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1. Statement of the Problem. An Existen
e Theorem
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Further, let the fun
tions �(t), �(t), t 2 J, be absolutely 
ontinuous and satisfy the


onditions: �(t) � t; _�(t) > 0, �(t) � t,

_

�(t) > 0; 
 = 
(J

0

; V;m; L) be the set

of pie
ewise 
ontinuous fun
tions v : J

0

= [a

0

; b

0

℄ ! V satisfying the 
ondition: for

ea
h fun
tion v(�) 2 
 there exists a partition a

0

= �

0

< � � � < �
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0
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h that

the restri
tion of the fun
tion v(t) satis�es the Lips
hitz 
ondition on the open interval
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where the numbers m and L do not depend on v 2 
; let 


0

= 
([�(a); b℄;K

0
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elements of this set will be denoted by '(�); 


1
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([�(a); b℄; U;m

1
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being denoted by u(�); let q

i
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! R

1

, i = 0; : : : ; l, be 
ontinuous fun
tions.

Consider the problem:
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De�nition 1. The fun
tion x(t) = x(t; z) 2 O, t 2 [�(t

0

); t

1

℄ , is said to be a solution


orresponding to the element z = (t

0

; t

1

; x

0

; '(�); u(�)) 2 A = J
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�K

1
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, if on

[�(t

0

); t

0

℄ it satis�es the 
ondition (2), while on the interval [t

0

; t

1

℄ it is absolutely 
ontin-

uous and the pair (u(�); x(�)) almost everywhere (a.e.) on [t

0

; t

1

℄ satis�es the equation (1).

De�nition 2. The element z 2 A is said to be admissible if the 
orresponding solution

x(t) satis�es the 
ondition (3).

The set of admissible elements will be denoted by �.
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De�nition 3. The element ~z = (

~
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Theorem 1. Let the following 
onditions be valid:

1) � 6= ;;

2) there exists a 
ompa
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2

� O su
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x(t; z) 2 K

2

; 8z 2 �:

Then there exists an optimal element.

2. Auxiliary Lemmas

Lemma 1. Let x

k
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the fun
tional di�erential equation
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The proof of this lemma 
an be 
arried out in the standard way (for example, see

Theorem 2 in [1℄), sin
e (5) is an ordinary di�erential eqation for t < t

k

0

, and is a

di�erential equation with delayed argument for t > t

k

0

.

Lemma 2. Let v

k

(�) 2 
, k = 1; 2; : : : . Then there exists a subsequen
e of the

sequen
e fv

k

(�)g

1
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su
h that it 
onverges to some fun
tion v

o

(�) 2 
 for ea
h t 2 J,
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ept for not more than (m + 1) points.

Proof. By assumption the fun
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hitz 
ondition.

From this it imediately follows the existen
e of one-sided limits
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tion of the semi-open interval E
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The sequen
e f!

k

i

(t)g

1

k=1

is uniformly bounded and equi
ontinuous for ea
h i =

0; : : : ;m. Therefore, by virtue of Arzela-As
oli's lemma, from f!

k

i
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it 
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ked out a uniformly 
onvergent subsequen
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h again is denoted by f!

k

i

(t)g

1

k=1

.

Thus

lim

k!1

!

k

i

(t) = !

i

(t) uniformly for t 2 J

0

:
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i
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0
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ount (6), we 
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3. Proof of the Theorem

There exists a sequen
e z
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= (t
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Consider the 
ase where t
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, t
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. The remaining 
ases 
an be 
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analogously.
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5

2 O be a 
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t set, K

2
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5

. For suÆ
iently large k � k

0
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Further,
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(t) = x

k

0

+

t

Z

t

k

0

~

f [s℄ds+ �

k

+ �

k

(t); (7)

where

�

k

=

t

k

0

Z

~

t

0

f

k

(t℄dt; �

k

(t) =

t

Z

~

t

0

�

f

k

[s℄�

~

f [s℄

�

ds:

Evidently

lim

k!1

�

k

= 0; j�

k

(t)j �

~

t

1

Z

~

t

0

jf

k

[s℄�

~

f [s℄jds:
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It is easy to see that

lim

k!1

y

k

(t

k

1

) = ~y(

~

t

1

);

therefore

q

i

(

~

t

0

;

~

t

1

; ~x

0

; ~y(

~

t

1

)) = 0; i = 1; : : : ; l;
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e the fun
tion

~x(t) =

�

~'(t); t 2 [�(
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0
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~

t
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~
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~

I.

Finally, note that the proved theorem is also valid in the 
ase where the right-hand

side of the equation (1) has the form

f(t; x(�

1

(t)); : : : ; x(�

s

(t)); u(�

1

(t)); : : : ; u(�

�

(t)));

where the fun
tions �

i

(t), i = 1; : : : ; s, �

i

(t), i = 1; : : : ; �, are absolutely 
ontinuous and

satisfy the 
onditions �

i

(t) � t, _�

i

(t) > 0; �

i

(t) � t,

_

�

i

(t) > 0.

If K

0

, U are 
onvex sets and the points of dis
ontinuity of the fun
tions from the set




i

, i = 0; 1, are �xed be forehand, then for the problem (1){(4) ne
essary 
onditions of

optimality are valid in the form given in [2℄. In the 
lass of measurable fun
tions the

problem of existen
e is studied in [3,4℄.
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