133 (2008) MATHEMATICA BOHEMICA No. 1, 41–61

AN EXISTENCE AND MULTIPLICITY RESULT FOR A PERIODIC BOUNDARY VALUE PROBLEM

Boris Rudolf, Bratislava

(Received June 2, 2006)

Abstract. A periodic boundary value problem for nonlinear differential equation of the second order is studied. Nagumo condition is not assumed on a part of nonlinearity. Existence and multiplicity results are proved using the method of lower and upper solutions. Results are applied to the generalized Liénard oscillator.

Keywords: periodic boundary value problem, multiplicity result, method of lower and upper solutions, Liénard oscillator

MSC 2000 : 34C25

The paper deals with the method of lower and upper solutions to prove the existence of at least one solution of the periodic boundary value problem

x^{′′} + kx^′ = F (t, x, x^′), x(a) = x(b), x^′(a) = x^′(b),

where the nonlinearity F (t, x, y) = f(t, x, y) + g(t, x, y) is divided into two parts, f, g : I = [a, b] × R^2 → R, which are continuous functions.

The method of lower and upper solutions as a method of proving the existence of a solution of various types of boundary value problems has a relatively long history. Reader can find such methods in papers by Scorza and Dragoni [18], Gaines and Mawhin [3], Rachůnková [13], [14], Rudolf [17], Šeda [19], Thompson [20] and others.

The idea of the existence of a solution in the case when a lower solution is greater then an upper one can be find in papers of Gossez and Omari [4], Habets and Omari [5], Omari [11], Nieto [10], Rachůnková [14], Rudolf and Kubáček [15].

Supported by grant 1/1135/04 of the Scientific Grant Agency VEGA of Slovak Republic.

When the nonlinearity has a suitable form there exist more lower and upper solutions and this fact leads to typical multiplicity results. See Fabry, Mawhin and Nkashama [2], Mawhin and Willem [9], Rachůnková [12], Gaines and Mawhin [3], Rudolf [16], Šeda [19].

Lower and upper solutions give natural bounds of the set on which the theory of the topological degree [3], [7], [8] is used. To this end, an a priori bound of the norm of a possible solution is needed. Therefore a certain form of Nagumo, or Nagumo- Bernstein condition is assumed which controls the growth of the nonlinearity in the y variable.

In the paper of Korman [6], a method how to obtain an existence result for a Dirichlet boundary value problem is given provided that a Nagumo type condition fails on part g of the nonlinearity, instead of it a certain kind of the sign property is assumed.

The goal of this paper is to adapt the idea of Korman to suit periodic boundary value problems and to prove existence and multiplicity results for such problems and apply them to a generalized Liénard oscillator with a damping term with possibly rapid growth.

Preliminaries

We deal with the periodic boundary value problem

x^{′′} + kx^′ = f(t, x, x^′) + g(t, x, x^′), (1) x(a) = x(b), x^′(a) = x^′(b), (2) where f, g : I = [a, b] × R^2 → R are continuous functions, f satisfies a Nagumo- Bernstein condition while g in general doesn’t.

A solution of (1), (2) is a classical solution x(t) ∈ C^2(I).

We define lower and upper solutions for the boundary value problem (1), (2) in a standard manner.

Definition. A function α ∈ C^2(I) is called a lower solution of the problem (1), (2) if

α^{′′}(t) + kα^′(t) � f(t, α(t), α^′(t)) + g(t, α(t), α^′(t)), (3) α(a) = α(b), α^′(a) = α^′(b).

Similarly, a function β ∈ C^2(I) is called an upper solution of the problem (1), (2) if

β^{′′}(t) + kβ^′(t) � f(t, β(t), β^′(t)) + g(t, β(t), β^′(t)), (4) β(a) = β(b), β^′(a) = β^′(b).

If strict inequalities hold then α, β are called strict lower and upper solutions. The main idea of the method of lower and upper solutions in connection with existence and multiplicity proofs based on the topological degree is to give bounds for an open bounded set Ω such that both the original and a suitably perturbed boundary value problem have no solution on the boundary of Ω.

Natural bounds for a solution are given by strict lower and upper solutions. The following lemma means there is no touch between a strict lower or upper solution and a solution of (1), (2).

Lemma 1 [17]. Let α, β be strict lower and upper solutions and let x ∈ C^2(I) be a solution of the problem (1), (2).

Then α � x implies α < x and x � β implies x < β. P r o o f. Let x � β and 0 = x(t_0) − β(t_0) at t_0 ∈ (a, b). Then

0 � x^{′′}(t_0) − β^{′′}(t_0) = f(t_0, x(t_0), x^′(t_0)) − β^{′′}(t_0) = f(t_0, β(t_0), β^′(t_0)) − β^{′′}(t_0) > 0,

a contradiction.

The cases t_0 = a, t_0 = b lead to the same contradiction due to periodic boundary conditions. □ We use the following operator formulation of the problem (1), (2). Let X = C^1(I), dom L = {x(t) ∈ C^2(I), x satisfies (2)}, Y = C(I). We denote

L_k : dom L ⊂ X → Y, L_kx = x^{′′} + kx^′, N : X → Y, Nx(t) = f(t, x(t), x^′(t)) + g(t, x(t), x^′(t)).

Then the problem (1), (2) is equivalent to the operator equation

L_kx = Nx,

where the operator N is L_k-compact [7], [8].

Existence results

Our first existence result concerns the case when the lower and upper solutions are constant functions.

Let r > 0, ϱ > 0 be constants. We set

Ω_{r,ϱ} = {x(t) ∈ C^1(I); ‖x‖ < r, ‖x^′‖ < ϱ}.

Lemma 2. Let the following conditions be satisfied: (i) there is a constant r > 0 such that f(t, r, 0) > 0 and f(t, −r, 0) < 0, (ii) there is a constant c_r > 0 such that |f(t, x, y)| � c_r(1 + y^2) for each t ∈ I, x ∈ [−r, r], y ∈ R, (iii) xg(t, x, y) � 0 for each t ∈ I, x ∈ [−r, r], y ∈ R.

Then there is a constant ϱ_0 > 0 such that the topological degree

D(L_k, N, Ω_{r,ϱ}) = 1 (mod 2)

for each ϱ > ϱ_0, i.e. there is a solution x(t) of (1), (2) such that |x(t)| < r, |x^′(t)| < ϱ.

P r o o f. We consider a homotopy

L_kx = ~N(x, λ), λ ∈ [0, 1]

defined by a parametric system of equations

(5) x^{′′} + kx^′ = λf(t, x, x^′) + λg(t, x, x^′) + (1 − λ)x,

with boundary conditions (2). Now −r, r are respectively a strict lower and a strict upper solution of the problem (5), (2).

Obviously there is a positive constant c^∗_r such that |λf(t, x, y) + (1 − λ)x − ky| � λc_r(1 + y^2) + (1 − λ)r + |k‖y| � c^∗_r (1 + y^2).

Let x(t) be a solution of (5), (2) such that |x(t)| � r. We derive an a priori estimate of |x^′(t)| for such a solution.

Let [t_0, t_1] ⊂ I be an interval such that x(t) > 0 for t ∈ (t_0, t_1), max_{t∈[t0,t1]} x(t) = x(t_0) = x_0, x^′(t_0) = 0 and x^′(t) < 0 for t ∈ (t_0, t_1). Then x(t) is invertible on (t_0, t_1). Let t(x) be the inverse function. We denote by p(x) the function p(x) = x^′(t) = x^′(t(x)). Then x^{′′}(t) = p^′(x)p(x) for each (t, x), t ∈ (t_0, t_1), x = x(t).

We rewrite the equation (5) to

x^{′′} = f^∗(t, x, x^′) + g^∗(t, x, x^′),

where f^∗ = λf + (1 − λ)x − kx^′, g^∗ = λg. Now p^′(x)p(x) = f^∗(t, x, p(x)) + g^∗(t, x, p(x)) � −c^∗_r(1 + p^2(x)).

We substitute q = p^2: 1 2 q^′(x) � −c^∗_r (1 + q(x)).

By changing the variable v = x_0 − x and setting q̃(v) = q(x_0 − v) we obtain 1 2 q̃^′(v) � c^∗_r (1 + q̃(v)), q̃(0) = 0.

From the last inequality we obtain the estimate

q̃(v) � e^{2c∗r v} � e^{2c∗r r} = C(r).

The above estimate of q̃ and continuity of x^′ imply an estimate of |p| and |x^′(t)| on [t_0, t_1]. Similarly we derive an estimate of |x^′(t)| for x^′(t) > 0 on [t_2, t_0] and also for the case x(t) < 0.

On the interval [a, t_1] or [t_2, b] we use periodic continuation of the solution x(t) to estimate |x^′(t)|.

Dividing the interval I into intervals of monotonicity with constant sign of x(t) and repeating the above estimation of |x^′(t)| on each of them we estimate |x^′(t)| < ϱ_0 on I.

This a priori estimate and Lemma 1 imply that for each ϱ > ϱ_0 there is no solution of (5), (2) on ∂Ω_{r,ϱ}.

By the generalized Borsuk theorem [8] we have

D(L_k, ~N(·, 1), Ω_{r,ϱ}) = D(L_k, Ñ(·, 0), Ω_{r,ϱ}) = 1 (mod 2). □ Instead of the assumption (iii) it is possible to assume that the function g satisfies a sign property with respect to the variable y, which allows the application to oscillators with a nonlinear damping term with higher than quadratic growth. For such type of assumption the linear damping term kx^′ is considered as part of the nonlinearity g and we deal with the problem

x^{′′} = f(t, x, x^′) + g(t, x, x^′), (6) x(a) = x(b), x^′(a) = x^′(b). (2) Lemma 3. Let the following conditions be satisfied: (i) there is a constant r > 0 such that f(t, r, 0) > 0 and f(t, −r, 0) < 0, (ii) there is a constant c_r > 0 such that |f(t, x, y)| � c_r(1 + y^2) for each t ∈ I, x ∈ [−r, r], y ∈ R, (iii) yg(t, x, y) � 0 for each t ∈ I, x ∈ [−r, r], y ∈ R.

Then there is a constant ϱ_0 > 0 such that the topological degree D(L_0, N, Ω_{r,ϱ}) = 1 (mod 2) for each ϱ > ϱ_0, i.e. there is a solution x(t) of (6), (2) such that |x(t)| < r, |x^′(t)| < ϱ.

P r o o f. The proof is similar to the one of Lemma 2. The only difference is that we don’t distinguish the cases x(t) > 0 and x(t) < 0; instead we derive the inequality 1 2 q^′(x) � −c^∗_r(1 + q(x))

for the case p(x) < 0, and the inequality 1 2 q^′(x) � c^∗_r (1 + q(x))

with the change of variable v = x + x_1, x_1 = x(t_1) being the minimum of x(t) on the interval [t_1, t_2] of increase of x(t), i.e. for the case p(x) > 0. □ E x a m p l e 1. We consider a periodic boundary value problem for the generalized Liénard oscillator with nonlinear damping x^{′′} + k(t, x) sgn(x^′)|x^′|^m = f(t, x, x^′), x(a) = x(b), x^′(a) = x^′(b), where k(t, x) � 0 is a continuous function, m > 0. Suppose that assumptions (i), (ii) of Lemma 3 on the function f are satisfied. Then Lemma 3 implies that there is a periodic solution of the given problem. This result generalizes the results of [16] where m � 2 is assumed and [2] where m = 1.

R e m a r k. The result similar to Lemma 3 can be derived assuming negative damping and

(iii) yg(t, x, y) � 0 for each t ∈ I, x ∈ [−r, r], y ∈ R.

Results for constant lower and upper solutions are generalized in a standard manner [3], [14], [17] to the case of nonconstant ones.

For given functions α, β : I → R, α < β and constant ϱ we set Ω = {x ∈ C^1(I); α < x < β, ‖x^′‖ < ϱ}.

Theorem 1. Let (i) α < β be strict lower and upper solutions of the problem (1), (2), (ii) there exist a positive function c(r): R^+ → R^+ such that |f(t, x, y)| � c(r)(1 + y^2) for each t ∈ I, −r < x < r, y ∈ R,

(iii) xg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

Then there is a constant ϱ_0 such that for each ϱ > ϱ_0 we have

D(L_k, N, Ω) = 1 (mod 2),

i.e. there is a solution x ∈ Ω of (1), (2).

P r o o f. Set r = max{‖α‖, ‖β‖} + 1, M > max |f(t, x, 0)| for t ∈ I, |x| � r. We define a perturbation

f^∗(t, x, y) =

� � � � � � � � � f(t, β(t), y) + M(r − β(t)), x > r, f(t, β(t), y) + M(x − β(t)), β(t) < x � r, f(t, x, y), α(t) � x � β(t), f(t, α(t), y) − M(α(t) − x), −r � x < α(t), f(t, α(t), y) − M(α(t) + r), x < −r and

g^∗(t, x, y) =

� � � � � � � � � � � � � g(t, β(t), y), 0 � β(t) < x, g(t, β(t), y)x/β(t), β(t) < x < 0, 0, β(t) < 0 � x, g(t, x, y) α(t) � x � β(t), 0, x � 0 < α(t), g(t, α(t), y)x/α(t), 0 < x < α(t), g(t, α(t), y), x < α(t) � 0.

Now f^∗, g^∗ satisfy conditions (i), (ii), (iii) of Lemma 2. That means there is ϱ_0 such that D(L_k, N^∗, Ω_{r,ϱ}) = 1 for each ϱ > ϱ_0, where N^∗ = f^∗ + g^∗.

Let x^∗ be a solution of

x^{′′} + kx^′ = f^∗(t, x, x^′) + g^∗(t, x, x^′), (7) x(a) = x(b), x^′(a) = x^′(b) (2) and suppose x^∗(t_1) � β(t_1). Then v(t) = x^∗(t) − β(t) attains its nonnegative maximum v_M and β + v_M � x^∗. It is easy to prove that β(t) + v_M is a strict upper solution of (7), (2), but this contradicts Lemma 1.

That means x^∗ < β. Simultaneously, x^∗ > α. Then

D(L_k, N^∗, Ω_{r,ϱ}) = D(L_k, N^∗, Ω) = D(L_k, N, Ω) = 1 (mod 2)

and x^∗ is a solution of (1), (2). □

Again it is possible to replace the sign condition (iii) by a sign condition with respect to variable the y.

Theorem 2. Let (i) α < β be strict lower and upper solutions of the problem (1), (2), (ii) there exist a positive function c(r): R^+ → R^+ such that |f(t, x, y)| � c(r)(1 + y^2) for each t ∈ I, −r < x < r, y ∈ R,

(iii) yg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

Then there is a constant ϱ_0 such that for each ϱ > ϱ_0 we have

D(L_0, N, Ω) = 1 (mod 2)

i.e., there is a solution x ∈ Ω of (6), (2).

The proof is similar to the one of Theorem 1, the only difference is that Lemma 3 is used instead of Lemma 2 to prove D(L_0, N^∗, Ω_{r,ϱ}) = 1.

R e m a r k. The assumption (iii) of Theorem 2 can be replaced by (iii) yg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

The idea of a proof of existence of a solution in the case when a lower solution is greater than an upper one is due to Omari [11], further results have been given by Nieto [10], Rachůnková [14] and others.

In our next theorem we consider a little more general assumption, namely that a strict lower solution isn’t less than an upper one.

We remark that the assumption α � β, α(t_0) = β(t_0), α, β are strict lower and upper solutions, leads to a contradiction.

For given functions α, β : I → R and positive constants r, ϱ we set

~Ω = {x(t) ∈ Ω_{r,ϱ} ; ∃t_a ∈ I, β(t_a) < x(t_a), ∃t_b ∈ I, x(t_b) < α(t_b)}.

Theorem 3. Let (i) α � β be strict lower and upper solutions of the problem (1), (2), (ii) there exist constants A, B ∈ (0, 1), c > 0 such that |f(t, x, y)| � c(1 + |x|^A + |y|^B ) for each t ∈ I, x, y ∈ R,

(iii) xg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

Then there are constants r, ϱ_0 > 0 such that for each ϱ > ϱ_0 we have

D(L_k, N, ~Ω) = 1 (mod 2),

i.e., there is a solution x(t) ∈ ~Ω of the problem (1), (2).

P r o o f. We set r_0 = max (‖α‖, ‖β‖), r > r_0, to be specified later, M_0 = c(1+r^A) and define a perturbation f^∗ by

f^∗(t, x, y) =

� � � � � � � � � f(t, r, y) + M_0, x > r + 1, f(t, r, y) + M_0(x − r), r < x � r + 1, f(t, x, y), −r � x � r, f(t, r, y) + M_0(x + r), −r − 1 � x < −r, f(t, r, y) − M_0, x < −r − 1.

As f^∗(t, r + 1, 0) = f(t, r, 0) + M_0 > −c(1 + r^A) + M_0 = 0 hence r + 1 is a strict upper solution of the equation

(8) x^{′′} + kx^′ = f^∗(t, x, x^′) + g(t, x, x^′)

with boundary conditions (2). Similarly −r − 1 is a strict lower solution of (8), (2).

Moreover, |f^∗| < c^∗(r)(1 + y^2) for each t ∈ [a, b], x ∈ [(−r − 1), r + 1], y ∈ R. Setting N^∗ = f^∗ +g Lemma 2 implies that there is a constant ϱ_0 such that for ϱ > ϱ_0 we have D(L_k, N^∗, Ω_{r+1,ϱ}) = 1 (mod 2).

Let now

Ω_l = {x(t) ∈ Ω_{r+1,ϱ} ; x < β}, Ω_u = {x(t) ∈ Ω_{r+1,ϱ} ; α < x}.

Then Theorem 1 implies

D(L_k, N^∗, Ω_l) = D(L_k, N^∗, Ω_u) = 1 (mod 2).

Set Ω_m = Ω_{r+1,ϱ} \ � Ω_l ∪ Ω_u � .

As −r − 1, α are strict lower and r + 1, β are strict upper solutions, Lemma 2 implies there is no solution x ∈ ∂Ω_m.

The additivity of the degree yields

D(L_k, N^∗, Ω_m) = 1 (mod 2).

Let x(t) ∈ Ω_m be a solution of (8), (2). We will prove that |x(t)| < r using the idea of [6].

First, suppose that k > 0 and max |x(t)| = x(t_0) > r_0. Then there is an interval [a_1, b_1] such that x(a_1) = x(b_1) = r_0, x(t) > r_0 on (a_1, b_1), max_{t∈[a1,b1]} x(t) − r_0 = x(t_0) − r_0 = M.

We use the estimate

|f^∗| < c(1 + |x|^A + |y|^B ) + c(1 + r^A) � c(2 + 2r^A + |y|^B ),

denote p(x) = x^′(t) on the interval [t_0, t_1] of monotonicity of x(t) and arguing as in the proof of Lemma 2 we obtain

p^′(x)p(x) + kp(x) = f^∗(t, x, p) + g(t, x, p).

Then using (iii), kp � 0 and setting q = p^2 we arrive at 1 2 q^′(x) � −c(2 + 2r^A + |q|^{B/2}).

The substitution v = M + r_0 − x leads to the inequality

q̃^′(v) � 2c(2 + 2r^A + |q̃|^{B/2}), q̃(0) = 0,

where q̃(v) = q(M + r_0 − v). Then

q̃(v) � 4cM(1 + r^A) + 2c

�_v 0 |q̃|^{B/2} dv.

The Bihari lemma [1] implies

q̃(v) � � (4cM(1 + r^A))^{1−B/2} + � 1 − B 2 � � v 0 2c dv

�_{1/(1−B/2)} . Further p^2(v) � � (4cM(1 + r^A))^{1−B/2} + (2 − B)cM

�_{1/(1−B/2)} and p(v) � 2d � cM(1 + r^A)

�_{1/2} + d ((2 − B)cM)^{1/(2−B)} , d = 2^{B/(2−B)}.

As M � (b − a) max_{v∈[0,M]} |p(v)|, we have

M � 2(b − a)d � cM(1 + r^A)

�_{1/2}

+ (b − a)d ((2 − B)cM)^{1/(2−B)} .

Then M^{1/2} � c_1r^{A/2} + c_2M^{γ/2}

where c_i are positive constants independent of r and γ = B/(2 − B) < 1.

Suppose now that r_0 + M > r.

Then M^{1/2} � c_1(r_0 + M)^{A/2} + c_2M^{γ/2}.

The last inequality implies that M < M_1

where M_1 is independent of r.

We choose r > M_1 + r_0 to obtain an a priori estimate of M:

M < max(M_1, r − r_0).

We proceed similarly also in the case max |x(t)| = −x(t_0) > r_0 and in the case k < 0.

That means |x(t)| < r and

D(L_k, N^∗, Ω_m) = D(L_k, N, ~Ω) = 1( mod 2). □ A similar existence result holds for the problem (6) (2) if (iii) is replaced by a sign condition on the function g with respect to the variable y.

Theorem 4. Let (i) α � β be strict lower and upper solutions of the problem (6), (2), (ii) there exist constants A, B ∈ (0, 1) such that |f(t, x, y)| � c(1 + |x|^A + |y|^B ) for each t ∈ I, x, y ∈ R,

(iii) yg(t, x, y) � 0 for each t ∈ I, x, y ∈ R, Then there are constants r, ϱ_0 > 0 such that for each ϱ > ϱ_0 we have

D(L_0, N, ~Ω) = 1 (mod 2),

i.e. there is a solution x(t) ∈ ~Ω of the problem (6), (2).

P r o o f. We follow the proof of Theorem 3 using the same perturbation f^∗. The existence of a solution of the perturbed problem (8), (2) follows from Lemma 3. The estimate of the norm of the solution x(t) ∈ Ω_m of the perturbed problem is derived similarly to the case of Theorem 3. □

Multiplicity results

First we present a simple perturbation lemma based on Lemma 1. We denote F (t, x, y) = f(t, x, y) + g(t, x, y) and consider the boundary value problem

x^{′′} + kx^′ = F (t, x, x^′), (9) x(a) = x(b), x^′(a) = x^′(b). (2) Lemma 4. Let α be a strict lower solution of the problem (9), (2). Set F (t, x, y) = � F (t, x, y), x(t) > α(t), F (t, α(t), y), x(t) � α(t).

Then each solution x(t) of

x^{′′} + kx^′ = F (t, x, x^′),

(10) x(a) = x(b), x^′(a) = x^′(b), (2) is a solution of (9), (2).

P r o o f. Let x(t) be a solution of (10), (2). Suppose m = max(α(t) − x(t)) � 0. Then α(t) − m � x(t) and there is t_0 such that α(t_0) − m = x(t_0). As α(t) − m is a strict lower solution of (9), (2), we obtain a contradiction with Lemma 1. □

We prove that a periodic boundary value problem (6), (2) admits at least two different solutions provided there is a lower and an upper solution either in reversed order or possibly crossing each other and both are greater then another lower solution. Set Ω_{α,r,ϱ} = {x(t) ∈ C^1(I); α < x < r, ‖x^′‖ < ϱ}, Ω_1 = {x(t) ∈ Ω_{α,r,ϱ} ; x < β}, Ω_2 = {x(t) ∈ Ω_{α,r,ϱ} ; ∃t_a ∈ I, β(t_a) < x(t_a), ∃t_b ∈ I, x(t_b) < α_1(t_b)}.

Theorem 5. Let (i) α < β, α < α_1, α_1 � β, where α, α_1 are strict lower solutions and β is a strict upper solution of the problem (6), (2), (ii) there exist a positive function c(r̃): R^+ → R^+ such that |f(t, x, y)| � c(r̃)(1 + |y|^2) for each t ∈ I, |x| < r̃, y ∈ R, (iii) there exist constants A, B ∈ (0, 1), c_1 > 0 such that f(t, x, y) > −c_1(1 + |x|^A + |y|^B ) for each t ∈ I, x > α(t), y ∈ R, (iv) yg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

Then there are constants r > ‖α‖, ϱ_0 > 0 such that for each ϱ > ϱ_0 we have D(L_0, N, Ω_1) = 1 (mod 2), D(L_0, N, Ω_2) = 1 (mod 2), i.e., there are at least two solutions x_1(t) ∈ Ω_1, x_2(t) ∈ Ω_2 of the problem (6), (2).

P r o o f. The existence of a solution x_1 ∈ Ω_1 follows from Theorem 2. To prove the existence of another solution x_2 we consider the perturbed problem x^{′′} = f(t, x, x^′) + g(t, x, x^′),

(11) x(a) = x(b), x^′(a) = x^′(b), (2) where f(t, x, y) = � f(t, x, y), x(t) > α(t), f(t, α(t), y), x(t) � α(t) and g(t, x, y) = � g(t, x, y), x(t) > α(t), g(t, α(t), y), x(t) � α(t).

Now we modify the problem (11), (2) similarly to the case of Theorem 3 setting r_0 = max (‖α‖, ‖β‖), r > r_0, M_0 = c_1(1 + r^A) and defining a perturbation f^∗ by

f^∗(t, x, y) = � � � f(t, r, y) + M_0, x > r + 1, f(t, r, y) + M_0(x − r), r < x � r + 1, f(t, x, y), x � r.

Clearly r + 1, β are strict upper and α, α_1 are strict lower solutions of x^{′′} = f^∗(t, x, x^′) + g(t, x, x^′),

(12) x(a) = x(b), x^′(a) = x^′(b). (2) Similarly to the proof of Theorem 3 we prove that D(L_0, N^∗, Ω_m) = 1 (mod 2) where N^∗ = f^∗ + g and Ω_m = {x(t) ∈ Ω_{α,r+1,ϱ} ; ∃t_a ∈ I, β(t_a) < x(t_a), ∃t_b ∈ I, x(t_b) < α_1(t_b)}.

For a solution x(t) ∈ Ω_m of (12), (2) we prove that x(t) < r proceeding as in the proof of Theorem 3 and using only the one sided estimate from below of the function f from assumption (iii).

Then x(t) ∈ Ω_2,

D(L_0, N^∗, Ω_m) = D(L_0, N^∗, Ω_2) = D(L_0, N, Ω_2) = 1 (mod 2) where N = f + g. That means x(t) is a solution of (11), (2). Lemma 4 and the excision property of the degree imply that D(L_0, N, Ω_2) = D(L_0, N, Ω_2) = 1 (mod 2) and that x(t) is a solution of (6), (2). □ By interchanging the role of lower and upper solutions we obtain the following results.

Lemma 5. Let β be a strict upper solution of the problem (9), (2). Set F (t, x, y) = � F (t, x, y), x(t) < β(t) F (t, β(t), y), x(t) � β(t).

Then each solution x(t) of x^{′′} + kx^′ = F (t, x, x^′), x(a) = x(b), x^′(a) = x^′(b), is a solution of (9), (2). Set Ω_{−r,β,ϱ} = {x(t) ∈ C^1(I); −r < x < β, ‖x^′‖ < ϱ}, Ω_3 = {x(t) ∈ Ω_{−r,β,ϱ} ; α < x}, Ω_4 = {x(t) ∈ Ω_{−r,β,ϱ} ; ∃t_a ∈ I, β_1(t_a) < x(t_a), ∃t_b ∈ I, x(t_b) < α(t_b)}.

Theorem 6. Let (i) α < β, β_1 < β, α � β_1, where α is a strict lower solution and β, β_1 are strict upper solutions of the problem (6), (2), (ii) there exist a positive function c(r̃): R^+ → R^+ such that |f(t, x, y)| � c(r̃)(1 + |y|^2) for each t ∈ I, |x| < r̃, y ∈ R, (iii) there exist constants A, B ∈ (0, 1), c_1 > 0 such that f(t, x, y) < c_1(1+|x|^A+|y|^B ) for each t ∈ I, x < β(t), y ∈ R, (iv) yg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

Then there are constants r > ‖β‖, ϱ_0 > 0 such that for each ϱ > ϱ_0 we have

D(L_0, N, Ω_3) = 1 (mod 2), D(L_0, N, Ω_4) = 1 (mod 2),

i.e., there are at least two solutions x_1(t) ∈ Ω_3, x_2(t) ∈ Ω_4 of the problem (6), (2).

We apply the previous theorems to the generalized Liénard oscillator with a nonlinear damping term with possibly rapid growth and a cubic nonlinearity in the variable x.

E x a m p l e 2. We consider a periodic boundary value problem

x^{′′} + k(t, x) sgn(x^′)|x^′|^m + φ(t, x) = h(t),

(13) x(a) = x(b), x^′(a) = x^′(b), (2) with a nonlinearity φ(t, x) of cubic type.

We assume that φ(t, x) is a continuous function such that lim x→−∞

φ(t, x) = ∞,

lim_{x→∞} φ(t, x) = −∞

uniformly for t ∈ I, and there are constants x_1, x_2, x_1 < x_2, such that φ(t, x_1) < φ(t, x_2) for each t ∈ I.

Then for each h(t) there is r > max{|x_1|, |x_2|} sufficiently large and such that −r is a strict lower and r a strict upper solution of (13), (2). Moreover, for each h(t) such that φ(t, x_1) < h(t) < φ(t, x_2), x_1 is a strict upper and x_2 a strict lower solution of (13), (2).

Then Theorems 5 and 6 imply that for each h(t), φ(t, x_1) < h(t) < φ(t, x_2), there are at least three periodic solutions of the problem (13), (2).

For each h(t), φ(t, x_1) � h(t) � φ(t, x_2), there is a sequence h_n(t) such that φ(t, x_1) < h_n(t) < φ(t, x_2) and h_n → h in C(I). There are at least two different limits of subsequences of solutions of periodic problems with righthand sides h_n(t) (see e.g. [2], [16]), so there are at least two periodic solutions of the problem (13), (2).

Finally Lemma 3 implies that there is a periodic solution of (13), (2) for each h(t).

It is not possible to replace the nonlinear term φ(t, x) in Example 3 by −φ(t, x) and use Theorems 5 and 6 because in such a case assumption (iii) is not satisfied. To prove a multiplicity result also in this case we need multiplicity theorems with reverse inequalities in assumption (iii).

Theorem 7. Let (i) α < β, α < α_1, α_1 � β, where α, α_1 are strict lower solutions and β is a strict upper solution of the problem (6), (2),

(ii) there exist a positive function c(r): R^+ → R^+ such that |f(t, x, y)| � c(r)(1 + |y|^2) for each t ∈ I, |x| < r, y ∈ R,

(iii) there exist constants A, B ∈ (0, 1), c_1 > 0 such that f(t, x, y) � c_1(1 + |x|^A + |y|^B ) for each t ∈ I, x > α(t), y ∈ R,

(iv) yg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

Then there are constants r > ‖α‖, ϱ_0 > 0 such that for each ϱ > ϱ_0 we have

D(L_0, N, Ω_1) = 1 (mod 2), D(L_0, N, Ω_2) = 1 (mod 2),

i.e., there are at least two solutions x_1(t) ∈ Ω_1, x_2(t) ∈ Ω_2 of the problem (6), (2).

P r o o f. The proof is similar to the one of Theorem 5. We use perturbed problems (11), (2) and (12), (2) and prove that

D(L_0, N^∗, Ω_m) = 1 (mod 2)

on the set

Ω_m = {x(t) ∈ Ω_{α,r+1,ϱ} ; ∃t_a ∈ I, β(t_a) < x(t_a), ∃t_b ∈ I, x(t_b) < α_1(t_b)}.

To prove the estimate x(t) < r of a solution x(t) ∈ Ω_m of (12), (2), we use assumption (iii).

Let r, r_0, M have the same meaning as in the proof of Theorem 3. Similarly to the proof of Theorem 3 we suppose that max |x(t)| = x(t_0) > r_0. Then there is an interval [a_1, b_1] such that x(a_1) = x(b_1) = r_0, x(t) > r_0 on (a_1, b_1), max_{t∈[a1,b1]} x(t)−r_0 = x(t_0) − r_0 = M.

Let [t_i, t_{i+1}] ⊂ [a_1, t_0] be an interval of increase of the solution x(t).

We use the estimate

|f^∗| < c_1(1 + |x|^A + |y|^B ) + c_1(1 + r^A) = c_1(2 + 2r^A + |y|^B ).

We denote p(x) = x^′(t) on the interval [t_i, τ_i] and arguing as in the proof of Lemma 2 we obtain 1 2 q^′(x) � c_1(2 + 2r^A + |q|^{B/2}).

Substituting v = x − x_i and setting q̃(v) = q(v − x_i) with x_i = x(t_i) we obtain inequalities

q̃^′(v) � 2c_1(2 + 2r^A + |q̃|^{B/2}), q̃(0) = 0,

q̃(v) � 4cM(1 + r^A) + 2c

�_v 0 |q̃|^{B/2} dv.

Let [t_i, τ_i] for i = 1, . . . , k be a finite system of disjoint intervals such that x(t) is increasing on each of them, x(τ_i) = x(t_{i+1}) = x_{i+1}, x(t_1) = r_0, x(τ_k ) = r_0 + M.

The Bihari lemma [1] implies

q̃(v) � � (4cM(1 + r^A))^{1−B/2} + � 1 − B 2 � � v 0 2c dv

�_{1/(1−B/2)}

on each interval v ∈ V_i = [0, x_{i+1} − x_i]. Then

p(v) � 2d � c_1M(1 + r^A)

�_{1/2}

+ d ((2 − B)c_1M)^{1/2−B} with d = 2^{B/(2−B)}.

As M � (b − a) max_{v∈⋃ Vi} |p(v)|, we have

M � 2(b − a)d � cM(1 + r^A)

�_{1/2} + (b − a)d ((2 − B)cM)^{1/(2−B)} .

Then M^{1/2} � c_1r^{A/2} + c_2M^{γ/2}

where c_i are positive constants independent of r and γ = B/(2 − B) < 1.

Suppose now that r_0 + M > r.

Then M^{1/2} � c_1(r_0 + M)^{A/2} + c_2M^{γ/2}.

The last inequality implies that

M < M_1

where M_1 is independent of r.

If we choose initially r > M_1 + r_0 we obtain an a priori estimate of M:

M < max(M_1, r − r_0).

That means x(t) < r. Then

D(L_0, N^∗, Ω_m) = D(L_0, N^∗, Ω_2) = D(L_0, N, Ω_2) = D(L_0, N, Ω_2) = 1 (mod 2),

and x(t) is a solution of the original problem (6), (2). □

Theorem 8. Let (i) α < β, β_1 < β, α � β_1, where α is a strict lower solution and β, β_1 are strict upper solutions of the problem (6), (2), (ii) there exist a positive function c(r): R^+ → R^+ such that |f(t, x, y)| � c(r)(1 + |y|^2) for each t ∈ I, |x| < r, y ∈ R, (iii) there exist constants A, B ∈ (0, 1), c_1 > 0 such that f(t, x, y) � −c_1(1 + |x|^A + |y|^B ) for each t ∈ I, x < β(t), y ∈ R, (iv) yg(t, x, y) � 0 for each t ∈ I, x, y ∈ R.

Then there are constants r > ‖β‖, ϱ_0 > 0 such that for each ϱ > ϱ_0 we have

D(L_0, N, Ω_3) = 1 (mod 2), D(L_0, N, Ω_4) = 1 (mod 2),

i.e., there are at least two different solutions x_1(t) ∈ Ω_3, x_2(t) ∈ Ω_4 of the problem (6), (2).

E x a m p l e 3. We consider the problem

x^{′′} + k(t, x) sgn(x^′)|x^′|^m − φ(t, x) = h(t),

(14) x(a) = x(b), x^′(a) = x^′(b) (2) with another type of cubic nonlinearity.

Again we assume that k(t, x) � 0, h(t) are continuous functions, m > 0, and φ(t, x) is a continuous function such that lim x→−∞

φ(t, x) = ∞, lim_{x→∞} φ(t, x) = −∞

uniformly for t ∈ I, and there are constants x_1, x_2, x_1 < x_2 such that φ(t, x_1) < φ(t, x_2) for each t ∈ I.

Then for each h(t) there is r > max{|x_1|, |x_2|} such that r is a strict lower and −r a strict upper solution of (14), (2), and for each h(t) such that φ(t, x_1) < h(t) < φ(t, x_2), x_1 is a strict lower and x_2 a strict upper solution of (14), (2).

Then Theorems 7 and 8 imply that for each h(t), φ(t, x_1) < h(t) < φ(t, x_2) there are at least three periodic solutions of the problem (14), (2).

For each h(t), φ(t, x_1) � h(t) � φ(t, x_2), there is a periodic solution of (14), (2). This solution we obtain as a limit of convergent subsequence of solutions of periodic problems with righthand sides h_n(t), φ(t, x_1) < h_n(t) < φ(t, x_2), h_n → h in C(I).

We apply Theorems 7 and 8 also to the case of nonlinearities of quadratic type.

E x a m p l e 4. We consider the problem

x^{′′} + k(t, x) sgn(x^′)|x^′|^m + x^2 = h(t),

(15) x(a) = x(b), x^′(a) = x^′(b) (2) with k(t, x) � 0, h(t) continuous functions, m > 0. Suppose h(t) > 0 on I. Set max h(t) = h_{max}. Then 0 is a strict upper solution and for each r > 0, r^2 > h_{max}, −r, r are strict lower solutions. Theorem 7 implies that for each h(t) > 0 there are at least two different periodic solutions of problem (15), (2).

Passing to limits of solutions of problems with positive h_n(t) → h(t) we obtain that for each h(t) � 0 there is a periodic solution of problem (15), (2).

Let h(t) < 0 and let x(t) be a solution of (15). Integrating equation (13) on the interval [t_0, t_1] of increase of x(t) with t_0 a point of local minimum we obtain a contradiction. So for each h(t) < 0 there is no solution of (15), (2).

We generalize the problem (15), (2) to

x^{′′} + k(t, x) sgn(x^′)|x^′|^m + φ(t, x) = h(t),

(13) x(a) = x(b), x^′(a) = x^′(b), (2) where we assume that the nonlinearity φ(t, x) is a continuous function of quadratic type, i.e. lim x→−∞

φ(t, x) = lim_{x→∞} φ(t, x) = ∞

uniformly for t ∈ I.

Then there is a set H with nonempty interior int H and complement H^c such that for each h(t) ∈ int H there are at least two solutions, for each h(t) ∈ ∂H there is a solution, and for each h(t) ∈ H^c there is no solution of (14), (2).

If h_0 ∈ ∂H then each h > h_0 satisfies h ∈ int H and each h < h_0 satisfies h ∈ H^c.

R e m a r k. A similar result we obtain replacing φ(t, x) by −φ(t, x).

References

[1] Bihari I.: A generalization of a lemma of Bellman and its applications to uniqueness problems of differential equations. Acta Math. Sci. Hung. 7 (1956), 71–94.

[2] Fabry C., Mawhin J., Nkashama M. N.: A multiplicity result for periodic solutions of forced nonlinear boundary value problems. Bull. London Math. Soc. 18 (1986), 173–186.

[3] Gaines R., Mawhin J.: Coincidence Degree and Nonlinear Differential Equations. Lect.

Notes Math. 568 Springer, Berlin, 1977.

[4] Gossez J., Omari P.: Periodic solutions of a second order ordinary differential equation:

A necessary and sufficient condition for nonresonance. J. Differ. Equations 94 (1991), 67–82.

[5] Habets P., Omari P.: Existence and localization of solutions of second order elliptic boundary value problem using lower and upper solutions in the reversed order. Topol. Methods Nonlinear Anal. 8 (1996), 25–56.

[6] Korman Ph.: Remarks on Nagumo’s condition. Portugaliae Mathematica 55 (1998), 1–9. [7] Mawhin J.: Equivalence theorems for nonlinear operator equations and coincidence degree theory for some mappings in locally convex topological vector spaces. J. Differ. Equations 12 (1972), 610–636.

[8] Mawhin J.: Points fixes, points critiques et problèmes aux limites. Sémin. Math. Sup.

no. 92, Presses Univ. Montréal, Montréal, 1985.

[9] Mawhin J., Willem M.: Multiple solutions of the periodic boundary value problem for some forced pendulum type equations. J. Differ. Equations 52 (1984), 264–287.

[10] Nieto J. J.: Nonlinear second-order periodic boundary value problems. J. Math. Anal.

Appl. 130 (1988), 22–29.

[11] Omari P.: Non-ordered lower and upper solutions and solvability of the periodic problem for the Liénard and the Raleigh equations. Rend. Inst. Mat. Univ. Trieste 20 (1988), 54–64.

[12] Rachůnková I.: Multiplicity results for four-point boundary value problems. Nonlinear Anal., Theory Methods Appl. 18 (1992), 497–505.

[13] Rachůnková I.: On the existence of two solutions of the periodic problem for the ordinary second order differential equation. Nonlinear Anal., Theory Methods Appl. 22 (1994), 1315–1322.

[14] Rachůnková I.: Upper and lower solutions and topological degree. J. Math. Anal. Appl.

234 (1999), 311–327.

[15] Rudolf B., Kubáček Z.: Remarks on J. J. Nieto’s Paper: Nonlinear second-order periodic boundary value problems. J. Math. Anal. Appl. 146 (1990), 203–206.

[16] Rudolf B.: A multiplicity result for a periodic boundary value problem. Nonlinear Anal., Theory Methods Appl. 28 (1997), 137–144.

[17] Rudolf B.: Method of lower and upper solutions for a generalized boundary value problem. Archivum Mathematicum (Brno) 36 (2000), 595–602.

[18] Scorza Dragoni G.: Il problema dei valori ai limiti studiato il grande per gli integrali di una equazione differenziale del secondo ordine. Giorn. Mat. Battagliani, III. Ser. 69 (1931), 77–112.

[19] Šeda V.: On some nonlinear boundary value problems for ordinary differential equations.

Archivum Mathematicum (Brno) 25 (1989), 207–222.

[20] Thompson H. B.: Second order ordinary differential equations with fully nonlinear two-point boundary conditions. Pacific J. Math. 172 (1996), 255–297.

Author’s address: Boris Rudolf, Department of Mathematics, Faculty of Electrical Engineering STU, 812 19 Bratislava, Slovakia, e-mail: Boris.Rudolf@stuba.sk.