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N. GORGODZE

NECESSARY CONDITIONS OF OPTIMALITY IN NEUTRAL TYPE
OPTIMAL PROBLEMS WITH NON-FIXED INITIAL MOMENT

(Reported on April 22, 1999)

Let J = [a,b] be a finite interval; O C R?, G C R” be open sets; 7 : Rt — RL, 5 :
R! — R! be absolutely continuous and continuously differentiable functions, respectively,
satisfying the conditions: 7(t) < ¢, 7(t) > 0, n(t) < t, 7(t) > 0; y(t) = 771(t), o(t) =
n~Ht); ¢¢ : J2 x 02 - RY, i = 0,...,I, be continuously differentiable functions;
A = A(J1, M) be the set of continuously differentiable functions ¢ : Ji — M, J; =
[p(a),bl, p(t) = min{n(t),=()}, t € J, |lell = supfle(a)| + [¢(t)] : ¢t € Ji}, M C O
be a convex bounded set; 2; be the set of measurable functions w : J — U such that
cl{u(t) : t € J} C G is compact, U C G be an arbitrary set; Q2 be a set of measurable
functions v : J — V, V C G be a convex bounded set; A(t,v) the an n X n dimensional
matrix function, continuous on J X V and continuously differentiable with respect to
veV.

Next, let the function f : J x O% x G — R™ satisfy the following conditions:

1) for a fixed ¢t € J the function f(¢,2z1,x2,u) is continuous with respect to (z1,z2,u) €
0? x G and continuously differentiable with respect to (z1,x2) € O?;

2) for a fixed (z1,22,u) € O% X G the functions f, fz;, i = 1,2, are measurable with
respect to t; for arbitrary compacts K C O, W C G there exists a function mg w(-) €
Ll(J,Rg'), Rg’ = [0,00), such that

2
F(tmn,ma,m) + 3 | fas () < micw (1), V(t31,22,0) € T x K2 x W.
i=1

To every element p = (to,t1,%0,,u,v) € B =J2 x O x A x Q1 X Qa, tg < t1, there
corresponds the differential equation

l‘(t) = A(tav(t))i(n(t)) + f(t7 x(t)a x(T(t))7 u(t))7 te [toatl]a (1)
with the initial condition
z(t) = o(t), t € [p(to)to), =(to) = zo- (2)

Definition 1. The function z(t) = z(t,u) € O, t € [p(to),t1], said to be a solu-
tion corresponding to the element p € B, if on [p(to), to] it satisfies the condition (2),
while on the interval [to, ¢1] is absolutely continuous and satisfies the equation (1) almost
everywhere.

Definition 2. The element p € B is said to be admissible, if the corresponding
solution z(t) satisfies the conditions

qi(to,tl,l‘o,l(tl)) =0, i=1,...,1.
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Definition 3. The element i = (fo,%1, %0, P,i,?) € Bo is said to be locally optimal,
if there exist a number § > 0 and a compact set X C O such that for an arbitrary element

u € By satisfying
lto — tol + 1 — t1] + &0 — wol + (| — Il + IIf — fllx + sup|a(t) — v(t)| <4,
teJ

the inequality
qo(fo,fl,jo, i(il)) < L]O(to,tl,mg,l(tl))

is fulfilled.

Here

If = flix :/H(t;f,X),

7
2
H(t; f,X) = Sup{|f(t,$1,$2) — f(t,z1,22)] +Z foi() = fo: ()] (@1, 20) € X2};
i=1

.f(ty T1, IQ) = f(t,l’l,l‘Q,’&(t)), f(ta I17m2) = f(t7 l’l,IQ,u(t)), i(t) = I(t7 ﬁ)
The problem of optimal control consists in finding a locally optimal element.

Theorem 1. Let ji € Bo, i; € (a,b), i = 0,1, be a locally optimal element, ¥(t)
be a piecewise continuous function; vo = y(to) € (fo,i1), a0 = o(fo) € (fo,%1), there
exist integer numbers m; > 0, i = 1,2, such that yo € (n™r+1(#1),n™1 (1)), oo €
(pm2t+1(iy), p™2(i1)) (ni(t) = n(n*=1(t)), n°(t) =t) and there exist the finite limits:

lim f(w) = fy, w=(tw1,22) € R, x O, R; = (—00,io], vo = (fo, &0, $(7(f0)));

w—vg o 0

lim [flwi) = flw2)] = fi, wi € Ry, x 0%, i=1,2, v1 = (70,&(70),%0);

(w1 w2)—=(v1,v2)

v2 = (70,%(70), &(%)), tlir;}_“'r(t) =97

o]
lim f(w) = f;, w €R; x 0%, vy = (b1, #(1), #(7(11)));
w—vy 1
lim A(t) = Az, i=0,1, A(t) = A(t,5(1));
t—=t; v
t—»zrlgr(lAyo)A(t) - Aoi(’m)’ te Rvi(wa)’ t= b mi;
ta{rllr'r(loo)A(t) - Affi(oo)’ be Rffi(ffo)’ 0=0,..,me;
Then there exists a non-zero vector © = (mo,...,m), o < 0, and solutions ¥(t), x(t)

of the system

X(t) = = () for [t] = (v (1) foa Y (DIF (D), .
3

D) = x(O) + V(o) A((t)d (1), t € [fo, 1], w(t) =0, t> 1,

such that the following conditions are fulfilled:

to iy
/w(v(t))f;z[V(t)]’?(t)tﬁ(t)dt+ / Yo (D) A(a(t))s (Dp(t)dt >

(o) n(o)
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to

> / V(D) for YOI (Dp(t)dt + / (o) A((t)d(D()dt, Yo e A,  (4)
(fo) n(fo)
/w t]dt>/¢ f(t, 2(t), 2(7(¢)), u(t))dt, Yu € Q; (5)
El El
/w(t)f‘iv(t)f(ﬂ(t))ﬁ(t)dtz /w(t)f‘iv(t)i(ﬂ(t))v(t)dt, Yo € Qa; (6)
50 £'0
ﬂ-Q.‘EO = (50)7 ﬂ-Q.‘El - X(£1)7 (7)

+fo 14 9(0g ) Az, [Az $(n(i0) + fo — #(f0)lo(Eo) + (o )y 17
7Quy > —w(B)[A; 2(n(iy)) + f5 ).

Here Q = (¢°,...,¢")7, the tilde over @ means that the corresponding gradient is cal-
culated at the point (¢o,t1,Z0,Z(t1)); fz;[t] = fz; (6 &(E), 2(7(2))), fIt] = f(t, Z(t), Z(7(1))).

Theorem 2. Let ji € Bo, ; € (a,b = 0,1, be a locally optimal element, ¥(t) be
a piecewise continuous function; o E ( 0,t1), a0 € (fo,11), there exist integer numbers
m; > 0, i = 1,2, such that yo € (n™ ' (t1),n™ (1)), o0 € (™2 T (E1),n™2(11)) and
there exist the finite limits:

) i
fo

lim f(w) = f;, weRg) x 0%, lim A(t) = A*, i=0,1, lim 4(t) =4+

w—ro t—it t—if
lim [flwi) = flw2)] = fi7, wi R, x 0%, i=1,2,
(w1,w2)—=(v1,v2)

lim f(w) = f, w GR;." x 0?;
1

w—vy
lim A(®#) =AY, teRY, . i=1,...,m;
t—oi(yo) a'(v0) (7o)
lim A(t) =A%, , teRY | i=0,...,m2.
t—oi(o0) o*(a0) ot (o0)
Then there exists a non-zero vector m = (mo,...,m), o < 0, and solutions ¥(t), x(t)

of the system (3) such that the conditions (4) — (7) are fulfilled. Moreover,

Q1o < ><(£0)[A,;:J G(n(to))+f 1+v(og )AL, [A+ B(n(t0))+ fof —&(to)o(to)+o(va ) FF 4T,
Q¢ < —¢(51)[A;~*—19L5(7I(£_1*—)) + 5.

Theorem 3. Let ji € Bo, t; € (a,b), i = 0,1, be a locally optimal element, (t) be
a piecewise continuous function; vyo € (fo,fl), oo € (t~0,t~1) there exist integer numbers
m; > 0, i = 1,2, such that yo € (n™1H!(t1),n™1(81)), oo € (n™2t!(t1),n™2(11))
the function T( ) be continuous at the point iy, the function f(w) be continuous at the
points v;, i = 0,1,2,3, the function A(t) be continuous at the points to, t1, o%(70),
i=1,...,m1, c%(0g),i=0,...,ma, the function &(n(t)) be continuous at the point i,.
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Then there ezxists a non-zero vector ™ = (mwo,...,m), 70 < 0, and solutions ¥ (t), x(t) of
the system (3) such that the conditions (4)—(7) are fulfilled. Moreover,

mQty = x(f0)[A(f0)(n(f0)) + f(v0)] + ¥ (00) A(o0)[A(0)(n(f0)) + f(r0)—
~¢(i0)16(fo) + ¥(v0)[f (v1) = F(v2)l¥(f0),

to
7Qu = =y (0)[A(E)2(n(11)) + Fva)].

Finally we note that the theorems formulated above are analogues of the theorems
given in [1]. These theorems are proved using formulas for the differential of the solution
with respect to the initial data and the right-hand side given in [2], by the scheme
described in [3].
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