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Abstract. The method of approximative inverse operators is applied to
the inversion problem for the Riesz potentials f = I“¢, 0 < Rea < n, and
the characterization of the range I*(LF) with densities ¢ in the Lebesgue
spaces LP (R™) and a Muckenhoupt weight w. The general situation is
considered when potentials f € LI(R™), 1 < p < oo, and ¢ > p and
Muckenhoupt weights w and v are independent, being related to each other
only by integral conditions.
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1. INTRODUCTION

We consider the Riesz potential operator

ou(y) — ()
F(&) = Ip(a) ”%[ 2 (1)
where, as usual,
2wt ()
v(a) = W7 (1.2)

as acting from a weighted Lebesgue space L (R™) into another such space
LI(R™) with ¢ > p > 1 and the general weight functions w and v of the
Muckenhoupt type.

We admit complex values of a and assume that 0 < Rea < n.

It is known ([18], Ch. 3 and Ch. 7; [19], Section 27) that in the case
of real a, the operator (left) inverse to I® has the form of a hypersingular
operator

! €T
o) = 17 @) =D @) = s [y

dni(@) J Jy[mre
R™

known also as the Riesz fractional derivative, where (Af; f)(z) is either a
centered or non-centered finite difference of f of order £ (¢ > o or £ > 2 [%]
depending on the type of the finite difference), and the integral in (1.3) is
treated as convergent in the norm of the space of functions (. This also
works for complex o with 0 < Rear < 2 and ¢ = 1 (see [18] and [19] for
details). The inversion of the potential I* with densities ¢ € LP(R™) and
description of the range I*[LP(R™)] in terms of the construction (1.3) was
given in [15] (see also [18], Theorems 3.22, 7.9 and 7.11). Similar results for
the weighted spaces LP (R™) with the Muckenhoupt weight w were obtained
in [13] and [12] (see [18], Theorem 7.36).

A modification of the method of hypersingular operators which works
for all complex o with 0 < Rea < n, but requires the generalized finite
differences, may be found in [18], p. 83.

There exists also an alternative approach to the inversion of the Riesz
potential operator based on the method of approximative inverse operators
(AIO) which works well for all complex « in the strip 0 < Rea < n. This
approach, realized in [16] (see also [18], Ch. 11) for non-weighted spaces
LP(R™), provides the construction of the inverse operator in the form

« . o n

where

Tof =cn / ha(9)f( — ey) dy (1.5)

Rn
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and the kernel h,(y) € L*(R™) has the property that its Fourier transform
has the form

ha(€) = I€1* k(&) (16)
with k(z) any function such that

k(z) € L'R™) () 1*(LY) (1.7)

(see also a similar approach for the realization of fractional powers of opera-
tors in [17]). An extension of this alternative inversion of [16] to the case of
weighted spaces with Muckenhoupt weight was given in [14]. Observe that
relation (1.7) means that

ha(z) € LY(R™) and ho(z) =D (2), ke L'Y(R™), (1.8)

so that
hao(z) € Ll(R”) and 1%, () € LI(R"). (1.9)

Some examples of functions k(x) and h,(x) satisfying the conditions
(1.6)—(1.8) were given in [16] (see also [18], Sections 1.4-1.5 of Ch. 11).

The results obtained in [16] provide a characterization of the range
I*(L?), in particular, in terms of its imbedding into the space L (R™) with
the Sobolev exponent ¢ = —£— (which assumes that p < Z) and weight

n—ap
q
v=wr.

Meanwhile, it is actual to obtain a more general result for the densities
¢ € LP(R™) and potentials f € LI(R™), when 1 < p < oo (not only
1 <p< gez)and ¢ > p (not only ¢ = n_?{’;ap) and the weights w and
v are independent, being related to each other only by integral inequalities
(two-weight approach, see [5], [3], [4], [2]).

This goal is realized in this paper.

Notation:

x=(x1,...,2,) € R™
for E C R™, by |E| we denote the Lebesgue measure of F;
B(x,r) is the ball of radius r centered at the point x;

Fo(&) = ¢(€) = an e“Yo(y) dy;
F7' f(2) = f(z) = goe J eI de;

(fiw)= [ f@)w(z) d;
R
S = S(R™) is the Schwartz space of rapidly decreasing functions.

2. PRELIMINARIES

a) On weights and weighted spaces. Let w be a locally integrable
almost everywhere positive function called a weight on R™. As usual, by
L? (R™) we denote the weighted Lebesgue space of all measurable functions
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f:R" — R! with the finite norm

1llze = ( 1@t dx) " i<p<c
RTL

Definition 2.1. Let 1 < p < co. We say that a weight w belongs to A,,
if
1

o o) o) e

B B
where the supremum is taken over all balls B, B C R™.

As is well known ([11], [1]), the Hardy-Littlewood maximal operator
M) = s [ 17w dy
B>z %

is bounded in the space L% (R") if and only if w € A4,.
It is known that

LL,(R") C Ly(R"),  plz) = (1+ )" (2.1)
for any weight w € A, and
wed, <= w7 eA (2.2)
forall 1 < p < oo.
We remind the definition of the Lizorkin class
d={peS:pecV}, where ¥ = {1 €S:D"(0)=0, |k| =0,1,2,...}

([7], [8], [9], see also [18], p.39), which is invariant with respect to the Riesz
potential operator I<.

The Riesz potential operator I w_ of purely imaginary order i is defined
by its Fourier multiplier m(¢) = |¢|%:

Io=F7 ¢ Fp, ¢e® R, (2.3)
which is well suited for the space L (R"), w € A,, according to Theorem

C given below.

Lemma 2.2. The operator I'? is bounded in the space L, (R™),1 < p < oo
for all we A,

The statement of the lemma is obtained by direct verification of the
Mikhlin-Hoérmander condition

sup <st” / |DIm(€)|* d{) <oo, |jl<n,
R>0

R<|€|<2R
where 1 < s < 2, which is sufficient for m(§) to be a Fourier multiplier in

the weighted space L? (R™), 1 < p < oo, with w € A,, see [6], Theorem
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2 (one may choose any s € (1,2] different from —"5, f5, ... 0 k< 3

when checking this condition for m(¢) = |£]7).

Definition 2.3. Let pu be a measure on R". We say that p satisfies
the doubling condition if there exists a positive constant b such that the
inequality

uB(x,2r) < buB(x,r)
holds for all the balls B(z, ).

Definition 2.4. A measure p on R” satisfies the reverse doubling con-
dition if there exists positive constants 71 > 1 and 72 > 1 such that

pB(z,mr) = n2pB(z,r)
holds for all the balls B(x,r).
The following statement is well known (see [21], page 11, Lemma 20).

Proposition A. Let u satisfy the doubling condition. Then p satisfies
the reverse doubling condition.

In the sequel we denote wE = [w(x) dz for any measurable set E C R”,

E
where w is a weight. Note that this measure satisfies the reverse doubling

condition if w € A,.
We will base ourselves on the following theorems.

Theorem A (see [4], p.116). Let 1 <p < o0, 0 < a < n, and let w and

v be weights on R™. Let the weights v and w7 satisfy the reverse doubling
condition. Then the operator I* is bounded from L? (R™) into LL(R™) if and

only if 1 =
n1<B/v(:c) d:v) (B/wlp (z) dx) <00 (2.4)

where the supremum is taken over all the balls B C R".

sup |B

Remark 2.5. Let 1 < p < 00, let a be complex with 0 < Rea < n
and let the weights v and wl=? satisfy the reverse doubling condition. The
operator I® is bounded in the space LP (R™) if and only if the condition
Re o 1

(2.4) is satisfied with |B|= ~! replaced by |B| =

Indeed, it suffices to observe that I%p = I'?IRe®p for p € ®, where
® is dense in L? (R"™) by Theorem C given below and the operator I? is
boundedly invertible in L? (R™).

For the dilatation kernels
1 T
k(@) = —k (2)),
=(z) o\ 2
the following extension of Stein’s theorem to weighted spaces was given in
[12] (see also [18], Theorem 7.31).



ON THE INVERSION AND CHARACTERIZATION OF RIESZ POTENTIALS 37

Theorem B. a) Let k() have a non-increasing radial dominant b(|z|) €
Li(R™) and f € L, w e Ap,. Then

w?

sup| (k.  £)(&)] < cllb (M) (z). (25)

where (M f)(x) is the Hardy—Littlewood mazimal function.
b) If in addition [ k(z)dz =1, then
RTL

(ke % f)(z) = f(x)
as € — 0 in the LY -norm and almost everywhere.

Theorem C ([18], Theorem 7.34 and [13], Theorem 4.3). The Lizorkin
class @ is dense in the weighted space LY (R™) for any weight w € Ap,1 <
p < oo.

Theorem D ([10], [22]). Let 1 <p < o0 and 0 < a < . The operator

I% is bounded from LP(R™) to LE(R™) if and only if I*v € L¥ and

loc
I (2) < el®v(x)  almost everywhere. (2.6)

Remark 2.6. Theorem D is also valid for complex o with 0 < Rea < n,
if condition (2.6) is replaced by

JRea[fRe O‘v]”l (z) < cI®y(z) almost everywhere (2.7)
(see the arguments in the proof of Corollary 2.5).
We will also need the condition dual to (2.7), namely

[Rea|Reay1=p1p () < efRe @y =P () almost everywhere. (2.8)

Let 1 < p < q < p*, where p* = n—fﬁ—p and a < min{%, %} Then a
simple example of weight functions w € 4, and v € A, for which condition

(2.4) holds, is that of power functions:

w(z) = |a|”, v(x) = [a]7, (2.9)
where
n g
ap—n<f<nlp-1), v=g¢q ;—f—g—a -n (2.10)
(see Appendix). As to the conditions (2.7) and (2.8), they are valid for
v(z) = |z| " RP € 4,, 0<Rea< ﬁ, and
p
. (2.11)
w(z) = |z € A, 0<Rea< v

respectively
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c) Appropriate kernels.

Definition 2.7. A kernel h,(z) € L'(R"),0 < Rea < n, is called
appropriate if it satisfies the assumption in (1.9),

/(Io‘ha)(a:) de =1,

R

and both h(z) and I*h,(x) have integrable non-increasing radial domi-
nants.

It is known that the following functions are examples of appropriate ker-
nels:

1) ha(z) = FH(j¢]e ) =
r 1
_ _Mnta) p(ntamtatln . p) (g
2n—1mr(g) 2 2 2

where F (%, "JrgH; 5 z) is the Gauss hypergeometric function, and

_ (_1)m m 1 _
D) hel0) = Com a2 ((1+|x|2)"§“m> -

n

= ! 1 (_1)kcm,k
 (—a) [( =t 1+ |x|2)"§“+k}’ (2.13)

L) o

n+1
where ¢, . = (7;) (%(—QT)’;) and m is any integer such that m > Rga ,o #

2,4,6,... (see [18], Lemmas 11.7-11.8 and 11.13).
Obviously, the set of appropriate kernels is rich enough. Indeed, if k()
is an appropriate kernel, then any convolution
K xhale) = [ Kl = p)haly) dy
R?L

with £ € LY(R") and [ K(y) dy = 1, is also an appropriate kernel.
R

3. STATEMENT OF THE MAIN RESULTS

Our first theorem provides the following two-weighted result on the in-
version of the Riesz potential operator.

Theorem 3.1. Let 1 <p < 00,0 <Rea <n and w € A,. Assume that
there exist ¢,p < ¢ < 00 and a weight function v € Ay such that (2.4) holds.
Then the equality

f=I% with p e LP (R") (3.1)
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implies

p=lm T2 f = lim ™" / ha(y)f(z — ey) dy, (32)
RW

where ho(y) is any appropriate kernel (see Definition 2.7) and the limit in
(3.2) is taken in LE -norm or almost everywhere.

The next theorem gives the two-weighted description of the range of the
Riesz potential.

Theorem 3.2. Let 1 < p < 00,0 < Rea < n, w € Ay, and let there
exist ¢,p < ¢ < 00 and v € Aq such that (2.4) holds. A function f belongs
to the range I*(LE)) if and only if

i) fe LR,
ii) one of the following two conditions is fulfilled:
a) lir% Tof € L2 (R™) where T is the operator (1.5) with any
E—
appropriate kernel ho(x) and the limit is taken with respect to
the LY (R™)-norm;
b) sup |72 1]z, < .
£>

The following theorem presents the corresponding inversion statement
for the Riesz potential operators in the case where 1 < p < gZ— and w = 1.
It is based on Theorem D.

Theorem 3.3. Let 1 <p < oo, 0 < Rea < % and v € Ap. Suppose that
(2.6) holds. A function f belongs to the range I1*(L?) if and only if
i) feLy(R"),
ii) one of the following two conditions is fulfilled:

a) ElLr%Tff € LP(R™) with any appropriate kernel hq(x) in the
operator TS, the limit being taken with respect to the LP(R™)-
norm;

b) sup |T2f||Lr < .
e>0

Finally, the last two theorems give some statements dual to the situation
considered in Theorem 3.3 and provide both the inversion statement and
the characterization of the range.

Theorem 3.4. Let1 < p < o0, 0 < Rea < & and w € A,. Suppose

p/
that I*(w' ") € L? and (2.8) holds. If f = I*p with ¢ € LE(R™), then
p=lm T2 f = lime™" / ha(y)f(z — ey) dy, (3.3)

R‘n
where hqo(y) is any appropriate kernel and the limit is taken in L? -norm or
almost everywhere.

Theorem 3.5. Let 1 < p < 00, 0 < Rea < ﬁ and w € A,. Suppose

that I*(w'=?") € LY and (2.8) holds. Then f € I*(LP) if and only if

loc
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i) feLPR"),
ii) ome of the following two conditions is fulfilled:
a) ehg(l) Tof € LP (R™) where ilir(l) T is the same as in (3.3) with
any appropriate kernel ho(x) and the limit being taken in the
L (R™)-norm;
b) sup |72 fll s, < oo.
e>0

4. PROOFS
The proofs of Theorems 3.1 and 3.2 represent a modification of the proofs
of Theorems 3.1 and 3.2 from [14].
Proof of Theorem 3.1. For ¢ € ® there holds the equality

(T2 16) () = =k (

which follows via Fourier transforms from (1.5)—(1.7). Let us show that
this relation remains valid for all ¢ € LP(R™). Let € be fixed and let
wo € L2 (R™). To show that (4.1) is valid for ¢g, we pass to the limit in
(4.1) as ® 3 ¢ — o, but do this in different norms for the left-hand and
right-hand sides of (4.1).
By Theorem C, there exists a sequence ¢,, € ® such that ¢,, — ¢¢ in
the L? -norm. The left-hand side operator
A =T21*

is bounded from LZ(R™) into LI(R™) by Theorem A (with Remark 2.5
taken into account), Theorem B, Proposition A and the fact that w € A,
and v € A,. Therefore,

Acpm — Ao in  LIR"). (4.2)
On the other hand, the right-hand side operator

1
B. = —k (E) *
en €

is bounded in the space L? (R™) by Theorem B and the fact that w € A,.
Therefore,

g) * with k(x) € Ll(Rn)7 (4.1)

B.pym — B:po in LP(R"™). (4.3)
From (4.2)—(4.3) it follows that there exists a subsequence ¢, such that
Acpm, — Azo and Acom, — Ao almost everywhere

and we arrive at (4.1) for ¢ € LE (R™).

It remains to observe that by Theorem C and the condition w € A,, we
have that Eik (%) * ¢ converges in L? (R™) as ¢ — 0. Therefore, passing to
the limit in (4.1) as € — 0, we obtain the desired relation (3.2).

Proof of Theorem 3.2. Necessity follows from Theorems A (with Remark
2.5 taken into account) and B, and the relation (4.1) proved for f € L? (R™).
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Let us prove the sufficiency. Let f € L%(R™) and suppose that the
condition a) of our theorem is satisfied. Let ¢ = lil’I(l) T2 f, the limit being
E—

taken in the L2 (R™)-norm. The following relation is valid:

(fiv) = {I%p,1), Y e D (4.4)
Indeed, for ¢ € ® we have

(1p0) = (10 = (T T2000 ) = lim (721,10 =

(Lh)
= lim (£,T?1%Y) = ;Lr%<f,gink (f)w> = (f, ).

Here the first equality follows from Fubini theorem which is justified with
the aid of the Holder inequality

I, ) | < I%llrg ¥l o <00
vi—4

since 1% € LI(R™) by Theorem A. The third equality is obvious as the
convergence in L2 (R™) implies that in the space ®’. The fourth equality
follows from the Fubini theorem:

LT | < Wl T < o0

(note that I* € ® and by Theorem B T2XI*) € LZLq, because v'~7 €
Ay). The fifth equality, that is, the equality (4.1) has already been justi-
fied. The last equality is justified with the aid of the Holder inequality and
Theorem B since =k (f) * 1) — 1) almost everywhere and

o (5)

(1,200 (2) <) < 17

From (4.4) it follows that

f(@) = (I%¢)(z) + P(x),
where P(z) is a polynomial. By (2.1) we obtain that P(z) = 0. Hence
feIx(Le).
Now let f € LI(R™) and suppose that the condition b) is satisfied. Since
the space L% (R™) is reflexive, we have that the set {7 f}__ is weakly com-

<cllflleg-

’
LLI
vl=d’

pact. Hence there exists a subsequence {Tg’; f }Zil which weakly converges
in L2 (R™) to a function ¢ € LP(R™). Arguing as above, we easily obtain
that f(z) = (1) (a).

Proof of Theorem 3.3 is obtained by repeating the arguments of the proof
of Theorem 3.2, but with reference to Theorems B,C and D this time.

Proof of Theorem 3.4 is similar to that of Theorem 3.1. We only note
that, using duality arguments, by Theorem D (with Remark 2.6 taken into
account) the operator I is bounded from L% (R") to LP(R™) if and only if
I“w'=* e [P and (2.8) holds.

loc
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Proof of Theorem 3.5 is similar to that of Theorem 3.1.

5. APPENDIX

Let us prove that the pair of weights from (2.9) governs two-weight in-
equality for the Riesz potentials.
Proposition 5.1. Let 1 < p < q < p*, where p* = nfﬁp and o < 2.

Suppose that ap —n < f < n(p—1) and v = q(% + % — a) —n. Then

—n < v <q(n—a)<n(qg—1) and the following inequality holds

(/ le”lf‘*f(:v)lqu); <(/ |x|ﬁ|f<:c>|"d:c>;. (5.1)

R™ R
Proof. Let f > 0. We have
HIOtf(ﬂU)||L“‘m <c(lh + I+ I3),

where
q 7
I = (/mv( / 4|mf;y|l ady) d:c) ,
R" ly| <zl
f(y) v \@
I — (/mv( / e ) o
R L2l <jy|<2|a]
and

e (for( [ o))

R™ ly|>2|x]
If |y| < %|gc|7 then % < |z — y|. Therefore using Hardy’s two-weight
inequality, we get

¢\
nse [l [ fway) a)" <l
R™ \

ly|<|z
since
i 1
</|m|v+(an)qu)q< / |x|ﬁ(1p/)dx>p =
|z|>t |z| <t

[e%e] 1 t 1
7

_ C(/Tw+<an>q+n1 dT) ’ (/Tﬁ<1p'>+n1 dT> "
0

t
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~+(a—n)gtn B—pH+n
=ct q -t P =c.

For I3 we apply two-weight inequality for the operator adjoint to the Hardy
operator. We have

¢\
Igsf:( / W( / |;]£”ady) dx) <Ifllz,,-
]Rn

ly[>2|=|

The last inequality holds because

4
7

1
< / |z|wx>“( / |x|ﬁ<1p’>+<an>p’dx>p -

|lz|<t |z|>t

1
7

t 1 e}
— c(/T’Hn—l dT) ! (/Tﬁ(l—p’)+(a—n)p’+n—1 dr) P
0 t

ytn _ B _ n
:Ct a P+a n+P/ =

C.

Then, as ¢ < p*, we have %* > 1. Applying Holder’s inequality with the

exponent %, we obtain

L= / ([ sy de =

2l <)yl <2|z|

q
=X / le”< / f@)lz —yl*™™ dy> dr <
P gk <] <ok Lol < |y| <2]a|

p*—q

E3

Z< / |x|mfiqu)px

k 2k < x| <2kt

([ ) )

2E<fa <2t Ll <yl <2zl

|

p*—q
* p*
- [ )
k 2k <|z|<2k+1
* a_
v f(y)XQk—1<|y|<2k+1 dy P d P
[z —y[r

2k <|a| <2+l R®

Applying Sobolev’s inequality for the second factor, we obtain the estimate
q

r<ey 2’““*“’1*@”( / (f(y))pdy) =
k

2k—1<‘y‘<2k+1
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=c§2kf“( / (f(y))pdy)p <

2k=1<[y|<2k+1

a a

g02;< / (ﬂwwa@Op§c</(ﬂwwa@>p

2k—1<|y|<2k+1 R

Here the following implications were used:

Y PR (Gl )Y RPN
p np p

Pr—q

*

v+
n n
<:>'y+nq—+qa:6g<:>7:q(é+—a). 0
p p p p

The inequality (5.1) was proved in [20], but for completeness we give its

proof (different from that given in [20]).

10.

11.
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