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ON A BOUNDARY VALUE PROBLEM WITH A WEIGHTED
CONDITION AT INFINITY FOR EVEN ORDER NONLINEAR
ORDINARY DIFFERENTIAL EQUATIONS

(Reported on November 22, 1999)

Consider the nonlinear ordinary differential equation

u™ +Zpk u® = f(tu, . u ) (1)

on the infinite interval [a, +oo[, where n > 2 is an even number, 1 < a < 400, each of the
functions py, : [a, +oo[— R for k € {1,...,n—1} is locally absolutely continuous together
with its derivatives up to the order k—1 inclusive (i.e., the functions p( 2 (t=0,...,k—1)
are absolutely continuous on any finite segment contamed in [a, +oo[) and the function
f i la, +00[xR™ — R satisfies the local Carathéodory conditions.

Let v < —1, ng = 2. Consider the problem on the existence of a solution of the

2
equation (1) satisfying the boundary conditions

ul(a) = p;(u(a), v (a),...,u* V(@) (i=0,...,n0—1),
+oo

/t"|u<j>(t)|2dt<+oo (j=0,...n0), @
a
where the functions ¢; : R® — R (i = 0,...,n9 — 1) are continuous and satisfy the
condition
no—1 no—1
Z |tpz(l‘0,$1, ,Tp—1) < c1 (1+ Z |51?z\) (3)
i=0

on R™, where ¢ > 0 and 9 € [0,1].

In the case where py(t) = 0, problems of such type were investigated by I. Kiguradze
[1]. The author has recently studied the case where v = 0 (see [5]). Our interest to the
problem (1), (2) is two-fold. First, to supplement the results of [1] and generalize those
of [5] which correspond to the case of an even n. Second, to supplement in certain cases
some results appearing in the qualitative theory.

Below the use will be made of the following notation:

R is the set of real numbers;

R™ the n-dimensional Euclidean space;

uf(z =1,2,...; k= 2i, 2i+1,...) are real constants defined by the recurrence relation

phtt =172, p¥ =1, pfy o =pfn 4 ufT? (0=0,1,. 5 k=2i43,...).
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Everywhere below it will be assumed that the function f satisfies the condition
|f(t7 To, L1y .- ,$n71)| S h’(t7 ‘1‘0‘, |CE1|, EREE} |5En071‘) (4)

on [a, +0o[xR™, where the function A : [a, +oo[><R1° — R4 is locally summable in the
first argument, nondecreasing in the last ng arguments, and for any po > 0 satisfies the

condition
t
1-9
limsup — /h('r, 00,0y, p)dT < +4o0. (5)
t—a 14
p——+oo a
Theorem 1. Let the inequality
no—1
(=)™~ f(t, z0, 21, Tn_1)Sgn L0 > — Z a;(t)|zi| — a(t)
i=0

hold on [a,+0o[xXR"™, where the function ap : [a,+oo[— R and «; : [a,+oo[— Ry
(i=1,...,n0 —1) are locally summable, and « : [a,+00[— R is measurable and satisfies

the condition
400

/ o (t)dt < +oo.

a

Moreover, let there exist the constants v; > 0 (i = 1,...,mp — 1), § > 0 and n >
max{[v(v — 1)]"0 1, 20— (n0 =D} satisfying

ng—1 ng—1

I*Z%‘ Hﬂ%
k=i

i=1

vV
59

and such that the inequalities

n

; k=2 )

3 ()R [ 0] T f i) < (=1, 0m0 = 1),
k=2i

ki no—1 no—1 ng—1

—v n v (k) _ 1,41
¢ Z(—l) okl [t pr ()] - Z ai(t) > Z %‘( Z ok—lpitat +k) +9
k=1 =0 i=1 k=i

hold on [a,+oo[, where pn(t) = 0. Then the problem (1), (2) is solvable.

Corollary 1. Let the inequality (—1)™0 ! f(t,zg,x1,...,Tn—1)sgnzo > v(t)|zo|* be
fulfilled on [a, +00[xXR™, where X\ > 1 and the function v : [a, +00[—]0, +00[ is measurable
and satisfies the condition

+o0

2
/ tY[y(t)] 3-Tdt < 4o0.
a
Moreover, let there exist a constant r > 0 such that the inequalities

n

. k—2i .
= S et b [ ()] ST < (=1, no - 1),
k=2i



147

hold on [a,+oco[, where pn(t) = 1. Then the problem (1), (2) is solvable.

From these results and also from the existence of a so-called proper solution of (1)
(i-e., a nontrivial solution of (1) defined in some neighbourhood at infinity) we obtain its
asymptotic behaviour.

Theorem 2. Assume that all the hypotheses of Theorem 1 (Corollary 1) hold. Then
for arbitrary continuous functions p;(i = 0,...,n0—1) satisfying (3) on R™, where ¢ > 0
and 9 € [0,1], there exists at least one proper solution of the equation (1) satisfying the
inatial conditions

u(a) = p;(u(a), v (a),...,u™ V() (i=0,...,n0 1), (6)
and possessing the following asymptotic property:

lim t5|u®@)| =0 (i=0,...,n0 —1). (7)
t—+oo
Corollary 2. Assume that all the hypotheses of Corollary 1, except that of the re-
striction (5), are satisfied. Then the equation (1) has an no-parametric family of proper
solutions possessing the asymptotic property (7).

These results generalize those obtained in [5] and complement the results of [1] con-
cerning the case of even n.

On the other hand, Theorem 2 provides us with sufficient conditions on the existence
of proper oscillatory (i.e., having a sequence of zeros converging at infinity) solutions of
the equation

w(® 4 q(n=2) — f(t,u,u',...,u(n_l)) (11)

which appear from qualitative theory (see Corollary 1.1[2], p. 208). Therefore, the result
below fills in a certain way the gap in [4] (see Theorem 2, p. 39).

Corollary 3. Let n = 2ng > 4, and along with (4) let the inequality
yth x| < (=)7L f(t, 20, 21, . ., Zn_1)SEN Lo

hold on [a,+00[xR"™, where A > 1, u > 2—n, v > 0, the function h : [a, +oo[><Ri° — R4
is locally summable in the first argument, nondecreasing in the last ng arguments and
for any po > 0 satisfies (5), where ¢ > 0 and 9 € [0,1]. Then for arbitrary continuous
functions p; : R®" - R (i = 0,...,n0 — 1) satisfying (3) on R™ there exists at least one
proper solution of the problem (11), (6) such that

B 1te : R
lim X712 [uD@#)] =0 (i=0,...,n0—1).
t—+oo

Moreover, in the case ng is even, every proper solution s oscillatory.
The last result is new even for the Emden-Fowler type equation
™ 4 w2 = p(t)|ul* sgnu (12)

and gives an answer to some open problems of the oscillation theory. For example, as
early as in 1992, I. Kiguradze [2] (see Corollary 1. 6) proved that if n > 4 is even, A > 1
and p : [0, 400[—] — 00, 0] is locally summable, then the condition

+oo

/ " 3p(t)dt = —oco

0
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is necessary and sufficient for every proper solution of (12) to be oscillatory. However, the
question on the existence of at least one proper solution of (12) remained open. Clearly,
Corollary 3 implies

Corollary 4. Let n = 2ng, ng be even, and let the inequality p(t) < —yt2~™ on
la,+00[, where v > 0. Then the equation (12) has an ng-parametric family of proper
oscillatory solutions.

Finally, we consider the generalized Emden-Fowler equation

n—1
u™ 4 Zpk(t)u(k) = —(t)|ul sgn u, (8)
k=0

where n > 2, A > 1 and ¢ : [a, +oo[— [0, +-00[ is measurable. From the above reasoning
we answer the question on the existence of proper solutions of (8). Moreover, using a
result of T. Chanturia (see Theorem 1.9 in [3], p. 50), we obtain the following sufficient
conditions for the existence of proper oscillatory solutions of (8).

Corollary 5. Let n = 2ng and ng > 1 be even. Assume that all hypotheses of
Corollary 1 are satisfied. Moreover, let the functions py, : [a,+oo[—+ R (k=0,...,n—1)
be summable and the condition

liminf po(¢) > 0

t—+o0
be fulfilled. Then for arbitrary continuous functions ¢; : R® - R (i = 0,...,m9 — 1)
satisfying (3) on R™, there exists at least one proper oscillatory solution of (8) satisfying
the initial condition (6) and possessing the asymptotic property (7).
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