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1. Statement of the Problem and Formulation of the Main Results

Let R be the set of real numbers, C

lo


(R;R) be the spa
e of 
ontinuous fun
tions u :

R! R with the topology of uniform 
onvergen
e on every 
ompa
t interval, C

lo


(R;R

+

)=

fu 2 C

lo


(R;R) : u(t) � 0 for t 2 Rg, L

lo


(R;R) be the spa
e of lo
ally summable fun
-

tions u : R! R with the topology of 
onvergen
e in the mean on every 
ompa
t interval,

and L

lo


(R;R

+

) = fu 2 L

lo


(R;R) : u(t) � 0 for almost all t 2 Rg. Consider the system

of di�erential equations

x

0

i

(t) = p

i

(t)x

i

(t) +

n

X

k=1

`

ik

(x

k

)(t) + q

i

(t) (i = 1; : : : ; n); (1)

where `

ik

: C

lo


(R;R) ! L

lo


(R;R) (i; k = 1; : : : ; n) are linear 
ontinuous operators,

p

i

and q

i

2 L

lo


(R;R) (i = 1; : : : ; n). Moreover, there exist linear positive operators

`

ik

: C

lo


(R;R) ! L

lo


(R;R) (i; k = 1; : : : ; n) su
h that for any u 2 C

lo


(R;R) the

inequalities

j`

ik

(u)(t)j � `

ik

(juj)(t) (i; k = 1; : : : ; n)

are ful�lled almost everywhere on R.

The simple but important 
ase of (1) is the system of di�erential equations with

deviating arguments

x

0

i

(t) =

n

X

k=1

m

X

j=1

p

ikj

(t)x

k

(�

ikj

(t)) + q

i

(t) (i = 1; : : : ; n); (1

0

)

where q

i

and p

ikj

2 L

lo


(R;R), �

ikj

: R! R are measurable fun
tions, and �

ii1

(t) � t.

A lo
ally absolutely 
ontinuous ve
tor fun
tion (x

i

)

n

i=1

: R! R is 
alled a nonnegative

bounded solution of the system (1) if it satis�es this system almost everywhere on R,

sup

n

n

X

i=1

jx

i

(t)j : t 2 R

o

< +1;

and

x

i

(t) � 0 for t 2 R (i = 1; : : : ; n):
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I. Kiguradze [3℄, [4℄ has established optimal in some sense suÆ
ient 
onditions of the

existen
e and uniqueness of nonnegative bounded solutions of the di�erential system

dx

i

(t)

dt

=

n

X

k=1

p

ik

(t)x

k

(t) + q

i

(t) (i = 1; : : : ; n):

In the present paper these results are generalized for the systems (1) and (1

0

).

Before formulating the main results we want to introdu
e some notation.

Æ

ik

is Krone
ker's symbol, i.e., Æ

ii

= 1 and Æ

ik

= 0 for i 6= k.

A = (a

ik

)

n

i;k=1

is a n� n matrix with 
omponents a

ik

(i; k = 1; : : : ; n).

r(A) is the spe
tral radius of the matrix A.

P

R

is the set of linear operators mapping C

lo


(R;R

+

) into L

lo


(R;R

+

).

If t

i

2 R [ f�1;+1g (i = 1; : : : ; n), then

N

0

(t

1

; : : : ; t

n

) = fi : t

i

2 Rg:

If u 2 L

lo


(R;R), then

�(u)(t; s) =

s

Z

t

u(�) d� for t and s 2 R:

For t

i

2 R [ f�1;+1g (i = 1; : : : ; n) put

�

i

(t) = sgn(t� t

i

) if t

i

2 R;

�

i

(t) � 1 if t

i

= �1; �

i

(t) � �1 if t

i

= +1:

Theorem 1. Let there exist t

i

2 R [ f�1;+1g (i = 1; : : : ; n), a matrix A =

(a

ik

)

n

i;k=1

2 R

n�n

+

, and a nonnegative number a su
h that

r(A) < 1; (2)

�

�

�

t

Z

t

i

exp

�

t

Z

s

p

i

(�)d�

�

j`

ik

(1)(s)jds

�

�

�

� a

ik

for t 2 R (i; k = 1; : : : ; n); (3)

n

X

i=1

�

�

�

t

Z

t

i

exp

�

t

Z

s

p

i

(�)d�

�

jq

i

(s)jds

�

�

�

� a for t 2 R (4)

and

sup

n

t

Z

t

i

p

i

(�)d� : t 2 R

o

< +1 for i 2 N

0

(t

1

; : : : ; t

n

): (5)

Let, moreover, �

i

`

ik

2P

R

, �

i

q

i

2L

lo


(R;R

+

). Then for any 


i

2R

+

(i 2 N

0

(t

1

; : : : ; t

n

))

the system (1) has at least one nonnegative bounded solution satisfying

x

i

(t

i

) = 


i

for i 2 N

0

(t

1

; : : : ; t

n

): (6)

Theorem 2. Let all the assumptions of Theorem 1 be ful�lled and

lim inf

t!t

i

0

Z

t

p

i

(�)d� = �1 for i 2 f1; : : : ; ng n N

0

(t

1

; : : : ; t

n

):
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Then for any 


i

2 R

+

i 2 N

0

(t

1

; : : : ; t

n

) the system (1) has a unique bounded solution

satisfying (6), and this solution is nonnegative.

If t

i

2 f�1;+1g (i = 1; : : : ; n), then N

0

(t

1

; : : : ; t

n

) = ?. In that 
ase in Theorems

1 and 2 the 
onditions (5) and (6) be
ome unne
essary. Consequently, these theorems

are formulated as follows:

Corollary 1. Let there exist t

i

2 f�1;+1g (i = 1; : : : ; n), a matrix A = (a

ik

)

n

i;k=1

2 R

n�n

+

and a nonnegative number a su
h that the 
onditions (2) � (4) are ful�lled.

Let, moreover, �

i

`

ik

2 P

I

, �

i

q

i

2 L

lo


(R;R

+

). Then the system (1) has at least one

nonnegative bounded solution.

Corollary 2. Let all the assumptions of Corollary 1 be ful�lled and

lim inf

t!t

i

0

Z

t

p

i

(�)d� = �1 (i = 1; : : : ; n):

Then the system (1) has a unique bounded solution, and this solution is nonnegative.

The above theorems yield the following statements for the system (5:1

0

).

Corollary 1

0

. Let t

i

2 R [ f�1;+1g (i = 1; : : : ; n),

(1 � Æ

ik

Æ

j1

)�

i

p

ikj

2 L

lo


(R;R

+

); �

i

q

i

2 L

lo


(R;R

+

) (7)

(i; k = 1; : : : ; n; m = 1; 2; : : : );

there exist a matrix A = (a

ik

)

n

i;k=1

2 R

n�n

+

and a nonnegative number a su
h that

r(A) < 1,

m

X

j=1

t

Z

t

i

exp

�

t

Z

s

p

ii1

(�)d�

�

(1� Æ

ik

Æ

j1

)p

ikj

(s)ds � a

ik

for t 2 R (8)

(i; k = 1; : : : ; n);

n

X

i=1

t

Z

t

i

exp

�

t

Z

s

p

ii1

(�)d�

�

q

i

(s)ds � a for t 2 R (9)

and

sup

n

t

Z

t

i

p

ii1

(�)d� : t 2 R

o

< +1 for i 2 N

0

(t

1

; : : : ; t

n

):

Then for any 


i

2 R

+

(i 2 N

0

(t

1

; : : : ; t

n

)) the system (5:1

0

) has at least one nonnegative

bounded solution satisfying the 
onditions (6).

Corollary 2

0

. Let all the assumptions of Corollary 1

0

be ful�lled and

liminf

t!t

i

0

Z

t

p

ii1

(�)d� = �1 for i 2 f1; : : : ; ng n N

0

(t

1

; : : : ; t

n

):

Then for any 


i

2 R

+

(i 2 N

0

(t

1

; : : : ; t

n

)) the system (5:1

0

) has a unique bounded

solution satisfying the 
onditions (6), and this solution is nonnegative.
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Corollary 3

0

. Let there exist t

i

2 R[f�1;+1g, b

i

2℄0;+1[, b

ik

2 [0;+1[ (i; k =

1; : : : ; n) su
h that the 
ondition (7) is ful�lled, the real part of every eigenvalue of the

matrix (�Æ

ik

b

i

+ b

ik

)

n

i;k=1

is negative and the inequalities

�

i

(t)p

ii1

(t) � �b

i

;

m

X

j=1

(1 � Æ

ik

Æ

j1

)�

i

(t)p

ikj

(t) � b

ik

(i; k = 1; : : : ; n)

hold almost everywhere on R. Moreover, let

sup

8

<

:

t+1

Z

t

jq

i

(s)jds : t 2 R

9

=

;

< +1 (i = 1; : : : ; n): (10)

Then for any 


i

2 R

+

(i 2 N

0

(t

1

; : : : ; t

n

)) the system (5:1

0

) a unique bounded solution

satisfying 
onditions (6), and this solution is nonnegative.

Corollary 4

0

. Let there exist t

i

2f�1;+1g (i = 1; : : : ; n), a matrix A = (a

ik

)

n

i;k=1

2 R

n�n

+

and a nonnegative number a su
h that r(A) < 1 and the 
onditions (7)� (9) be

ful�lled. Then the system (5:1

0

) has at least one nonnegative bounded solution.

Corollary 5

0

. Let all the assumptions of Corollary 4

0

be ful�lled and

liminf

t!t

i

0

Z

t

p

ii1

(s) ds = �1 (i = 1; : : : ; n):

Then the system (5:1

0

) has a unique bounded solution, and this solution is nonnegative.

Corollary 6

0

. Let there exist �

i

2 f�1; 1g, b

i

2℄0;+1[, b

ik

2 [0;+1[ (i; k =

1; : : : ; n) su
h that the 
ondition (7) is ful�lled, the real part of every eigenvalue of

the matrix (�Æ

ik

b

i

+ b

ik

)

n

i;k=1

is negative and the inequalities

�

i

p

ii1

(t) � �b

i

;

m

X

j=1

(1 � Æ

ik

Æ

j1

)�

i

p

ikj

(t) � b

ik

(i; k = 1; : : : ; n)

hold almost everywhere on R. Moreover, if the 
onditions (10) are ful�lled, then the

system (5:1

0

) has a unique bounded solution, and this solution is nonnegative.

2. Proof of the Main Results

Proof of Theorem 1. By Theorem 1.1 in [1℄ we obtain that under the assumptions of

Theorem 1 there exists at least one bounded solution (x

i

)

n

i=1

of the equation (1), whi
h

is a uniform limit of the sequen
e of fun
tions

x

im

(t) = e

im

(y

im

)(t) (i = 1; : : : ; n; m = 1; 2; : : : );

where (y

im

)

n

i=1

is the solution of the problem

y

0

i

(t) = p

im

(t)y

i

(t) +

n

X

k=1

`

ikm

(y

k

)(t) + q

im

(t);

y

i

(t

im

) = 


im

;

on the segment [a

m

; b

m

℄, fa

m

g

+1

m=1

, fb

m

g

+1

m=1

are sequen
es of real numbers su
h that

a

m

< b

m

, t

i

2 [a

m

; b

m

℄ for i 2 N

0

(t

1

; : : : ; t

n

) (m = 1; 2; : : : ),

lim

m!+1

a

m

= �1; lim

m!+1

b

m

= +1;
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p

im

and q

im

are the restri
tions of the fun
tions p

i

and q

i

on the segment [a

m

; b

m

℄,

`

ikm

(u)(t) � `

ik

(e

m

(u))(t);

where

e

m

(u)(t)

def

�

8

<

:

u(t) for a

m

� t � b

m

u(a

m

) for t < a

m

u(b

m

) for t > b

m

;




im

= 


i

if i 2 N

0

(t

1

; : : : ; t

n

), 


im

= 0 if i 2 f1; : : : ; ngnN

0

(t

1

; : : : ; t

n

), t

im

= t

i

if t

i

2 R,

t

im

= a

m

if t

i

= �1, t

im

= b

m

if t

i

= +1 (i; k = 1; : : : ; n; m = 1; 2; : : : ).

On the other hand, we have

y

im

(t) � 0 for t 2 [a

m

; b

m

℄ (i = 1; : : : ; n; m = 1; 2; : : : ):

Consequently,

x

i

(t) � 0 for t 2 R (i = 1; : : : ; n): �
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