132 (2007) MATHEMATICA BOHEMICA No. 1, 43–54

GALLAI AND ANTI-GALLAI GRAPHS OF A GRAPH

Aparna Lakshmanan S., Cochin, S. B. Rao, Kolkata, A. Vijayakumar, Cochin

(Received August 30, 2005)

Abstract. The paper deals with graph operators—the Gallai graphs and the anti-Gallai graphs. We prove the existence of a finite family of forbidden subgraphs for the Gallai graphs and the anti-Gallai graphs to be H-free for any finite graph H. The case of complement reducible graphs—cographs is discussed in detail. Some relations between the chromatic number, the radius and the diameter of a graph and its Gallai and anti-Gallai graphs are also obtained.

Keywords: Gallai graphs, anti-Gallai graphs, cographs

MSC 2000 : 05C99

1. Introduction

This paper mainly deals with graph operators, the Gallai graph Γ(G) and the anti-Gallai graph Δ(G). Both the Gallai and the anti-Gallai graphs are spanning subgraphs of the well known class of line graphs. The line graph [8] L(G) of a graph G has the edges of G as its vertices and two distinct edges of G are adjacent in L(G) if they are incident in G.

The Gallai graph Γ(G) of a graph G has the edges of G as its vertices and two distinct edges of G are adjacent in Γ(G) if they are incident in G, but do not span a triangle in G. In [6], it has been proved that Γ(G) is isomorphic to G only for cycles of length greater than 3. Computing the clique number and the chromatic number of Γ(G) are NP-complete problems. The notion of the Gallai perfect graph is discussed in [12].

The anti-Gallai graph Δ(G) of a graph G has the edges of G as its vertices and two distinct edges of G are adjacent in Δ(G) if they are incident in G and lie on a triangle in G. It is the complement of Γ(G) in L(G). Though L(G) has a forbidden subgraph characterization, both the Gallai graphs and the anti-Gallai graphs do not have the vertex hereditary property and hence cannot be characterized using forbidden subgraphs [6]. Several other graph operators are discussed in [8].

The study of H-free graphs—graphs which do not have H as an induced subgraph—for some classes of graphs H are quite interesting. Some classes of H-free graphs are discussed in [3]. An important class of perfect graphs called the complement reducible graphs or cographs have been extensively studied. Cographs are recursively defined in [4], [11] as follows: (1) K_1 is a cograph (2) If G is a cograph, so is its complement G and (3) If G and H are cographs, so is their join, G ∨ H, where the join (sum) of two graphs G and H is defined as the graph with V (G ∨ H) = V (G) ∪ V (H) and E(G ∨ H) = E(G) ∪ E(H) ∪ {uv, where u ∈ V (G) and v ∈ V (H)}.

It is known [7] that a graph is a cograph if and only if it is P_4-free. Various other aspects of cographs are discussed in [4], [5], [9], [10], [11].

In this paper we prove that there exist infinitely many pairs of non-isomorphic graphs of the same order having isomorphic Gallai and anti-Gallai graphs. We prove the existence of a finite family of forbidden subgraphs for the Gallai graphs and anti- Gallai graphs to be H-free for any finite graph H. The list of forbidden subgraphs for H = P_4 is given. The connected P_4-free graphs—cographs whose Gallai and anti-Gallai graphs are also P_4-free are determined. The relationship between the chromatic number, the radius and the diameter of a graph and its Gallai and anti- Gallai graphs are also obtained.

All graph theoretic terminology and notation not mentioned here are from [1].

2. Gallai and anti-Gallai graphs

It is well known [1] that the only pair of non-isomorphic graphs having the same line graph is K_{1,3} and K_3. But, we first observe that, in the case of both Gallai and anti-Gallai graphs, which are spanning subgraphs of L(G), there are infinitely many pairs of non-isomorphic graphs of the same order having isomorphic Gallai graphs and anti-Gallai graphs.

Theorem 1. There are infinitely many pairs of non-isomorphic graphs of the same order having isomorphic Gallai graphs.

Proof. We prove this theorem by the following two types of constructions.

Type 1. Let G = P_4 with n independent vertices joined to both its internal vertices and an end vertex attached to k of these n vertices, and H = two copies of K_{1,n+1} with k + 1 distinct pairs of end vertices made adjacent.

The graph G of type 1 is as follows. Let v_1v_2v_3v_4 be an induced P_4. Let v_2 and v_3 be joined to n vertices u_1, u_2, . . . , u_n. Introduce k end vertices w_1, w_2, . . . , w_k such that each w_i is adjacent only to u_i for i = 1, 2, . . . , k. The edges v_1v_2, v_2u_1, v_2u_2, . . . , v_2u_n of G, which are vertices of Γ(G), will induce a complete graph on n + 1 vertices in Γ(G). Similarly, v_3v_4, v_3u_1, v_3u_2, . . . , v_3u_n will induce another complete graph on n + 1 vertices in Γ(G). The vertex corresponding to the edge v_2v_3 will be adjacent to both the vertices corresponding to v_1v_2 and v_3v_4. The k vertices corresponding to the edges u_iw_i for i = 1, 2, . . . , k will be adjacent to the vertices corresponding to the edges u_iv_2 and u_iv_3 for i = 1, 2, . . . , k respectively.

The graph H of type 1 is as follows. Let u adjacent to u_1, u_2, . . . , u_{n+1} and v adjacent to v_1, v_2, . . . , v_{n+1} be the two K_{1,n+1}-s in H. Let u_1v_1, u_2v_2, . . . , u_{k+1}v_{k+1} be the k + 1 distinct pairs of adjacent vertices in H. The vertices corresponding to the edges uu_1, uu_2, . . . , uu_{n+1} will induce a complete graph on n+1 vertices in Γ(H). Similarly, the vertices corresponding to vv_1, vv_2, . . . , vv_{n+1} will also induce another complete graph on n + 1 vertices in Γ(H). Again, the vertices corresponding to the edges u_iv_i for i = 1, 2, . . . , k + 1 will be adjacent to the vertices corresponding to the edges uu_i and vv_i for i = 1, 2, . . . , k + 1 respectively.

Therefore, both Γ(G) and Γ(H) are two copies of complete graphs on n+1 vertices together with k + 1 new vertices made adjacent to k + 1 distinct vertices of both the complete graphs.

Type 2. Let G = P_4 with n independent vertices joined to both its internal vertices and an end vertex attached to k of them with k ⩾ 1 together with one end vertex attached to each of the end vertices of P_4, and H = two copies of K_{1,n+1} with k + 1 distinct pairs of end vertices (one from each star) made adjacent and a single pair made adjacent to another vertex.

The graph G of type 2 can be obtained from the graph G of type 1 by attaching two end vertices x and y to v_1 and v_2 respectively. In Γ(G) the vertices corresponding to the edges v_1x and v_4y will be adjacent to the vertices corresponding to the edges v_1v_2 and v_3v_4 respectively.

The graph H of type 2 can be obtained from the graph H of type 1 by adding a new vertex w and making it adjacent to both u_1 and v_1. In Γ(H) the vertices corresponding to the edges wu_1 and wv_1 will be adjacent to the vertices corresponding to the edges uu_1 and vv_1 respectively.

Therefore, both Γ(G) and Γ(H) are two copies of complete graphs on n + 1 vertices together with k + 1 vertices made adjacent to k + 1 distinct vertices of both the complete graphs and two end vertices adjacent to one vertex from each of the complete graphs.

The constructions mentioned in type 1 and type 2 are illustrated in Table 1. In both the cases, the graphs G and H have the same Gallai graph. If n = k and n = k − 1 in type 1 and type 2 respectively, then the order of G and H is the same.

G H Γ(G) = Γ(H)

Type 1 n = 3 k = 1 �

Type 2 n = 3 k = 1 �

Table 1.

Theorem 2. There are infinitely many pairs of non-isomorphic graphs of the same order having isomorphic anti-Gallai graphs.

Proof. Let G be a graph with vertex set {v_1, v_2, . . . , v_n} and an edge v_iv_j such that G is not isomorphic to a graph obtained under permutations of the index set of the vertices which interchange i and j and Δ(G) is connected. Introduce a vertex u adjacent to v_i and v_j . Let H_1 be the graph obtained by introducing one more vertex u_1 adjacent to u and v_i. Let H_2 be the graph obtained by introducing another vertex u_2 (u_1 is absent here) adjacent to u and v_j . Then by construction H_1 and H_2 are non-isomorphic. Δ(H_1) is Δ(G) together with four more vertices corresponding to uv_i, uv_j , uu_1, v_iu_1 in which uv_i and uv_j are adjacent to each other and to v_iv_j , uu_1 and v_iu_1 are adjacent to each other and to uv_i. Δ(H_2) is Δ(G) together with four more vertices corresponding to uv_i, uv_j , uu_2, v_j u_2 in which uv_i and uv_j are adjacent to each other and to v_iv_j , uu_2 and v_j u_2 are adjacent to each other and to uv_j . Therefore, Δ(H_1) is isomorphic to Δ(H_2).

However, the following problem is open.

Problem. Characterize all pairs of non-isomorphic graphs of the same order having isomorphic Gallai graph and anti-Gallai graph.

3. Forbidden subgraph characterizations

A property P of a graph G is vertex hereditary if every induced subgraph of G has the property P .

Notation 3. For a connected graph H, let G(H) = {G: Γ(G) is H-free} and G^∗(H) = {G: Δ(G) is H-free}.

Theorem 4. The properties of being an element of G(H) and G^∗(H) are vertex hereditary.

Proof. Let G ∈ G(H) and v ∈ V (G). Consider G^′ = G − {v}. We desire to prove that G^′ ∈ G(H). On the contrary assume that Γ(G^′) has H as an induced subgraph. Let v_1, v_2, . . . , v_t be neighbors of v. Therefore Γ(G) has the vertex set V (Γ(G^′) ∪ {vv_1, vv_2, . . . , vv_t}. In Γ(G), vv_i is adjacent to vv_j if v_i is not adjacent to v_j , and vv_i will be adjacent to all edges which have v_i as one end vertex and other end vertex is not v_j for j = 1, 2, . . . , t. Hence if H is an induced subgraph of Γ(G^′) then H is an induced subgraph of Γ(G) also, which is a contradiction.

The case of G^∗(H) follows similarly.

Corollary 5. G(H) and G^∗(H) have vertex minimal forbidden subgraph characterization.

Though many well known classes of graphs admit forbidden subgraph characterizations, the number of such forbidden subgraphs need not be finite (as in the case of planar graphs). However, for G(H) and G^∗(H) we have

Theorem 6. For every vertex minimal forbidden subgraph of G(H) and G^∗(H), the number of vertices is bounded above by n(H)+1, where n(H) denotes the number of vertices in H.

Proof. Let F (H) be the collection of all vertex minimal forbidden subgraphs of G(H). Let L ∈ F (H). Therefore, Γ(L) has H as an induced subgraph. The n(H) vertices of H, which correspond to n(H) edges of L, say e_1, e_2, . . . , e_{n(H)}, can cover a maximum of n(H) + 1 vertices of L, since H is connected.

We should prove that n(L) ⩽ n(H) + 1. To the contrary assume that n(L) > n(H) + 1. Then there exists at least one vertex v ∈ V (L) which is not an end vertex of any of e_1, e_2, . . . , e_{n(H)}. Therefore, Γ(L − v) still has H as an induced subgraph, which contradicts that L is a vertex minimal forbidden subgraph of G(H). Hence, n(L) ⩽ n(H) + 1.

A similar argument holds for G^∗(H) also.

Corollary 7. The number of vertex minimal forbidden subgraphs for G(H) and G^∗(H) is finite.

In the next theorem, we obtain a forbidden subgraph characterization of G for Γ(G) to be a cograph.

Theorem 8. Let G be a graph. Then, Γ(G) is a cograph if and only if G does not have the following graphs as induced subgraphs.

(i) P_5 (ii) C_5 (iii) K_{2,3} (iv) (v) (vi)� � �

(vii) (viii) (ix)� ff fi

Proof. If Γ(G) is not a cograph then there exists an induced P_4 in Γ(G), say e_1e_2e_3e_4. In G, let e_1 = u_{11}u_{12}, e_2 = u_{21}u_{22}, e_3 = u_{31}u_{32} and e_4 = u_{41}u_{42}.

Since e_1 is adjacent to e_2, let u_{12} = u_{21} and let u_{11} be not adjacent to u_{22}. Since e_2 is adjacent to e_3, either u_{21} = u_{31} or u_{22} = u_{31}.

If u_{21} = u_{31}, then since e_1 is not adjacent to e_3, u_{11} is adjacent to u_{32}. Since e_3 is adjacent to e_4, either u_{31} = u_{41} or u_{32} = u_{41}. If u_{31} = u_{41}, then since e_1 and e_2 are not adjacent to e_4, both u_{11} and u_{21} are adjacent to u_{42}. If u_{32} = u_{41} then u_{31} is not adjacent to u_{42}.

If u_{22} = u_{31}, then u_{21} is not adjacent to u_{32}. Again, since e_3 is adjacent to e_4, either u_{31} = u_{41} or u_{32} = u_{41}. If u_{31} = u_{41}, then since e_2 and e_4 are not adjacent, u_{21} is adjacent to u_{42}. If u_{32} = u_{41} then u_{31} is not adjacent to u_{42}. The above four resulting graphs are respectively (iv), (vi), (vi) and (i).

In (iv), if we add even a single edge the property of Γ(G) not being a cograph will be lost. In (vi), u_{22} adjacent to u_{42} gives (vii), u_{11} adjacent to u_{42} gives (ix) and the combination of both gives (iv). The addition of these edges will not change the required property either. In (i), u_{11} adjacent to u_{42} gives (ii), u_{11} adjacent to u_{41} gives (viii) and a combination of both gives (iii). Again, the addition of these edges will not change the required property. However, if we add any other edge then the property will be lost.

The converse can be easily proved.

Theorem 9. Let G be a graph. Then Δ(G) is a cograph if and only if G does not have the following graphs as induced subgraphs.

(i) K_5 (ii) (iii) (iv) (v)fl ffi ffl ı

Proof. If Δ(G) is not a cograph then there exists an induced P_4 in Δ(G), say e_1e_2e_3e_4. In G, let e_1 = u_{11}u_{12}, e_2 = u_{21}u_{22}, e_3 = u_{31}u_{32} and e_4 = u_{41}u_{42}.

Since e_1 is adjacent to e_2, let u_{12} = u_{21} and let u_{11} be adjacent to u_{22}. Since e_2 is adjacent to e_3, either u_{21} = u_{31} or u_{22} = u_{31}.

If u_{21} = u_{31} then u_{22} is adjacent to u_{32} and u_{11} is not adjacent to u_{31}. Since e_3 is adjacent to e_4, either u_{31} = u_{41} or u_{32} = u_{41}. If u_{31} = u_{41}, then u_{32} is adjacent to u_{42} and u_{11} and u_{22} are not adjacent to u_{42}. If u_{32} = u_{41} then u_{31} is adjacent to u_{42}.

If u_{22} = u_{31} then u_{12} is adjacent to u_{32}. Again, since e_3 is adjacent to e_4, either u_{31} = u_{41} or u_{32} = u_{41}. If u_{31} = u_{41}, then u_{32} is adjacent to u_{42} and u_{21} is not adjacent to u_{42}. If u_{32} = u_{42} then u_{31} is adjacent to u_{42}.

All the four resulting graphs are isomorphic to (ii) itself. Also, addition of any of the possible edges will leave an induced P_4 in Δ(G) and hence any graph with 5 vertices which contains (ii) as a (not induced) subgraph are also forbidden. Hence all the above graphs are forbidden.

Conversely, it can be verified that the anti-Gallai graph will not be a cograph if any of the nine graphs listed above is an induced subgraph of G.

4. Cographs

Theorem 10. If G is a connected cograph without a vertex of full degree then Γ(G) is a cograph if and only if G = (^pK_2)^c, the complement of p copies of K_2.

Proof. Let G = (^pK_2)^c. Then the number of vertices of G is 2p and the number of edges of G is 2p(p − 1). Let the vertices of G be {v_{11}, v_{12}, . . . , v_{1p}, v_{21}, v_{22}, . . . , v_{2p}} with v_{1j} and v_{2j} as the only pair of non-adjacent vertices. Therefore, vertices of the Gallai graph are of the form v_{ij} v_i′_j′ where j ≠ j^′. By definition of the Gallai graph, v_{ij} v_i′_j′ will be adjacent only to v_{ij} v_{1j}′ or v_{ij} v_{2j}′ and v_{1j} v_i′_j′ or v_{2j} v_i′_j′ according to the value of i and i^′. Therefore, Γ(G) = (^pC_2)C_4, which is a cograph.

Conversely, assume that G is a cograph without a vertex of full degree and Γ(G) is also a cograph. For every u ∈ V (G), there exist at least one u^′ ∈ V (G) which is not adjacent to u.

Claim: u^′ is the only vertex which is not adjacent to u.

To the contrary assume that there exists another vertex u^{′′} which is not adjacent to u. Since G is a connected cograph, G = G_1 ∨ G_2. Let u ∈ V (G_1). Since u is not adjacent to both u^′ and u^{′′}, both of them belong to V (G_1). Since G has no vertex of full degree, G_2 must contain at least two non-adjacent vertices v_1 and v_2. Then the edges u^{′′}v_1, v_1u, uv_2, v_2u^′ will induce a P_4 in Γ(G), which is a contradiction.

Therefore G = (^pK_2)^c, where 2p = n.

Notation 11. Consider the class of graphs which are recursively defined as follows:

H_1 = {G: G = (pK_2)^c ∨ (K_q), where p, q ⩾ 0}. H_i = {G: G = ( ⋃ H_{i−1}) ∨ K_r, where H_{i−1} ∈ H_{i−1} and r ⩾ 0} for i > 1. H = ⋃ H_i

Theorem 12. For a connected cograph G, Γ(G) is a cograph if and only if G ∈ H.

Proof. Let G be a cograph other than K_q with a vertex of full degree. Let V_1 be the collection of all full degree vertices in G. Define G_1 = ⟨V − V_1⟩. Γ(G_1) is and induced subgraph of Γ(G). More precisely, Γ(G) = Γ(G_1) together with some isolated vertices. Therefore, Γ(G) is a cograph if and only if Γ(G_1) is a cograph. If G_1 is a connected cograph then G_1 has no vertex of full degree and hence Γ(G_1) is a cograph if and only if G_1 = (^pK_2)^c. Therefore, Γ(G) is a cograph if and only if G = (^pK_2)^c ∨ (K_q) ∈ H_1.

If G_1 is disconnected, then consider each of the connected components of G_1. If the removal of all full degree vertices from each of the components of G_1 preserves connectedness then as above each of these components must be of the form (^pK_2)^c ∨ (K_q). Therefore, G = (F_1 ∪ F_2 ∪ . . . ∪ F_p) ∨ K_q where each F_i ∈ H_1 and q ⩾ 0. Consequently, G ∈ H_2.

If any of the components of G_1, say G_2, is disconnected then repeat the above process to get G_1 ∈ H_2 and hence G = (H_1 ∪H_2 ∪. . . ∪H_r)∨K_s where each H_i ∈ H_2 and r ⩾ 0. Consequently, G ∈ H_3.

This process must terminate since the number of vertices of G is finite. Therefore for a connected cograph G, Γ(G) is a cograph if and only if G ∈ H.

Theorem 13. For a connected cograph G, Δ(G) is a cograph if and only if (i) G = G_1 ∨ G_2, where G_1 is edgeless and G_2 does not contain P_4 as a subgraph (which need not be induced) or (ii) G is C_4.

Proof. Let G be a connected cograph whose Δ(G) is also a cograph. Since G is a connected cograph, G = G_1 ∨ G_2. Let G_1 be an edgeless graph and u ∈ V (G_1).

If G_2 contains a P_4, say v_1v_2v_3v_4, then the edges v_1v_2, v_2u, uv_3, v_3v_4 of G induce a P_4 in Δ(G), which is a contradiction. Therefore, if G_1 is edgeless then G_2 does not contain P_4 as a subgraph.

Let u_1v_1 ∈ E(G_1) and u_2v_2 ∈ E(G_2). If G_1 contains one more vertex, say v, not adjacent to u_1 and v_1, then the edges u_1v_1, v_1u_2, u_2v_2, u_2u of G induce a P_4 in Δ(G), which is a contradiction. If v is adjacent to at least one of the vertices, say v_1, then the edges u_1u_2, u_2v_1, v_1v_2, v_2v of G induce a P_4 in Δ(G), which is a contradiction. A similar argument holds also for the vertex set of G_2. Therefore both G_1 and G_2 are K_2’s and G = C_4.

Conversely, assume that G is a cograph of type (i) or (ii). Then G does not contain any of the graphs from Theorem 9 as an induced subgraph and hence Δ(G) is a cograph.

5. Chromatic number

Theorem 14. Given two positive integers a, b, where a > 1, there exists a graph G such that χ(G) = a and χ(Γ(G)) = b.

Proof. If a = 1 then G must be a graph without edges, which makes Γ(G) empty. So we can assume that a > 1.

Let G be the graph K_a together with b − 1 end vertices attached to any one of the vertices. Then Γ(G) is a − 1 copies of K_b sharing b − 1 vertices in common together with some isolated vertices. Clearly, χ(G) = a and χ(Γ(G)) = b.

Lemma 15. The anti-Gallai graph of any graph G cannot be bipartite except for the triangle free graphs.

Proof. If u_1 is adjacent to u_2 in Δ(G) then the corresponding edges, say e_1 and e_2, lie in a triangle, say e_1e_2e_3. Then the vertex u_3 in Δ(G) which corresponds to e_3 will be adjacent to both u_1 and u_3. Therefore, u_1u_2u_3 induces a cycle of odd length in Δ(G) and hence Δ(G) cannot be bipartite.

Theorem 16. Given two positive integers a, b, where b < a, b ≠ 2, there exists a graph G such that χ(G) = a and χ(Δ(G)) = b. Further, for any odd number a, there exists a graph G such that χ(G) = χ(Δ(G)) = a.

Proof. First note that the anti-Gallai graph of a graph G cannot be bipartite except for the triangle free graphs by the above lemma. Hence, b = χ(Δ(G)) ≠ 2 for any G.

Using Myceilski’s construction [1] there exists a triangle-free graph H with chromatic number a. For H, Δ(G) is a trivial graph and hence b = 1. For 2 < b < a, there exists an induced subgraph H^′ of H whose chromatic number is b. Let v_1, v_2, . . . , v_n be the vertices of H^′. Let G be the graph obtained from H by joining all vertices of H^′ to a new vertex u. Since b < a, χ(G) = a itself. If v_i and v_j are adjacent (or non-adjacent) in H^′ then the vertices corresponding to uv_i and uv_j are adjacent (or non-adjacent) in Δ(G). Therefore, the vertices corresponding to the edges uv_1, uv_2, . . . , uv_n induce an H^′ in Δ(G). Again for any pair of adjacent vertices, say v_i and v_j in H^′, the vertices corresponding to the edges uv_i and uv_j are adjacent to the vertex corresponding to v_1v_2. Therefore Δ(G) is H^′ together with one vertex each adjacent to both the end vertices of each edge in H^′. For b > 2, χ(Δ(G)) = χ(H^′) = b.

If a is an odd integer then χ(K_a) = a and χ(Δ(G)) = χ(L(G)) = χ^′(K_a) = a, where χ^′ is the edge chromatic number.

6. Radius and diameter

In this section r(G) and d(G) denote the radius and the diameter of a graph G respectively.

Theorem 17. Let G be a graph such that Γ(G) is connected. Then r(Γ(G)) ⩾ r(G) − 1 and d(Γ(G)) ⩾ d(G) − 1.

Proof. Let r(Γ(G)) = r. Then there exists an edge, say uv, in G which is at a distance less than or equal to r from every other edge in G. Hence, any vertex of G is at a distance less than or equal to r + 1 from both u and v. We have r(G) ⩽ r + 1, which implies r(Γ(G)) ⩾ r(G) − 1.

Let d(G) = d. There exist two vertices u and v such that the distance between u and v is d(u, v) = d. Let uu_1u_2u_{a−1}v be a shortest path connecting u and v in G.

Claim: d_{Γ(G)}(uu_1, u_{a−1}v) = a − 1. uu_1, u_1u_2, u_{a−1}v is a path of length a − 1 connecting uu_1 and u_{a−1}v in Γ(G). Therefore, d_{Γ(G)}(uu_1, u_{a−1}v) ⩽ a − 1.

It is required to prove that d_{Γ(G)}(uu_1, u_{a−1}v) = a − 1. On the contrary assume that there exists an induced path uu_1, v_1v^′_1, v_2v^′_2, v_{k−1}v^′_{k−1}, u_{a−1}v of length k in Γ(G) connecting uu_1 and u_{a−1}v, where k < a − 1. Then there exists a path of length less than or equal to a−1 connecting u and v in G, which contradicts d(u, v) = a. Hence, d_{Γ(G)}(uu_1, u_{a−1}v) = a − 1.

Since there exist two vertices of Γ(G) which are at a distance a − 1, d(Γ(G)) must be greater than or equal to a − 1.

Note 18. If a and b are two positive integers such that a > 1 and b ⩾ a − 1 then there exist graphs G and H whose Gallai graphs are connected and r(G) = a, r(Γ(G)) = b, d(H) = a and d(Γ(H)) = b.

Theorem 19. If G is a graph such that Δ(G) is connected and r(G) > 1, r(Δ(G)) ⩾ 2(r(G) − 1) and d(Δ(G)) ⩾ 2(d(G) − 1).

Proof. Let r(Δ(G)) = r > 1. There exists an edge, say uv, in G such that any edge is at a distance less than or equal to r from uv in Δ(G). Let w ∈ V (G). Since G is connected there exists at least one edge with w as an end vertex, say ww^′. There exists a path of length less than or equal to r from ww^′ to uv in Δ(G). Any two adjacent edges in Δ(G) belong to a triangle and hence this path induces a path of length less than or equal to^1_2 r from either u or v to w. Therefore, any vertex is at a distance less than or equal to^1_2 r + 1 from both u and v. Hence r(G) ⩽^1_2 r + 1, which implies that r(Δ(G)) ⩾ 2(r(G) − 1).

Let d(G) = d. There exist two vertices u and v such that d(u, v) = d. Let uu_1u_2 . . . u_{d−1}v be a shortest path connecting u and v. Consider d(uu_1, u_{d−1}v) in Δ(G). If it is k, then there exists a path of length less than or equal to^1_2 k + 1 in G connecting u and v. Therefore,^1_2 k + 1 ⩾ d, which implies k = 2(d − 1). However, d(Δ(G)) ⩾ k. Hence, d(Δ(G)) ⩾ 2(d(G) − 1).

Note 20. If a and b are two positive integers such that a > 1 and b ⩾ 2(a−1) then there exist graphs G and H whose anti-Gallai graphs are connected with r(G) = a, r(Δ(G)) = b, d(H) = a and d(Δ(H)) = b.

Acknowledgement. The first author thanks the Council of Scientific and Industrial Research (India) for awarding a Junior Research Fellowship.The authors thank the referees for their suggestions for the improvement of this paper.

References

[1] Balakrishnan, R., Ranganathan, K.: A Text-book of Graph Theory. Springer, 1999. [2] Beineke, L. W.: On derived graphs and digraphs. Beitrage zur Graphentheorie (1968), 17–23.

[3] Brandstädt, A., Le, V. B., Spinrad, J. P.: Graph Classes—a survey. SIAM Monographs, Philadelphia, 1999.

[4] Corneil, D. G., Perl, Y., Stewart, I. K.: A linear recognition algorithm for cographs.

SIAM J. Comput. 14 (1985), 926–934.

[5] Larrión, F., de Mello, C. P., Morgana, A., Neumann-Lara, V., Pizaña, M. A.: The clique operator on cographs and serial graphs. Discrete Math. 282 (2004), 183–191.

[6] Le, V. B.: Gallai and anti-Gallai graphs. Discrete Math. 159 (1996), 179–189. [7] Mckee, T. A.: Dimensions for cographs. Ars. Comb. 56 (2000), 85–95. [8] Prisner, E.: Graph Dynamics. Longman, 1995.

[9] Rao, S. B., Aparna Lakshmanan S., Vijayakumar, A.: Cographic and global cographic domination number of a graph, communicated.

[10] Rao, S. B., Vijayakumar, A.: Median and anti-median of a cograph, communicated. [11] Royle, G. F.: The rank of a cograph. Electron. J. Comb. 10 (2003).

[12] Sun, L.: Two classes of perfect graphs. J. Comb. Theory, Ser. B 53 (1991), 273–292.

Authors’ addresses: Aparna Lakshmanan S., Department of Mathematics, Cochin University of Science and Technology, Cochin-682 022, India, e-mail: aparna@cusat.ac.in; S. B. Rao, Stat-Math Unit, Indian Statistical Institute, Kolkata-700 108, India, e-mail: raosb@isical.ac.in; A. Vijayakumar, Department of Mathematics, Cochin University of Science and Technology, Cochin-682 022, India, e-mail: vijay@cusat.ac.in.