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Abstract. Consider the second order nonlinear scalar differential equa-
tions

'+ f(t,x) =0, 0<t<1, (0.1)
where f € C([0,1] x [0, 00), [0, 00)), associated to the boundary conditions

{a:c(())) = p2'(0) = 0, (0.2)

with «, 3,7,0 > 0, or the more general nonlinear one

9(x(0),2(0)) = 0= h(z(1),2'(1)). (0.3)

Existence of positive solutions of above BVPs are given, under superlinear
and/or sublinear growth in f. The approach is based on an analysis of the
coresponding vector field on the (z,z’) phase plane and Kneser’s property
of solutions funnel.
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1. INTRODUCTION

In [7], Erbe and Tang noticed that, if the boundary value problem (BVP)

—Au=F(z|,u) in R<|z|]<R (1.1)
u=0on |zff=R, u=0 on |z[=R or
u=0 on |z|] =R, %O on |z|=R or (1.2)
ou .
—=0on [z|=R, u=0on |z|=R
9 |z|

is radially symmetric, then it can be transformed into a scalar Sturm-
Liouville one

/()= —f(t,z(t), 0<t<1, (1.3)

az(0) — B2'(0) = 0,
{73:(1) +62'(1) =0, (14)

where the constants «, 3,7, > 0.

The literature for the last BVP is voluminous. Suggestively we refer [1],
[8], [9], [13], [14] and the references therein.

In [2], Bebernes and Wilhelmsen by using the shooting method, i.e.,
properties of the solutions funnel, studied a system of the form

x' = g(taxay)a y/ = h(taxay)

In [3], Bebernes and Fraker obtained the existence of

= f(t,z,x")
0,2(0),2'(0)) € S and (1,z(1),2'(1)) € So

for certain boundary sets S; and S5. Also the requirement of nonlinear
boundary constraints has been given attention among others, in [11] by
Muldowney and Willett or in [9] by Jackson and Palamides. There are
common ingredients in the last papers: an (assumed) Nagumo-Bernstein
growth condition on the nonlinearity f or\and the presence of upper and
lower solutions.

In [6], Erbe and Wang by using Green’s function and Krasnoselskii’s fixed
point theorem in cones proved the existence of a positive solution of (1.3),
(1.4), under the following assumptions:

(A.1) f is continuous and positive, i.e., f € C(]0,1] x [0, 00), [0, 00)),

— ] f(t,:l)) —
Joi= xllr(r)lJr 0y @ 0
(A.2%) and
foo:= lim min fta) ~+o00,

r—+o00 0<t<1 *

i.e., f is supelinear at both end points x = 0 and z = oo or
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— 3 3 f(tiz) —
fo:= wlir&_ odigr @ oo
(A.2,) and
foo i= lim max £&2) —q,

r—+o00 0<t<1 *

ie., f is sublinear at both x = 0 and = = oo, and

(A.3) p:=0y+ay+ad>0.

Erbe and Tang in [7] and Davis, Erbe and Henderson in [5] established
criteria for the existence of multiple positive solutions of (1.1)—(1.2) under
certain growth rate assumptions on f.

Restricting our consideration on the linear case, notice as far as the au-
thor is aware, that only the conditions (1.4) have been studied, where the
constants «, 3,7y,8 > 0.

It is the aim of this work to prove the existence of positive solutions for
the boundary value problem (1.3), (1.5), where

— / —
az(0) — B2'(0) =0, (1.5)
~yx(l) —d2'(1) =0,

and still «, 3,7, > 0, but now under the condition

(A.3%) p =0y +ay—ad <0,
and similarly, we give existence results for the boundary value problems

() = f(t,z(t), 0<t<1, (1.6)

{ax(O) + B2'(0) = 0,

ya(1) £ 62'(1) = 0, (1.7)

where the function f € C([0,1] x [0, 00),[0,00)) is superlinear or sublinear
and the constants «, 3,7, > 0 are chosen so that

pi=0y—ay—ad <O0.
We furthermore investigate nonlinear boundary conditions of the form

9(x(0),2(0)) =0,  h(xz(1),2(1)) =0, (1.8)

where g and h have an “asymptotic behavior” similar to the above linear
functions appearing in (1.5) or (1.7). In these cases the above mentioned
Green’s function seems not to exists or at least it is not always nonnegative.
This possibly makes Erbe and Wang’s method not applicable to those cases.

Remark 1.1. We notice here that the differential equation (1.3) (or (1.6))
defines a vector field, the properties of which will be crucial for our study.

More specifically, let’s look at the (z, 2") phase semi-plane (x > 0). By the
sign condition on f (see assumption (A.1)) we immediately see that 2" < 0.
Thus any trajectory (z(t),z’(t)), t > 0, emanating from the semi-line

Ey = {(CE,y)IOA’ﬂ*ﬂy:O, iL’>O}



81

“trends” in a natural way, initially (when 2’'(¢) > 0) toward the positive
x—semi-axis and then (when 2/(¢) < 0) turns toward the semi-line

Ey :={(z,y) : vz — dy =0, = > 0}.

Finally, by setting a certain growth rate on f (say superlinearity) we can
control the vector field, so that some trajectory reaches F at the time ¢t = 1.

These properties will be referred as “The nature of the wvector field”
throughout the rest of the paper.

So the technique presented here is different from that given in the above
mentioned papers [6], [5] or [7], but it is closely related with [2], [3] or [11].
Actually, we relay on the above “nature of the vector field” and the Kneser’s
property (continuum) of the cross-sections of the solutions funnel.

Finally, we cite for completeness the well-known Kneser’s theorem (see
for example the Copel’s text-book [4]).

Theorem 1.2. Consider a system (x) =’ = f(t,x), (t,x) € Q:= [a, ] X
R™, with f continuous. Let Ey be a continuum (compact and connected) in
Qo = {(t,z) € Q: t = a} and let X(Ey) be the family of all solutions of
(x) emanating from Ey. If any solution z € X(Eo) is defined on the interval
[, 7], then the set (cross-section)

X(1; Ey) == {x(r) RS X(EO)}
18 a continuum in R™.

2. MAIN RESULTS

For technical reasons and since readers are more familiar with boundary
conditions (1.4), we prefer to re-establish first some well-known existence
results for the problem (1.3)—(1.4) and then (see Theorems 2.3, 3.1 and 3.3)
we exhibit our main results.

Theorem 2.1. Assume (A.1) and (A.3) hold. Then the boundary value
problem (1.3), (1.4) has a positive solution provided that the function f is
sublinear (see (A.2,)) or superlinear (see (A.2*)). Furthermore there exists
0 < no < H such that

m <z(t) <H, 0<t<1,
for any such solution.

Proof. To begin with, let’s study first the
1) Superlinear case. Since foo = +00, for any K > max {%a, 6(_72-5%6)}
there exists H > 0 such that

i K > H. 2.1
Oréltlglf(t,x)> r, x> (2.1)
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Consider an arbitrary point P := (zg,y0) € Ey with 29 > H and let
x € X(P) be any solution of the differential equation (1.3) starting at the
point P. By the assumption (A.1) (i.e., the nature of the vector field, see
Remark 1.1) it is obvious that x(t) > zo for all ¢ in a sufficiently small
neighborhood of t = 0.

Let’s suppose that there is ¢* € (0, 1] such that

x(t) >z, 0<t<t" and z(t*) = xo.

Then since P € Ey, by the Taylor formula we get ¢ € [0,¢*] such that

o) < w01+ 5] - (), (2.2)

g

and thus
207 2 f(E (D)

But since z(t) > z¢ > H, by (2.1) we have

ft2(®) 2 min f(£2(8) 2 Ka(f)) 2 Ko,

and so we obtain

2a
x0— > Ko
B
contrary to the choice K > ﬁ Furthermore, by (2.2) we get the estimate

l‘ogaj(t)<xo{1+g

gl

Now by the Taylor formula, for some #,¢* € [0, 1] we have

0<t<l. (2.3)

S1a()
a'(1) = yo — f(t", z(t)),
and since P = (z0,y0) € Eo, we get
{x(l) wo[l+ §] — 5 f(t,2(f)) and
P(1) = 08 — 18", ().
(1

)) € E1, consider the function

x(1) = xo 4+ yo —

In order to verify that (z(1),z
G(P) = vx(1) + 62’ (1).
Then we have

G(P) = % -1 f(f’;;({)) —5 f(t*’;;(t*)) , (2.4)
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where we recall that p := 0y + ay+ ad > 0. By (2.3), we get H < ¢ <
min{xz(t), z(¢*)} and thus in view of (2.1),

p v Kuxg Kuxg p (v+20)K
P k') [N R e
G( ) ﬂ 2 o o } .730{

164 2

So by the choice of K > 6(_724%6)’ we conclude that

G(Pl) <0, P := (xl,yl) € Fy with 1 > H. (25)

Similarly, by the superlinearity of f(¢,z) at = 0, for any p > 0 there is
an 7 > 0 such that

< i i . .
0 <z <n implies max f(t,z) < px (2.6)
Consider any positive number ¢ < a’%ﬁ and choose
) 2ep a+p
,u<m1n{4,2[1—5 }} 2.7
By +26) g 27)

We will show that for any P = (zo,y0) € Ey with zo = en we have
en<az(t)<n, 0<t<l. (2.8)
Indeed, in view of (1.1) let’s assume that there exists t* € (0, 1] such that
en<z(t)<n, 0<t<t*, and z(t*)=n. (2.9)

Then by the Taylor formula, assumption (A.1), (2.6) and (2.9), we get
t € (0,¢*) such that

n=ax(t") < x0[1 + g} — %f(f,x(f)) <

5
<e [1+9}+l (t)<e [1+g]+1
S Een 3 2N$ > E7 3 2/”7-
Consequently we obtain
a+p
;@2[1—5 }
p

contrary to the choice of y in (2.7).
Consider now the function G(P) defined in (2.4) and then by (2.6) and
(2.8) we get

t,x(t t*, x(t*
G(P)xo[%%f( xﬂz( ) 51 xﬂz( ))}2
> eng — 2 pa(d) - dpa(t”) >
26
2877%—%/%7-@77:877%—#77%-
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Thus by (2.7) we conclude that there is a point Py = (x0,%0) € Fo (with
To=¢€n < mn) such that

G(Py) > 0. (2.10)
Finally consider the segment
[Po, Pi] :={(z,y) € By :xo <z <1}
and furthermore the cross-section
X(1; [P, P1]) :i={(z(1),2' (1)) : x € X(P) with P € [Py, P}

of the solutions funnel emanating from the segment [Py, P1]. By the defini-
tion of the function G, (2.5) and (2.10), it is clear that

E1 ﬂX(l,[PQ,Pl])#Q

and this means that there is a point P € [Py, P] such that G(P) = 0 and so
a solution z € X' (P) which satisfies our boundary value problem (1.3)—(1.4).

Moreover, by the nature of the vector field (1.1), there is tp € (0,1)
such that x is strictly increasing on [0, ¢,], strictly decreasing on [t,, 1] and
further is strictly positive on [0, 1]. So it is clear that

o]l = max o(t) = x(tp) > en.

Also it holds z(t) < H, 0<t<1,ie.,
en < ||zl < H.
Indeed, let’s assume that there exist to,t1 € (0,1) such that
x(t) < H, 0 <t<tg, x(tg) =H and x(t) > H, to <t <t.

Then by the nature of vector field, we have 0 < 2(to) < Fa(to) = 5H and
further for some ¢ € (o, 1)

H < a(tr) = (to) + (0 — 10)2'(t0) — 5 f(F, (7)) <
<H[1+9} —Em(t_)<H{1+g} Ky
= 3] 7 2 = 317 2

Thus we get the final contradiction K < 22 and this ends the proof for the
superlinear case. In the sequel we will study the

2)  Sublinear case. We choose any & > O"%ﬁ Since fo, = 0, for any

”<min{%’ 2e - agﬁ}’ 55(72%5)}

there exists H > 0 such that

> H. 2.11
Orgtagxlf(t,x) <nr, x> (2.11)
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Let’s consider a point P := (z9,y0) € Ep with g = H. We will prove
first that for any solution z € X (P)

H<uz(t)<eH, 0<t<1. (2.12)

Let’s suppose that’s not the case. Then by the nature of the vector field,
there is t* € (0,1) such that either

o H<z(t)<eH, 0<t<t*and z(t*)=cH,
and then by the Taylor formula we get ¢ € [0,¢*] such that

eH = a(t") < ao[1 + %} - %f(f,:c(i)) <

<H[1+%] +%na:(f) §H[1+%} +%nsH

and hence the contradiction

n>2 {5 _ ¢ ; ﬁ} ;
or

o H<z(t), 0<t<t* and z(t*) = H.
We assert that /() > 0, 0 <t <1 and so it can not be true. The
last assertion holds, since by (2.11)—(2.12) we get

2 (1) = yo — f () > Sao — na(d) >

>"H-neH >0, 0<t<1,

=R

because 1 < %

Now by (2.11)—(2.12), we have

Consequently, since 1 < ﬁ%&)’ for every Py = (x1,y1) € Fo with z; = H,
we obtain

G(Py) > 0. (2.13)

On the other hand, since fy = +00, for any K > max { 2(0‘6_[3 , W%ti)}
there exists 7 > 0 such that

i K <. 2.14
Oréltlglf(twb r, 0<z<n (2.14)
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As above, by the Taylor formula, (2.14) and the assumption K > @
we can prove that for Py := (2o,y0) € Eo with zo = 2, we have
S<a()<n 0<t<l. (2.15)
Further we get
p v Ka(l) Ka(t")
G(Py) = [— -2 ) }
(Po) = xo 572 2 Pl
p 1K K}
£ T2 52 2.1
= "[25 292 % (2.16)

and so by the choice K > El we conclude that

N
v+26)°

G(Po) <0, B:= (xo,yo) € Ey with z¢ = g

Consequently by this and (2.13), we obtain the desired solution. [
Remark 2.2. By the above given proof of (2.5), this inequality is obvi-
ously independent of the sign of the quantity p = 8y + @y + ad (and so of

the assumption (A.3)).
A similar observation can be done for the inequality (2.16).

Theorem 2.3. Assume that (A.1) and (A.3*) hold. Then the boundary
value problem (1.3), (1.5) has a positive solution provided that the function
f is sublinear or superlinear.

Proof. 1) Superlinear case. As in the proof of the previous Theorem 2.1 (see

2 .
Remark 2.2), we can see that for any K > max {%"‘, ﬁ(v—ﬁﬁ)} there exists

H > 0 such that for all P := (zo,y0) € Ep with 0 > H > 0 and = € X(P),
:cog:c(t)gxo[1+%}, 0<t<1

and further
G(P) = ~z(1) + é2'(1) < 0.
Consequently —z'(1) > F2(1) and then defining the function
G*(P) :=vyz(1) — §2'(1),

we immediately get

G*(P) > 2vx(1) >0, P€ Ey with 9 > H. (2.17)
Now, by the assumption fy = 0, for an € < O%ﬁ and any small enough
o (ie., g < min {—2—557*), 2 {1 - 50“#} } , see (2.6)—(2.9)), there is an n > 0

such that for any P € Ey with zg = en we have

O<en<ua(t)<m, 0<t<1L
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Consequently, by (2.6) and assumption (A.1) we get
* ta(t t*, a(t*
[ Ll 10t

¢ (P) -t ﬁ 2 i) i)

<

m% LS fa(t)) <

* *

< En% + dpx(t*) < En% +0un <0,

given that
ep”
Bs-
Thus the existence follows once again, by (2.17) and Kneser’s property.
2) Sublinear case. Assume that fo, = 0. Then in view of (2.11)—(2.12),

for an & > a‘%ﬁ, any n < min{%7 2[5—0“#},—;%}, and g = H, we

easily get (see (2.13) and Remark 2.2) that

p< -

G*(P) = xo{% _ % f(t’m:z(t)) 5 f(t*axfz(t*))} <
<H %* +omz(t*) =H % + éneH <0, (2.18)

given that n < 75%6.

On the other hand, by the assumption fy = co and previous results (see

(2.15)), for any K > max{%‘", M} there exists n > 0 such that for

the point Py = (0, y0) € Eo with o = I, we have

0<J<a(t)<n 0<t<l,

and further G(FPy) < 0. Hence, as in (2.17) we readily get
G*(Py) > 0.
Thus the desired result follows from (2.18). O

3. MORE RESULTS

Consider now the boundary value problem

2'(t) = f(t,x(t), 0<t<1, (3.1)
ax(0) + Ba'(0) = 0,
{fy:c(l) +42'(1) =0, (3:2)

where we still assume that the function f € C([0,1] x [0,00),[0,00)) is
superlinear or sublinear, the constants «, 3,7,6 > 0 are such that

p:=0y—ay—ad<0. (3.3)
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Theorem 3.1. Assume (A.1), (A.2,) (or (A.2%)) and (3.3) hold. Then
the boundary value problem (3.1), (3.2) has a positive solution.

Proof. We will study only the superlinear case. So since fo, = oo, for any

K> - WJfQ—é) there exists H > 0 such that for any

TRES (:CO;yO) GEE)k = {(:E,y)a:v+ﬂy:0, xZO}
with 2y = 2H and any z € X(P),
H<az(t)<2H, 0<t<1,

and further

G(Py) = 20| A (CE10) PRI GEE Go)) R

B2 x Zo
> QH% + %KH Y OKH > 0. (3.4)

On the other hand, since fy = 0, we can easily prove that for any p <
min { ﬁﬁ, Wi2—5)} there exists n > 0 such that for all Py := (x1,y1) € E§
with z; = 7 and any = € X(P),

and further

2
hon
Syt 3

Hence the existence result follows, by (3.4). O

pn + dpn < 0.

Remark 3.2. In the same spirit, one can study the symmetric boundary
value problem (3.1)—(3.5), where

0 (0) — ' (0) = 0,
{fy:c(l) —d2/(1) = 0. (3:3)

We end this work by establishing an existence result for the nonlinear
BVP

/()= —f(t,z(t), 0<t<1, (3.6)

9(x(0),2(0)) =0, h(xz(1),2'(1)) = 0. (3.7)

Actually, we only pattern the linear conditions (1.4), although we could

study more cases from those given above. So, for the functions g and h, we
assume that
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the graph of g(z,y) = 0 is a (continuous) curve which can
be parametrized x = po(y) > 0, y = qo(y) > 0, v € R,
(C.1) where p, ¢ are continuous and

lim po(y) =04, lim g¢o(y) = 0+ and
y——o0 y——o0

lim po(7) = +o0, lim qo(y) = +oc
y—-+o00 y—-+o0o

and similarly
the graph of h(z,y) = 0 is also a curve:
z=pi(7) >0, y=aq(y) <0, v € R, with

(C.2) lim pi(y) =0+, lim ¢ (y)=0- and
y——00 ~y——00
lim po(y) = +o0, lim go(y) = —o0.
y—+oo y—+o0

Then it is clear that the graphs

G(9) = A{(z,y) 1 g(2,y) = 0, 2> 0}. G(g) = {(z,y) : h(z,y) =0, = > 0}
contain continua Fy and E7, respectively, such that
(0,0) € Eg N E4 (3.8)
and for any K; > 0and A; >0, (i=0,1)
Eon{(z,y): > Ko, y> Ao} # @ and
Ein{(z,y): z> K, y< —A1} # 2.
As in (2.4), define the function
Gn(P) := h(z(1),y(1)), = € X(P) and P € Ej,

and then following the proof of Theorem 2.1, we can easily show that there
exist Py and P, € Ey such that

Gh(Po)Gh(Pl) < 0.
Since F; is a continuum, by (3.8) and (3.9) we obtain a point P € Ey such

that Gh(P) =0.
So we have arrived to the next general result

Theorem 3.3. Assume (A.1), (C.1), (C.2) and (A.2,) (or (A.2%)) hold.
Then the boundary value problem (3.6)—(3.7) has a positive solution.
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