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ON A NONLINEAR TWO-POINT BOUNDARY VALUE PROBLEM FOR
HIGHER ORDER ORDINARY DIFFERENTIAL EQUATIONS
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The present paper deals with the problem of existence of solution of the n-th order
nonlinear nonautonomous ordinary differential equation

n—1

w4+ " pe®u® = f(tu o u D) (1)
k=1

satisfying the nonlinear two-point boundary conditions

ul?(a) = pri(u(a),u' (@), ..., u""V(a)) (i=0,...,n0 1),

G () = o 4 (n D(p P = —no — )
u (b)_LP?]( ()7u(b) » U ()) (]_07'--7n no 1)7
where n > 2, 0 < a < b < 400, ng is the entire part of , each of the functions py :
la,b] = Rfork € {1,...,n—1} is absolutely continuous together with its derivatives up to
the order k — 1 inclusive, the function f : [a,b] x R™ — R satisfies the local Carathéodory
conditions and the functions ¢1; : R® — R (¢ = 0,...,np — 1) and ¢3; : R® — R are
continuous and satisfy the conditions

ng—1 n—1 —9;
Z |<ﬂ1i($0,l‘1,~-~,ln—1)| <ec (1+ Z |$k|) )
=0 k=ng
n—ng—1 n—1 (3)
0 — 9
Z |lp2j($0,11,~.-,:1?n—1)| §02(1+ Z \Ik\)
j=0 k=n—ng

on R™, where ¢; > 0 and ¥; € [0,1] (i = 1, 2).

The above-given theorems on the existence and uniqueness of a solution of the problem
(1), (2) supplement the results of the works [1-3, 6].

Everywhere in the sequel we will assume that R =] — 0o, +00[, R4 = [0, +o0[ and R"
is an n dimensional real Euclidean space.

Following [4], by uf(k =1,2,...; k=2i,2i+1,...) we denote real constants defined
by the recurrence relation

phtt =172, p2 =1, pb =pfn 4 ufT? (i=0,1,. 5 k=2i43,...).
2000 Mathematics Subject Classification. 34B15.

Key words and phrases. Higher order ordinary differential equation, linear two-point
boundary value problem, solvability, uniqueness.



130

Below in Theorems 1 and 2 it will be assumed that the function f satisfies the in-
equalities

no—1
(=)0 f (@0, 1,y Tnm1)s0 > — Z i (t)|zil, —a(t), 4
i=0
|f(t,ﬂ'f0,ﬂl‘1,...,$n71)| < h(t,‘x0‘7|$1|,...,|$n071‘) (5)
on [a,b] X R™, where the functions ap : [a,b] = R and «; : [a,b] > Ry (i =1,...,n0 —1)

are summable and « : [a,b] — R is square summable, while the function A : [a, b] X Rio —
R4 is summable in the first argument, nondecreasing in the last ng arguments and for
any po > 0 satisfies the conditions

t

. 1 1=
limsup ¢—q), — (/h('r,pg,p,...,p) dT) < +oo (k=1,2), (6)
p—+oo P
ak

where A\ € [0,1], a1 = a and a> = b.

Theorem 1. Let there exist constants v; <0 (i =1,...,m0 — 1), n > 0, and § > 0
such that

n—1
n o ﬁ i—ng
D D (7)
i=1
and the inequalities
n—1
— i _ k—2i
Z(_l)n no+k—i lﬂi‘c [tn QnOpk(t)]( i) +
k=2i
+tn_2n0ai(t) <7 (7' =1,...,m0 — 1)7
n—1 ng—1 (8)
k
Stk b 2o p(n)| Y i 2mo 37 i) >
k=1 1=0

"~ (o — i)
no —1%)%
> —_— 0
e E o n +
i=1
hold on [a,b]. Then the problem (1), (2) is solvable.

In the case where n is odd, we complement Theorem 1 with

Theorem 2. Let n = 2ng + 1 and there exist a constant § > 0 such that the inequal-
ities

n—1
: k—2i .
Po1(t) <=8, 3 (1m0 )] T <0 =1, m0 - 1),
k=21
n—1 nog—1 (9)
k
STyt )] - Y ait) > 6
k=1 i=0

hold on [a,b]. Then the problem (1), (2) is solvable.
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In the special case where

f(tamOamla"'aI’ﬂ—l) = f(taI():ml:""InO_l):
01:(20,T1y. .-y Zn-1) =0 (i =0,...,n0 — 1),
(PQj(IO,Il,...,l’n_l)EU (j:[]:"':n*nofl):

i.e., when the problem (1), (2) is of the form

n—1
u(")-l-Zpk(t)u(k):f(t,u,u',...,u(”ofl)), (10)

k=1
uD@)=0 (i=0,...,no—1), uP(B)=0 (j=0,...,n—ng—1 2
(a) ( yeees ) (b) (3=0,..., )s (20)

we have the following results on the unique solvability of the problem (1¢), (20).

Theorem 3. Let the inequality

(71)n_n0_1 [f(ta Zo,T1,- - 'aI’ﬂo—l) - f(t7 Yo, Y1, - "7yn0—1) > -

no—1
- > ail®lei —yil (10)
=0
hold on [a,b] x R™0 , where the functions apla,b] = R and ; : [a,b] > R4 (i =1,...,n0—

1) are summable. Moreover, assume that the condition

b
/|f(t,0,0,...,0)|2dt<+oo (11)

is fulfilled and there exist constants v; >0 (i =1,...,n0—1), n > 0 and § > 0 satisfying
(7) and such that the inequalities (8) hold on [a,b]. Then the problem (1p), (20) is
uniquely solvable.

Theorem 4. Letn = 2ng+1, the inequality (10) hold on [a,b] XR™0 and the condition
(11) be fulfilled. Moreover, assume that there exists a constant § > 0 such that the
inequalities (3) are satisfied on [a,b]. Then the problem (1o), (20) is uniquely solvable.

For proving the above-formulated theorems the use was made of the method of a priori
estimates and the principle of a priori boundedness proven in [5].
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