff K has no rank-1 connections then K = K_{p,e} by Lemma 1.1 and K = L_{dim K} (K_{p,e}). □

Corollary 2.2. Let K ⊂ R^{m×n} be compact, dim K = d, min(m, n) � 2, and such that P (K) is convex. Then L_d(K_{p,e}) = P (K).

Proof. We have P (K) = L_d(P (K)_{p,e}) because P (K) is convex. On the other hand, P (K)_{p,e} ⊂ K_{p,e}. Indeed, if A ∈ K does not belong to K_{p,e} then there is a homogeneous polyconvex measure ν with the first moment A which is not the Dirac measure and which is supported on K. As K ⊂ P (K) we see that ν is also supported on P (K) and therefore A ∉ P (K)_{p,e}. The proof is complete. □

The following result was first obtained by Zhang [20] for m = n = 2 and was extended in [7] to the case min(m, n) � 2. It easily follows from Corollary 2.2.

Corollary 2.3 [7]. Let K ⊂ R^{m×n} be compact, dim K = d, min(m, n) � 2 and such that P (K) is convex. Then L_d(K) = P (K).

Proof. We have L_d(K_{p,e}) ⊂ L_d(K) ⊂ P (K). But due to Corollary 2.2, L_d(K_{p,e}) = P (K) and therefore L_d(K) = P (K). □

We can give a simple geometric description of polyconvex extreme points of convex sets.

Proposition 2.4. Let K ⊂ R^{m×n} , min(m, n) � 2 be a compact convex set. Then K_{p,e} = K_{q,e} = K_{r,e} = K_{l,e}. Therefore, A ∈ K is a polyconvex extreme point of K if and only if there is no segment in K with distinct rank-1 connected endpoints and with A as an inner point.

Proof. As in general K_{p,e} ⊂ K_{p,e} ⊂ K_{r,e} ⊂ K_{l,e} we must only show that K_{l,e} ⊂ K_{p,e}. We proceed by induction. If dim K = 1 and Aff K has rank-1 connections then the assertion clearly holds. If Aff K has no rank-1 connections then K = K_{p,e} by Lemma 1.1 and the assertion holds again. Suppose that the assertion holds for sets of dimensions less than d and that dim K = d. If Aff K has no rank-1 connections then the argument is the same as for the dimension one, so suppose that Aff K has rank-1 connections. Take A ∈ K_{l,e}. Then A must be in ∂K and let H ⊂ Aff K be the supporting hyperplane to K through A. Then K ∩ H is convex, compact and its dimension is less than d. Moreover, by the induction hypothesis and the lamination extremality A ∈ (K ∩ H)_{l,e} ⊂ (K ∩ H)_{p,e}. If ν is a polyconvex measure supported on K with the first moment A it must be supported on K ∩ H as K entirely stays in one of the halfspaces defined by H and we have that ν = δ_A, i.e., A ∈ K_{p,e}. This yields K_{l,e} ⊂ K_{p,e}. □

Note that the implication: Aff K has no rank-1 connections implies K = K_{p,e} has played a key role in the proofs of Propositions 2.1, 2.4. It has been pointed out in [7] that if min(m, n) > 2 then there are homogeneous polyconvex measures supported on subspaces without rank-1 matrices which are not Dirac masses. It follows that Propositions 2.1, 2.4 and Corollaries 2.2 and 2.3 do not extend to this case. Nevertheless, even if min(m, n) > 2 it still holds true that the only homogeneous gradient Young measure supported on subspaces without rank-1 connections is a Dirac mass; cf. [5, Th. 4.1] and Lemma 1.1. Consequently, analogous assertions to Propositions 2.1, 2.4 and Corollaries 2.2, 2.3 hold if one replaces K_{p,e} by K_{q,e} and P (K) by Q(K).

Proposition 2.5 [11]. Let K ⊂ R^{m×n} be a compact convex set, dim K = d. Then K_{q,e} = K_{r,e} = K_{l,e}. Therefore, A ∈ K is a quasiconvex extreme point of K if and only if there is no segment in K with distinct rank-1 connected endpoints and with A as an inner point. Moreover, K = L_d(K_{q,e}).

The following result was first proved in [20]. Its simpler proof was then given in [7]. It easily follows from Proposition 2.5.

Corollary 2.6 [20]. Let K ⊂ R^{m×n} be compact. If Q(K) is convex then L_d(K) = R(K) = Q(K), where d = dim K.

3. Equality of the envelopes

Having a function f : R^{m×n} → R one can define its quasiconvex envelope Qf := sup{g � f ; g quasiconvex} and analogously we can define the rank-1 convex envelope Rf, the convex envelope Cf and the polyconvex envelope P f of f. We have f � Rf � Qf � P f � Cf; cf. [6]. The following proposition gives a sufficient condition under which P f = Qf = Rf.

First we recall that for a function f : R^{m×n} → R we define the α-sublevel set Lev_αf = {A ∈ R^{m×n} ; f(A) � α}. It is easy to see that compact sublevel sets of quasiconvex (rank-1 convex, polyconvex) functions are quasiconvex (rank-1 convex, polyconvex) sets, i.e., they coincide with their quasiconvex (rank-1 convex, polyconvex) hulls.

Proposition 3.1. Let f : R^{m×n} → R be lower semicontinuous, min(m, n) � 2. Let for some α ∈ R the following hold:

Lev_αP f is convex and compact,

(3.1) ∀A ∈ [Lev_αP f]_{l,e} : f(A) = P f(A).

(3.2)

Then Lev_αRf = Lev_αP f. In particular, if (3.1)–(3.2) hold for any α ∈ R then Rf = Qf = P f.

Proof. We have from (3.2) that [Lev_αP f]_{l,e} ⊂ Lev_αf. Further we have

Lev_αP f ⊂ P ([Lev_αP f]_{p,e}) ⊂ P ([Lev_αP f]_{l,e}) ⊂ P (Lev_αf).

As in general Lev_αP f ⊃ P (Lev_αf) we get

(3.3) Lev_αP f = P (Lev_αf).

As f is lower semicontinuous we have that Lev_αf is closed and as it is a subset of the compact set Lev_αP f it is also compact. Applying Corollary 2.3 we have R(Lev_αf) = Lev_αP f. On the other hand, as Rf � P f we have R(Lev_αf) ⊂ Lev_αRf ⊂ Lev_αP f. Therefore, R(Lev_αf) = Lev_αRf = Lev_αP f. Clearly, if (3.1)– (3.2) hold for any α ∈ R then Rf = P f. □

Analogously we obtain the following results which holds independently of m and n.

Proposition 3.2. Let f : R^{m×n} → R be lower semicontinuous. Let for some α ∈ R the following hold:

Lev_αQf is convex and compact,

(3.4) ∀A ∈ [Lev_αQf]_{l,e} : f(A) = Qf(A).

(3.5)

Then Lev_αRf = Lev_αQf. In particular, if (3.4)–(3.5) hold for any α ∈ R then Rf = Qf.

Remark 3.3. As the set of polyconvex extreme points is the smallest generator of the polyconvex hull, (3.2) can be replaced by (3.3) in Proposition 3.1. Indeed, we have shown in the proof of Proposition 3.1 that (3.2) implies (3.3). Conversely, if (3.1) and (3.3) hold, we see that [Lev_αP f]_{p,e} ⊂ Lev_αf. Due to (3.1) and Proposition 2.4 we have that [Lev_αP f]_{l,e} ⊂ Lev_αf, i.e.,

∀ A ∈ [Lev_αP f]_{l,e} : f(A) � α.

As [Lev_αP f]_{l,e} ⊂ ∂(Lev_αP f) we get that if A ∈ [Lev_αP f]_{l,e} then α = P f(A) � f(A) � α. In other words, f(A) = P f(A) and (3.2) holds.

Similarly, (3.4) & (3.5) is equivalent to (3.4) & Lev_αQf = Q(Lev_αf). In general it is rather difficult to verify whether Lev_αQf = Q(Lev_αf) but (3.5) turns this problem into a fairly simple algebraic condition.

Note also that we do not require convexity of polyconvex (quasiconvex) envelopes, only convexity of the level sets.

Proposition 3.2 implies the following corollary which can be found (in a more general version) in [21]. We recall that for f : R^{m×n} → R we denote f^{−1}(0) = {A ∈

R^{m×n} ; f(A) = 0} and that the epigraph of f is the set {(A, b) ∈ R^{m×n} × R; b � f(A)}.

Corollary 3.4 [21]. Let g : R^{m×n} → R, γ(| · |^p − 1) � g � Γ(| · |^p + 1), p > 1, Γ > γ > 0, and let Qg = Cg. Then Rg = Qg.

Proof. We use a supporting hyperplane construction which appeared in [21]. Let H be the supporting hyperplane to the epigraph of Qg = Cg. Then H is the graph of an affine function ℓ: R^{m×n} → R. Define f := g − ℓ. Note that f � 0. We verify the assumptions of Proposition 3.2 for f and α = 0. Due to affinity of ℓ we have Qf = Qg −ℓ. We get Lev_0Qf = {A; Qf(A) = 0}. As g has a superlinear growth, so does Cg and Lev_0Qf is compact. Moreover, it is a zero set of a nonnegative convex function Cg − ℓ. Altogether we have that (3.4) holds.

As f � 0 we have Qf � 0 and by [17, Ch. 4, Lemma 4.2] for any A ∈ R^{m×n} there is a homogeneous gradient Young measure ν^A supported on R^{m×n} such that Qf(A) = ∫ R^{m×n} f(B)ν

A(dB). In particular, if Qf(A) = 0 then ν^A must be supported on the zero set of f. We get

(3.6) Q(Lev_0f) = Q(f^{−1}(0)) = {A; Qf(A) = 0} = Lev_0Qf.

Provided (3.4) and (3.6) are satisfied for α = 0, Remark 3.3 implies that the assumptions of Proposition 3.2 are fulfilled. Hence Lev_0Rf = Lev_0Qf, i.e., Rg ∩ H is convex. As H has been an arbitrary hyperplane supporting the epigraph of Cg we get that Rg = Cg. □

Corollary 3.5. Let f : R^{m×n} → R be continuous and such that its quasiconvex envelope is nonconvex, let min(m, n) = 2 and γ(| · | − 1) � f � Γ(| · |^p + 1), p < 2, Γ > γ > 0. Then there is α � min_{Rm×n} Cf such that P (Lev_αf) ≠ Lev_αCf.

Proof. As f has a subquadratic growth its polyconvex envelope is convex and if P (Lev_αf) = Lev_αP f = Lev_αCf were true for any α � min_{Rm×n} Cf we would have by Proposition 3.1 that Rf = Qf = P f = Cf but this cannot be true as Qf is nonconvex. □

Acknowledgment. I thank Kewei Zhang for fruitful discussions and the referee for very valuable comments improving the exposition of the paper. Partial support by the grant A 107 5005 (Grant Agency of the Academy of Sciences of the Czech Republic) is gratefully acknowledged.

References

[1] E. Acerbi, N. Fusco: Semicontinuity problems in the calculus of variations. Arch. Rat.

Mech. Anal. 86 (1986), 125–145.

[2] E. M. Alfsen: Compact Convex Sets and Boundary Integrals. Springer, Berlin, 1971. [3] J. M. Ball: Convexity conditions and existence theorems in nonlinear elasticity. Arch.

Rat. Mech. Anal. 63 (1977), 337–403.

[4] J. M. Ball: A version of the fundamental theorem for Young measures. PDEs and Continuum Models of Phase Transition (M. Rascle, D. Serre, M. Slemrod, eds.). Lecture Notes in Physics 344, Springer, Berlin, 1989, pp. 207–215.

[5] K. Bhattacharya, N. B. Firoozye, R. D. James, R. V. Kohn: Restriction on microstructure. Proc. Roy. Soc. Edinburgh 124A (1994), 843–878.

[6] B. Dacorogna: Direct Methods in the Calculus of Variations. Springer, Berlin, 1989. [7] G. Dolzmann, B. Kirchheim, J. Kristensen: Conditions for equality of hulls in the calculus of variations. Arch. Rat. Mech. Anal. 154 (2000), 93–100.

[8] D. Kinderlehrer, P. Pedregal: Characterizations of Young measures generated by gradients. Arch. Rat. Mech. Anal. 115 (1991), 329–365.

[9] D. Kinderlehrer, P. Pedregal: Gradient Young measures generated by sequences in Sobolev spaces. J. Geom. Anal. 4 (1994), 59–90.

[10] M. Kružík: Bauer’s maximum principle and hulls of sets. Calc. Var. Partial Differential Equations 11 (2000), 321–332.

[11] M. Kružík: Quasiconvex extreme points of convex sets. To appear in Proceedings of the 4th European Conference on Elliptic and Parabolic Problems, held in June 18–22, 2001, Rolduc, the Netherlands.

[12] J. Matoušek, P. Plecháč: On functional separately convex hulls. Discrete Comput. Geom.

19 (1998), 105–130.

[13] C. B. Morrey, Jr.: Quasi-convexity and the lower semicontinuity of multiple integrals.

Pacific J. Math. 2 (1952), 25–53.

[14] C. B. Morrey, Jr.: Multiple Integrals in the Calculus of Variations. Springer, Berlin, 1966.

[15] S. Müller: Variational Models for Microstructure and Phase Transitions. Lecture Notes of the Max-Planck-Institute No. 2, Leipzig, 1998.

[16] P. Pedregal: Laminates and microstructure. Europ. J. Appl. Math. 4 (1993), 121–149. [17] P. Pedregal: Parametrized Measures and Variational Principles. Birhäuser, Basel, 1997. [18] V. Šverák: Rank-one convexity does not imply quasiconvexity. Proc. Roy. Soc. Edinburgh 120 (1992), 185–189.

[19] K. Zhang: On the structure of quasiconvex hulls. Ann. Inst. H. Poincaré, Ann. Non Linéaire 15 (1998), 663–686.

[20] K. Zhang: On various semiconvex hulls in the calculus of variations. Calc. Var. Partial Differential Equations 6 (1998), 143–160.

[21] K. Zhang: On some semiconvex envelopes. NoDEA, Nonlinear Differ. Equ. Appl. 9 (2002), 37–44.

Author’s address: Martin Kružík, Center of Advanced European Studies and Research, Friedensplatz 16, 53 111 Bonn, Germany (address for correspondence), e-mail: kruzik@caesar.de and Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic, Pod vodárenskou věží 4, 182 08 Praha 8, Czech Republic, e-mail: kruzik@utia.cas.cz.