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THE LINEARIZED MAXIMUM PRINCIPLE FOR OPTIMAL
PROBLEMS WITH VARIABLE DELAYS AND CONTINUOUS INITIAL
CONDITION
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Optimal problems with variable delays in phase coordinates and controls are consid-
ered. Without commensurability conditions for delays in controls (incommensurability),
necessary conditions of optimality are obtained: in the form of the linearized integral
maximum principle for initial function and control, in the form of equalities and inequal-
ities for initial and final moments.

Let J = [a, b] be a finite interval; O C R™, G C R™ be open sets and let the function
f:J x O x G¥ — R™ satisfies the following conditions:

1. for a fixed t € J, the function f(¢,x1,...,%s,u1,...,ur) is continuously differ-
entiable with respect to (z1,...,%s,u1,...,us) C O% X G¥;

2. for a fixed (z1,...,%s,u1,...,uy) C O x G¥, the functions f, fz,,i=1,...,s,
fuj7 j = 1,...,v, are measurable with respect to t. For arbitrary compacts
K C O,V C G, there exists a function m, , (-) € L(J,R), R§ = [0,00),
such that for almost all ¢ € J and V(z1,...,@s,u1,...,uy) € K X V¥,

|f(t7x17"'7157u17'"vul/)‘ +Z ‘fzq()| + Z ‘fu]()‘ S mK,V(t)'
i=1 =1

Let now 7;(t), i« = 1,...,s, 0;(), j = 1,...,v, t € J, are absolutely continuous
functions satisfying the conditions: 7;(t) < t, 7;(t) > 0, 6;(t) < t, 6;(t) > 0; A be a set
of continuous functions ¢ : [7,b] — M, 7 = min{ri(a),...,7s(a)}, M C O is a convex
set; © be a set of measurable functions u : J2 = [0,b] — U, 6 = min{6y(a),...,0,(a)}
satisfying the conditions cl{u(¢), ¢ € J2} is compact lying in G, U C G is a convex set;
q*(to,t1,%0,21), i = 0,...,1, (to,t1,20,21) € J2 x O2, are continuously differentiable
scalar functions.
We consider the differential equation in R™

E(t) = ftx(m1(t), -, 2(7s (1), w(B1(2)), - ., u(6u (1)), (1)

with the continuous condition
‘T(t) = @(t)» te [7-7 to]' (2)

Definition 1. The function z(t) = z(t,0) C O, o = (to,t1,¢(-),u()) € A =
T2 X A xQ, tg < t1, defined on the interval [7,t1], is said to be a solution corresponding
to the element o € A if on the interval [7,%o] it satisfies the condition (2), while on
the interval [to,t1] the trajectory x(¢) is absolutely continuous and almost everywhere
satisfies the equation (1).
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Definition 2. The element o € A is said to be admissible if the corresponding solution
z(t) satisfies the conditions

qi(to,tl, z(to),z(t1)) =0, i=1,...,1
The set of admissible elements will be denoted by Ag.

Definition 3. The element & = (%o, t1,3(-), u(-)) € Ao is said to be optimal if for an
arbitrary element o € Ag the inequality

qo(?o,?l, %(?0), 5(?1)) < qO(to, t1, x(to), x(tl)), i(t) = :E(t, 3),
holds.

The problem of optimal control consists in finding an optimal element.
In order to formulate the main results, consider the following notation:

w=(t,x1,...,25) €T x O, wo = (to,Z(11(0)), ..., E(7s(t0))),
wi = (b1, 8(rL(B), -, F(7s(01)), 7ilt) =7, (1),
flwl = f(tr,. .o xs, WOL(D)), -, WO (1)),
Foilt] = foi (EF (1), -, BT (1), WOL(E)), - -, W6 (1)),
Fus[t] = fuy (6 FT1(0)), - B (7s(8), WOL(D)), - WO (1)),
Ry = (—o0,t].
Theorem 1. Let & € Ag be an optimal element, to € (a,b), t1 € (a,b] and the
following conditions hold:
a) Nthe function @(t) is absolutely continuous in some left semi-neighborhood of the

point to;
b) there exist the finite limits:

¢~ = o(ty);
lim flw]=f;, w€&R. xO% lim flw]=f;, weR- xO°
w—wq to w—wi t1
Then there exists a non-zero vector @ = (mo,...,m), mo < 0, and a solution ¥(t),

t € [to,7], v = max(y1(b),...,7s(b)), of the equation
G(t) = =D (v fa; e @)(®), ¢ € [0, Bl (3)
i=1

w(t) :07 te (’tvlvfﬂv
such that the following conditions are fulfilled

> [ OF b0 b >

= o)
s to
> [ OF OO0 & He) € A (4)
= (o)
(7Quo + ¥({0)) () > (7Qzo +¢(f0)) ¢, Vi € M; (5)

v 't']‘ v t]‘
> [ v, Wae o>y [voh, oo woes @
%o J=1

j=17

to
Qi > (1) f1;
T(Qto + Quo ™) > v(0)(fg — &)
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Here the tilde over Q@ = (q°,...,q")T means the the corresponding gradient is calculated
at the point (to,t1,Z(to),Z(t1))-

Theorem 2. Let & € Ag be an optimal element, to € [a,b), t1 € (a,b) and the
following conditions hold:

c) the function $(t) is absolutely continuous in some right semi-neighborhood of the
point t~0;

d) there exist the finite limits:

¢t = 5(E);
lim flw]=f, weR x0% lim flw]=f{, weR x5
w—wq to w—wy t1
Then there exists a non-zero vector ™ = (mo, ..., m), 70 < 0, and a solution ¥(t) of the

equation (3) such that (4)—(6) are fulfilled. Moreover,
mQu <~ m(Quo +Quop™) < Y(H0)(f — 7).

Theorem 3. Let 0 € Ag be an optimal element, fo,fl € (a,b) and the assumptions
of Theorems 1, 2 hold. Let, besides,

o ¢ =¢t=¢ f5=f=fo

£) fi=fH="h
Then there exists a non-zero vector ™ = (mo,...,m), mo < 0, and a solution ¥(t) of the
equation (3) such that (4)—(6) are fulfilled. Moreover,

mQt, = —v(t1) f1; m(Qto + Quo®) = ¥(t0)(fo — &)-

We would note that if rank(@tw étlyézo, @zl) = 141, then in Theorem 3 (t) # 0.
Optimal problems of various classes with commensurable and incommensurable delays
in control are considered in [1]-[6].
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