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Abstract. We consider a two-dimensional transmission problem in which
Helmholtz equations with different wave numbers hold in adjacent non-
locally perturbed half-planes having a common boundary which is an infi-
nite, one-dimensional, rough interface line. First a uniqueness theorem for
the interface problem is proved provided that the scatterer is a lossy ob-
stacle. Afterwards, by potential methods, the non-homogeneous interface
problem is reduced to a system of integral equations and existence results
are established.
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1. INTRODUCTION

We consider a two-dimensional transmission problem for the Helmholtz
equations (reduced wave equations) in non-locally perturbed half-planes 21
and 25 having a common infinite boundary which is assumed to be the
graph of a bounded smooth function. These type of mathematical problems
model time-harmonic electromagnetic and acoustic scattering by a pene-
trable unbounded obstacle in an inhomogeneous (piecewise homogeneous)
medium. In both domains we look for scattered waves corresponding to dif-
ferent wave numbers and satisfying certain transmission conditions on the
interface. In addition, the scattered waves satisfy the so-called upward and
downward propagating radiation conditions (UPRC and DPRC) along with
some growth conditions in the x5 direction, suggested by Chandler-Wilde
& Zhang [9], which generalize both the Sommerfeld radiation condition and
the Rayleigh expansion condition for diffraction gratings (see also [24], [4]).
In [8], with the help of the appropriate integral equation formulation, it
is shown that the Dirichlet problem for a non-locally perturbed half-plane
has exactly one solution satisfying the UPRC, provided that the boundary
datum is a bounded and continuous function. This result is valid for all
wave numbers and holds without any constraints imposed on the maximum
boundary amplitude or slope.

An important corollary of these results in the scattering theory is that for
a variety of incident fields including the incident plane wave, the Dirichlet
boundary-value problem for scattered field has a unique solution (for detail
information concerning the history of the problem see, e.g., [8] and references
therein.)

In this paper we first prove the uniqueness theorem for the interface prob-
lem provided that an obstacle 21 represents a lossy medium, which means
that the corresponding wave number is complex. Afterwards we apply the
potential method to reduce the non-homogeneous interface problem to the
corresponding system of integral equations and establish existence results
on the basis of the theory developed in [11] and [1] for a class of systems of
second kind integral equations on unbounded domains.

2. FORMULATION OF THE INTERFACE PROBLEM. PRELIMINARY
MATERIAL

2.1. Here we introduce some notation used throughout.

For h € R, define T', = {x = (v1,22) € R? | 23 = h} and U;} = {z €
R? | 29 > h}, U, = {x € R? | 25 < h}.

For V C R" (n = 1,2) we denote by BC(V') the set of functions bounded
and continuous on V, a Banach space under the norm || - ||co,v, defined by
[/ i= s o). We abbreviate | -l by | -1

For 0 < a < 1, we denote by BC%%(V) the Banach space of functions
@ € BC(V), which are uniformly Hélder continuous with exponent «, with
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norm || - ||o,,v defined by

[Isﬁ(w) so(y)l] .

el = lelloy + sup | FEE—

z,y€V,x#y

Given v € Lo (V') denote by 0;v, j = 1,2, the (distributional) derivative
ag;j), Vv = (01v, av).

We denote by BC!(V) the Banach space

BCY(V) := {p € BO(V) | 8;0 € BC(V), j = 1,2}

under the norm
el v = l#lloo,v + 101lloc,v + 1026l oo, v-
Further, let
BCY*(V):={p e BC'(V) | 0;0 € BC**(V),j =1,2}
denote a Banach space under the norm
[ell.av = #lloc,v + 101¢ll0,0,v + 102 ]l0,0,v-
2.2. Given f € BOY(R), 0 < a < 1, with f_ = milnefRf(:cl) > 0 and

f+ = sup f(x1) < 400, define the adjacent two-dimensional regions €4
z1ER
and Qs by

Q1 = {z = (x1,22) € R? | 22 < f(z1)},
Q= {z = (z1,22) €R? | 22> f(z1)},

so that the interface I' is
0 =00 =T := {(xl,f(:cl)) | xr1 € R}

Whenever we wish to denote explicitly the dependence of the regions and
interface on the function f we will write Q; ¢ or Qf for Q; (7 =1,2) and
T'yor I'f for I.

Further, let n(z) = (n1(z), n2(z)) stand for the unit normal vector to I" at
the point x € I directed out of 1, and 0,,(,y = 9/0n(x) = n1(x)01+n2(x)02
and 0,y = 0/07(x) = na(x)01 — ni(x)d2 denote the usual normal and
tangent derivatives with respect to I'.

2.3. Now we formulate the interface problem which models the scattering
of acoustic (or electromagnetic) waves by the penetrable unbounded obstacle
Q. The incident plane wave u"¢(z) = 2D 3 € R? with d = (d1,dy) €
Y1 = {(¢1,&) € R? | €2 + €2 = 1} the propagation direction, will produce
a scattered wave us in {25 and a transmitted wave u; in €. Note that one
could also consider other types of incident waves, e.g., the so-called point-
source waves, rather then plane waves. The waves u; and us are annihilated
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by the Helmholtz operators (reduced wave operators) A + kf and A + k3,
respectively, i.e.,

(A +kDui(z) =0, =€y,
(A + k%)UQ(l‘) =0, ze€Qy,

—
N
NN

and satisfy the so-called conductive interface (transmission) conditions on
I (cf. [13], [14], [18], [16], [17], [21])

uz(z) +u™(x) = uy(z), zeTl, (2.3)

*

P O (ayluz(z) +u™(2)] = i) @ui(z), wel, (2.4)

=% O
where A is the two-dimensional Laplacian and we assume that

ﬂTaNE?kQ € R* := (03 +OO)> k1 =M +i>\27

(2.5)
A = Rek > 0, Ao =1Imk; > 0.
We set
po=tL2 = A 25\ —idg) = p1 + e,
/'1’2 kl /’[/2|k1| (2 6)
1y = pike Al iy = _Hikade
pslke|? w3k [?

The functions u; and us have to satisfy additional restrictions at infinity
which guarantee the uniqueness. To formulate these conditions we introduce
some notations and definitions.

Denote by

1
i(r,y) = 7 H (Ko —y)). (v,9) €R 2 £y, (2.7)

the free-space Green’s function (fundamental solution) for the Helmholtz

operator A + k?; here H},% ) is the Hankel function of the first kind of order
m.

Definition 2.1. Given a domain G C R?, call v € C%(G) N Lo(G) a
radiating solution of the Helmholtz equation in G if Av -+ k?v = 0 in G and

v(z) = O(r~/2), 012)_(::) —ikv(z) = o(r~1/?), r =|z], (2.8)

as r = |x| — +o0, uniformly in z/|z|.
The conditions (2.8) are the classical Sommerfeld radiation conditions. A

set of radiating functions corresponding to the domain G and the parameter
k we denote by Som(G, k).

Definition 2.2 ([9]). Given a domain G C R?, say that v: G — C, a
solution of the Helmholtz equation Av + k%v = 0 in G, satisfies the upward
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(downward) propagating radiation condition — UPRC (DPRC) in G if, for
some h € R and ¢ € Loo(I';), it holds that U,” € G (U, C G) and

Dy (
_29/8kmy (y)dsy, €U (xeU,), (2.9)
K dy2

where 8 = 1 for the UPRC and 8 = —1 for the DPRC.

We denote the set of functions satisfying the UPRC [DPRC] in G with
the parameter k¥ by UPRC(G; k) [DPRC(G, k)].

Note that the existence of the integral (2.9) for arbitrary ¢ € Loo(T'p) is
assured by the bound which follows from the asymptotic behaviour of the
Hankel function for small and large real argument
0P (z,y)

Y2
which holds for some C' > 0 depending only on k.

From now on, along with equations (2.1)—(2.4) we assume that

uy € DPRC(Ql, k/’l), Ug € UPRC(QQ, k‘g), (2.10)
sup 221 us (2)] < o0, j=1,2, (2.11)
Q

J

< C'|lza — yo (Iw—y|‘2+lx—y|‘3/2), z,y R £y,

for some 3 € R. Thus, the interface problem we intend to investigate reads
as follows.

Problem (P). Given f; € BCY(T') and fo € BC%(T') find u; € C?(21)N
BCI(Ql \ Uh71) (hl < f_) and uy € 02(92) ﬂBCl(QQ \ U;;) (h2 > f+),
solutions of the Helmholtz equations (2.1) and (2.2), such that (2.10) and
(2.11) are fulfilled and

[ur ()]~ — [uz(@)]* = fi(x)
14 [On(2yu1 ()] = [Opzyu2(2)]T = fa(z)

The symbols [-]* and []~ denote the limits on I' from Qs and 4, respec-
tively.

The following result states properties of the upward (downward) propa-
gating radiation condition needed later and shows that any radiating solu-
tion satisfies the UPRC (DPRC).

Lemma 2.3 ([10]). Given H € R and v : Uj; — C, the following
statements are equivalent:

(i) v e C3(U}),v € Loo(UF \UF) for all a > H, Av + k*>v =0 in U},
and v satisfies UPRC in U;{';

(ii) there exists a sequence (vy,) of radiating solutions such that v, (x) —
v(x) uniformly on compact subsets of Uj; and

on I

sup |vn (2)] < 400
teUH\US neN

for all a > H,;
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ili) v satisfies (2.9) for h = H and some ¢ € Loo(Tx);

(iii)

(iv) v € Loo(Uf \UF) for some a > H and v satisfies (2.9) for each
h > H with ¢ =v|p, ;

(v) v € CHU}), v € Loo(Uf \ U}) for all a > H, Av + k?v = 0 in
U;, and, for every h > H and radiating solution in UI'{", w, such that the
restriction of w and dyw to Ty, are in L1(T'y), it holds that

ow ov
— —w— | ds =0.
/ (U on w&n) §
Fh,
2.4. Let
T,y € U;ta GGR, y/: (y1a2a7y2)a
where 3/ is a mirror image of y = (y1,y2) € R? with respect to the straight
line T',.
Denote by G:(D) (z,y;a) and Gf(z) (x,y; a) the Dirichlet Green’s function

and the impedance Green’s function for the Helmholtz operator A 4 k2 in
the half-planes UF. It is well-know that (see, e.g., [9], [8])

G P, y;a) = By (z,y) — Bi(,y'), =,y € UF,

(2.12)
Gy P, y:0) = @x(a,y) + r(a,y) + P (o)), 2.y € U,
where
+o0
ik . t+ /k'2 _ t2
PH ()= -2 explilza! £ 22 L

21 k2 — 2[VEZ — {2 + K

. o0 3
_ JeleME e MR 2] £ 2 (1 + at)] dt, zeUg.

m ) Vil = (e £ )P

Here and throughout all square roots are taken with non-negative real and
imaginary parts.
The functions Gf(D)(x, y) are radiating in UF and

Gf(D)(x,y; a)=0 for ze€l,,
. +(7) .. . . +
while G-’ (z,y) are radiating functions in Uz~ and

9 =@

Ory K (z,y;a) £ ik Gf(I) (z,y;0) =0 for z €T, (2.13)
2
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Moreover, for G(z,y) € {G:(D)(m,y;a),G:(I) (x,y;a)} there hold the fol-
lowing inequalities

G(z,y)l, [VaG(z,y)l, [VyGlz,y)| <
(14 |z2]) (1 + |y2])

o~ 47

Gla9)| < C(1+]| logla — 9| ) for 0<|a—y| <1, (214
IVoGlx,y)|, [VyGla,y)| < Cle -y for 0<|z—y[ <1,
Gz, 9)], VoG (2,9)], [VyG(2,9)], Ve Oy Gla,y)| <

< Ci[l+Joy — || 7¥/2 for vy —yo| > 6 >0, |2o| = H, y €T,

<C

for |z —y|>1,

with C' > 0 depending only on a and k, and C; > 0 depending only on a,
k, 6, T, and H (for details see [6], [9], [8]).

Denote by G (z,9), j = 1,2, the generalized Dirichlet Green’s functions
for the domains Q;:

GO (z,y) = G P (2, y;ho) - VO (a,y), v,z €0,
G (z,y) = G @y ) — VO (ay), vy, x ey,

where VD (. y) [VP)(-,9)] is a solution to the Helmholtz equation (2.1)
[(2.2)] satistying the DPRC [UPRC] and the boundary condition

VO (z,y) = G P (w,y;hs), ye M, z €T,
VO (a,y) =GP (@ ym), yes wel].  (215)

Due to the results obtained in [9], [8], and [2] the functions V1) (z,y) and
G(j)(:c,y) are determined uniquely, are radiating and admit some bounds
similar to (2.14) (see [23])

1G9 (z,y)], V.G (z,y)], |[V,GD(z,y)| <

(1+ laa (1 +[ya)
ERRE

<C5 for |z —y| > 1,

G (2, y)| < CF (1+ | log |z —y||) for 0< |z —y| <1,

, , (2.16)
V.G9 (@,y)l, [V,G9 ()] < Cf e~y for 0< |o—y| <1,

|G(j)($ay)|’ |V1‘G(j)(x7y)|7 |VyG(j)(x7y)|7 |V1 an(y)G(j)(mayﬂ <
SO A+ o — y1|]73/2 for o =aj,y €T,
a1 < fo < fy < ag,

with C7 > 0 depending only on hj, kj, and I', and C7* > 0 depending only
on hj, k;, a; and T'.
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Lemma 2.4. Let u; € C?(Q;) N C*(Q;) be a solution to the equation
(A+ k’?)u] (x) =0 in Q; satisfying the UPRC for j = 2 and the DPRC for
73 =1. Then

, () (g
uj(z) = (1)]/%T((y)’y)[uj(y)]rd8, x e Qy,

where n(x) is a unit normal vector at the point x € T pointing out of Oy,

, - 5 ().
[u; ()l o, aigyel“ u;(x)
Proof. For definiteness let j = 2. On the one hand, by standard arguments
we easily derive (cf. [9], [2])

us(o) = = [ {IGE® vyl Bugyyaw)le -

r
~ [On G @y )l [ )] | ds, @ € Q.
On the other hand,

0= /{[V(Q) (@, 9Ir Bugyu2@)Ir = [0n) VP (2, 9)]r [u2(y)lr} ds, @ € Qs

since uz € UPRC(Qg,ks) and V) (x,-) € Som(Qy, ko), and [V (x,)]r, ,
[0y V3 (x,)]r, € L1(Ty) for h > 5 (see Lemma 2.3).

Now, in view of (2.15) and summing these two equations, the proof is
complete.

The case j = 1 can be treated quite similarly. O

2.5. Here we introduce some definitions which we will employ later, in
Section 4 (for details see [12], [8], [1]).

For a sequence {¢n} C BC(R) and ¢ € BC(R) we say that {¢©n} con-
verges strictly to ¢ and write ¢, — ¢ if ¢, converges to ¢ in the Buck’s
strict topology (s-topology) ([3]) which is equivalent to the following: {¢,}
is bounded in BC(R) and ¢,, — ¢ uniformly on every compact subsets of
R.

A set X € BC(R) is said to be sequentially compact in the strict topology
if any sequence in X has a subsequence that is convergent in the strict
topology with limit in X.

Further, let k(-,-) be measurable, k(s,-) € Li(R) and Kyv() :=
J k(- t)(t) dt € Loo(R) for every 1 € Loo(R). Assume that
R

[IEl| := ess Sup/ |k(s, )| dt = ess sup [[k(s,")||1,®) < oo
seR 2 seR

Identify k(-, ) : R? —C with the mapping s — k(s,-) in Z := Loo(R, L1(R)),
which is measurable and essentially bounded with norm |||%|||. Let K denote
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the set of those functions k € Z having the property Ky € C(R) for every
1 € Loo(R). Clearly, Z is a Banach space with the norm ||| - ||| and K is a
closed subset of Z. Moreover,

&Il = sup [E(s, MLyw for keK.
se

Note that Ky : Loo(R) — C(R) and is bounded iff ¥ € K. In this case
kIl = [IE-
For a sequence {k,} € K and k € K we say that {k,} is o-convergent
(converges in the o-topology) to k and write k,, = k if sup |||kn||| < oo and,
neN

for all ¢ € Loo(R), Kk, ¥(s) — Kirth(s), ie.,

/kn(s,t)i/J(t) dt — /k(s,t)w(t) dt as n — 4oo,
R R
uniformly on every compact subsets of R with respect to s.

A subset K; C K is said to be o-sequentially compact if each sequence
in K has a o-convergent subsequence with limit in Kj.

A linear operator K is said to be sequentially compact with respect to
o-topology if for any bounded set X C BC(R), the set I(X) is sequentially
compact in the strict topology.

A family Q of linear operators on BC(R) is said to be collectively se-
quentially compact with respect to the o-topology if for any bounded set
X C BC(R) the set UxecoK(X) is sequentially compact in the strict topol-

ogy.
Finally, for a sequence of linear operators {K,,} and K on BC(R) we

write ICp, = K if Kppn = Ko for every o, = .
3. THE UNIQUENESS RESULT

Here we show that the homogeneous version of the above formulated
interface problem possesses only the trivial solution.

First we introduce some notations which are used in the remaining part
of the paper. For A > 0, h; < f_ and hy > f; define

Qi(A)={zeQ;| — A<z <A}, j=1,2,
Th(A):={zeTy| - A<z < A},

I'NA):={z el | —A<uz <A},

Qup, =0\ Uy, = U\, (3.1)
Qo py 1= QQ\U_;L;:U;;\Q_h

Qin;(A) :={r e Qun | —A<x1 <A}, j=12

Vi (£A) ={x € Qjn,(A) |21 = £A}, j=1,2.
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Theorem 3.1. Let

(i) for hy < f— and hy > f1
uj:Q —C,j=1,2, uy € C*() NBC*(Q1\U,,),
uy € C*(Q2) N BCH Q2 \ UyY);

(il) u1 and ug solve the equations (2.1) and (2.2), respectively, and

[ur(2)]” = [uz(@)]" on T, (3.2)
1 [On(yur ()]~ = [Op@yuz(x)]t on T, (3.3)
where ki, ko, and p are determined by (2.5) and (2.6);

(iii) uy € DPRC (Q4, k1) and uz€ UPRC (Qq, k2);
(iv) w1 and us meet the conditions

suplaalu; (@)] < o0, j = 1.2,

J

for some B € R.
Then u; =0 in Q;, j=1,2.

Proof. We prove the theorem in several steps.
Step 1. Apply Green’s first theorem to u; and its complex conjugate u;
in Q; n; (A) to obtain

ou ou
(IVur 2 = K2Jus 2} do = / S ds / S ds +
Q1 ny (A) r(A) Tny (A)

oup __
+|: / - / :| 8—:c1u1 dS, (34)
(4)  7(=4)

71

- / {|Vu2|2—k§|u2|2}dx:/%u_gds— / g—;zu—mf
Q2 o (A) INEZY) Thny(A)

Oug __
72(A)  72(=A)

Multiply (3.4) by —u, add to (3.5), take into consideration the interface
conditions (3.2) and (3.3), and take the imaginary part of the equation
obtained

2—Impu / |Vuq | do + Tm(uk?) / |ui|? do =

Q1.5 (A) Q1,0 (4)
Im{u / Z—Z;u—lm / g_gu—zdsuwmm}, (3.6)

Tpy(A) Ty (A)
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where
s
Rj(A);:< /— / )a—Zu_jds,j:LQ. (3.7)
75 (A vi(=A4)
Note that

_ HikaAo
s k]2

“Tmp = —pe >0, Im(pk?) = %km >0, (3.8
2

due to (2.5) and (2.6).
Step 2. Here we derive the inequality

\J;T—hl;/|u1(x)|2ds§2 / luy ()| dx +

I'(A) Q1,ny (4)

L2(fy — ) (/- — ) / By ()2 dz, (3.9)

Q1,0 (A)

where L = sup |f'(x1)] < 0.
z1ER
In fact, from the equality

flz1)
uy(z1, f(r1)) = w1 (21,0) + / Dot (x1,22) dxg, hy <b< f,
b

using the Cauchy-Schwarz inequality we get

fz1)
g (21, f (1)) < 20ur (@1, b)P+2[f (1) — ] / |02 (21, 22)|Pdas <

b
f(z1)

< 2fus (21, D) +2(f1 — ha) / Oguis (1, 22) 2 .
h1

Integrating over the interval (—A, A) with respect to x1 gives

A A
/|U1(9317f(531))|2d931 §2/|U1(x17b)|2d$1+
—A —A

+2(f+ — ) / G2 (21, 22)|* .
Q1,h1(A)
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Note that ds = /1 + [f'(21)]? dz1 < V1 + L? dx;. Therefore, we have

1
s [ P s

I'(A)

A
<2 / |’Lb1($1, b)|2 dry + 2(f+ - hl) / |62U1($)|2d$
—A Q1,1 (A)

Now, integration from h; to f_ with respect to b leads to the inequality
(3.9). Note that the coefficients in (3.9) do not depend on A.
Now, by virtue of (3.9) it follows from (3.6) that

250/|u1(x)|2ds§1m{u / 82u1u_1ds}

I'(A) Tny (A)
—Im / Oaug Uz ds — Im{uR1(A)} —ImR2(A) (3.10)
Thy (A)
with g > 0 independent of A (see (3.8))

5o — /Ly{k@)\g f_—h1 (51
g= ——— —

— >0,
w1412 62
(51 = min{l, |k‘1|_2}, (52 = maX{Q, 2(f+ - hl)(f_ - hl)}

Step 3. Due to condition (3.2)
[u (2)]r = [ug(z)]r=: E(z), z€l, andlet E(x1):=E(x1, f(z1)). (3.11)

By Lemma 2.4 we can then represent u; and us in the form

) (4

ui(z) = — aGani((y)’y)E(y) ds, x € Qq, (3.12)
_ [9GP(z,y) .

ua(z) = / B ds, @ < (3.13)

r

Let us consider the functions

oG ,
vi(z; A) = — / #E(y) ds, x € Qy, (3.14)
r'(4)
9GP (x,
vo(z; A) = #E(y)d& x € Q. (3.15)
I'(A)

It is evident that vy is radiating in ©; and v9 is radiating in Q5 (due to
the compactness of I'(4)). Due to the bounds (2.16) (cf. [10], Lemma 6.1),
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forp>1

U1 (’JJ; A)|Fh1 , 0101 (’JJ; A)|Fh1 , 0201 (:C; A)|Fh1 € LP(Fhl) N BC(F}h)a
’Ug(x;A) Thy s 81’()2(33;14) Thy s 82’1)2($; A)|Fh2 S L;D(Fh2) N BC(Fh2).

Therefore, due to Lemma 2.3, v; and vy are representable in the form of
double layer potentials

OPy, (,
vi(z; A) = =2 / %[vl (y; Alr,,, ds, 2 < h1,

Fhl

0y, (x,
va(z; A) =2 / W[m(gj;/ﬁ]pw ds, x> ho.

th

In turn, these representations imply (see [10], Remark 2.15)

+oo
1 . .
vi(z; A) = o / exp{wlﬁ —ixo\/ K} 5%} g1(&1) dér, 2 < hy,

va(w; A) = o +/ exp{ixlgl +i12\/ﬂ} g2(61) déx, w2 > h,
01(68) = Foualor(anexp {1~ | -
— pi(&) exp {z‘hl\/ﬂ},
2(61) = Fos-alia(onoxw { -ina [~ ) =
= dasr)xp { -inay /3 - 7.
Im \/k? -2 >0, Re [k~ >0, \Jk3—=ir[e? — 13 for & > I3,

e1(z1) = [V1(@)]r,,,  p2(z1) = [v2(2)]r,,,

where

F*1 denote the Fourier (direct and inverse) transforms

+oo
95(51) = fx1—>§1 [(,0(3?1)] = / 90(371)@_“3151 dx17
1 +o00 -
J:f_ll*mzl[w(gl)] = % / w(gl)eil‘lﬁl d€1

— 00
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Applying these relations we derive (cf. [10], Lemma 6.1)

+o0 —

%st: 1 / vy
7r

P U1
812

Fhl

—
Cny dér =

' —o0

+oo
7
Z—g/ k? — &3 |g1(&0))? déa,

P T
Vo __ V2 —~
92 tsds = — | £22 dér =
/0302 V288 =on Oz |1, o2lrs, 46
Thy —o0 ‘2
. +oo
1
=5 k3 — €3 |g2(€1)Pdé,
— 00
Im/%v_ldsg(), Re/%ﬁdsz(),
0xo 0xa
I Lhy

0 0
Im/ﬂﬁdsz(), Re ﬂ@dsgo.
Oxs Oz
r

ho Ty

In view of (3.16) and (2.6) we see that
0 0 0
Im qp / ﬂHds =2 Re / ﬂEds—l—ul Im / ﬂstg().
Oxa 0xo Oz
Lpy Lpy Lpy
Step 4. Let (cf. (3.11))

w(zy) = ur(zy, f(21)) = wi(2)|r = E(x) = E(x1).
It is evident that w € BC(R) and

A A
/ |w(:cl)|2 dry < / |u(:vl)|2 ds < (1+ L2)1/2 / |w(:c1)|2 dxy
—A T'(A) ZA

with the same L as in (3.9).
Further, we define

A
Wate) = [ (4 far =) o)l don
Za

From (3.14) and (3.15) with the help of (2.16) we easily get
[vj (5 A), |[Vavj(a; A)| <cj(1+ L)Y Wa(ar) for x€ly,, j=1,2.
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(3.19)

(3.20)

(3.21)

(3.22)
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For z € I'y; we have

+oo
@) < es04 L2972 [ 1 ey = 07wl don =
= ¢j(1+ L*)V2 Wi (1), (3.23)

luj(x) — v (@)], [Vu;(z) — Vo ()] <
< oi(1+ L7)Y? / 1+ |z — y1| 72 fw(yr)| dyr =

R\[—A,A]
= ¢;(1+ L*)/? [Weo (1) = Wa(a1)]. (3.24)

Using the relations (3.17), (3.21), (3.22), (3.23), and (3.24) we derive

—Im / ﬂ Uz ds = —Im / [aw 8U2 _} ds—
812 :CQ
VS Tn

2

ov Ov
Iml / a—xZEds /62_2&5] /—v2d5<

2

Ty (A) Chy Ly
8uQ 81)2
<1 s — 229 | ds—
m / |:6x2 u9 83?2 ’U2:| S
Thny(A)
0 0
“Im a—Z@ds a”z@ds] <
Ty (A) Chy
Ouy Ovy __
< - 2% d 2 5 ds <
- / 0xo 2 0xo vz| a5+ / 0xo U2 45 =
Thy(A) Thy\Thy (A)
8uQ 81)2 81)2
< Juz 92 2 g -l b d
- / { 6332 83?2 | 2|+ 6332 |UQ ’U2| st
Tpy(A)
0
+ / a—f@ ds <
2
Thy\lhy (A)

A
<22(1+412) /[Woo(xl) Woa(wr)] W (1) daa +
A

A1+ L7 / |Wa(z1)|? day, (3.25)
R\[—A,A]

with some co > 0 independent of A.
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By quite the same arguments we obtain

Im{u / Z—Z;u_lds}ugf{e / g—z;u_lderulIm / g—z;u_ldsg

T'ny (A) Tpy(A) Tpy(A)

A
< 4¢3(1+ 1)y / W (1) — Wa(21)] Wool1) dir +
'

v Dl [ Waleo) don (3.26)
R\[—A, 4]
with some ¢; > 0 independent of A, due to (3.16), (3.18), (3.21), (3.22),

(3.23), and (3.24).
Now, from (3.10), (3.20), (3.25), and (3.26) it follows that

A A
/ lw(z1)]? day < c*{ /[Woo(xl) — Wa(z1)] Weo (1) dz1+
—A —A

+ / [Wa(z))? dxl} + M(Ap), Ao <A< 400, (3.27)
R\[—A,A]
M(Ao) = sup {lul IR (A)] + [R2(A)[}, (3.28)
cx = max{2c3(1 + L?),4c2(1 + L*)};

here Ag > 0 is an arbitrarily fixed number.
Applying Lemma A in [9] (see also Lemma 6.2 in [10]) from (3.27) we
conclude that w € Lo(R) and

/|w(a?1)|2 dx; < M(Ayp).
r

By the item (i) of Theorem 3.1, (3.11) and (3.19) we then have
U1|F, ’Lb2|1“ S LQ(F) n BCl(F) (329)

and

/|uj(x)|2ds < (1+ L)Y2M(Ag), j=1,2,
I

with M (Ap) given by (3.28). In what follows we will show that M (Ao) tends
to zero as Ag — +oo.

Step 5. Since u; € BC*(Q,), j = 1,2 (see (3.1)) there exist positive
numbers N; < 400 (depending on h;) such that
<

luj(z)], [Vuj(z)] < N; for x€ Q. (3.30)
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Therefore, for 6; = 8N2 > (0 we have
f(z1) 9
Uy 2 €1
L% das < N25;p = ——, €ER, 3.31
/ By | =TI T R (3.31)
f(z1)—61
f(x1)+62 5
Uz __ €1
8—371 Uz| dre < N2 0y = 8 , I1 € R, (332)
f(z1)

where £ is a sufficiently small positive number such that hq < f(z1)£d; <
ha. For d; > 0 let

10, (01) ={z € Qup, | 1 <x2 < f(21) — 61},
Q3 4, (02) = {2 € Qo p, | f(1) + 2 < 32 < h2}.

It can be shown that

Y
dist(Q%, (6;);T) = inf z—y| > —— >0. 3.33
@ GT) = inf a2 (3.3)

Step 6. From (3.12) and (3.13)
Juj(@)|* < 21y (w; Av) + 2D (23 Au),

where
0) (g ?
I (23 Ar) = [ / aGT((y)’y)E(y) ds] , (3.34)
I'(A1)
() (g ?
Lj(x; Ay) = [ / a(;T((y)’y)E(y) ds] )
I\I'(A1)

Assuming that
x €95, (), |w1] > 24, (3.35)

we have |z — y| > |z1 — y1| > |21|/2 for y € T'(A;) and due to (2.16) and
Cauchy inequality we get

Ay
dyx
hylwd) ¢ / (1+ |z —w))? / B ds <
— A T'(Ay)

s [\ 7 -
<2, (22) 7 i 0, < 1B 030)

where ¢} does not depend on A; (note that it depends on d;).
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Further, under the conditions (3.35) (for definiteness let x; > 2A4;) with
the help of (2.16) and (3.33) we derive

—A1 z1—1 2141 ¢ 2

i an<ard | [+ [+ [+ ] \aG '|Ey1|dy1 <

—oo Ay x1—1 x1+4+1
—A, 11

T E(y)|
<c3(1+L? /+ / +/ | dyr+
<o+l A+ a1 — P!

—00 Aq x1+1

2

/ dyl <
T T
t +
<daer | [ iy [ tBran <
—o0 R\[—A1,Aq]
< NENT,mran) (3.37)

where ¢/ > 0 does not depend on A; (note that it depends on d;).
In VleW of (3.34), (3.36), and (3.37) under the conditions (3. 35) we have

|Uj(33)|2 < C;' ||E||%2(r)|51“1|_2 + C;'I ||E||%2(F\F(A1))7 (3.38)
where ¢ and ¢ do not depend on A;. Therefore, due to (3.11), (3.29) and
(3.38) we can choose A; such that

— €1
B0y AT + ¢ IER yrcany < 1
and, consequently,

|UJ( )|2 < R fOI' ‘TGQ]}L ( ) |’I1| 7A>A17 (339)
J

where m; = 2 |u| Nj (hg — h1).
Step 7. Applying (3.7), (3.30), (3.31), (3.32), and (3.39) and taking
A > Ay > Ay we derive
[l [R1(A)] + [R2(A)] <
fF(=A)=b F(=4) F(A)=b f(A)

ou
< |pl / + / + / + / a—xi us| dao+
ha f(=A)=5, ha f(A)=8
F(=A)+6 ha F(A)+o ho
8’[1,2
+ + + + 9, | lu2ldz2 <
1

f(=4)  f(=A)+s  f(A)  f(A+S
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5 Nalhe = (A T+ St Nalh = f(A)] = ¢ <
3 2lh2 I, T8 2lh2 Ty [ =

< Z+2|[LL|N1(h27h1)—+Z+2N2(h2*h1) ma =€1.

Since €1 > 0 is an arbitrary (sufficiently small) number it follows that

Jim M(4) =0, (3.40)

where M (A) is determined by (3.28).

In turn, (3.40) along with (3.29) implies: u;(z) =0forz € T, j = 1,2.
Now, applying the uniqueness results for the Dirichlet problem (see [9],
Theorem 3.4, and [7], Theorem 3.1) we conclude: u;(z) =01in Q;, j =1,2.
The proof is complete. O

4. EXISTENCE OF SOLUTION

4.1. Potentials and integral operators. Let us look for a solution of
Problem (P) in the form

ur(@) = p~t Wie)(@) +p~ "t Vi(e)(@), @ €, (4.1)
uz () = Wa(p)(z) + Va(¥)(2), = €y,

where

— [ |5 e )| ot as,

/le(I) x,Y; h2) 1/)( )dS,

[ana(y G e, y,m)} o(y) ds,

o |
/ D (2,5 h) 0(y) ds;

here G,;(I) (z,y; ho) and G',;(I) (z,y; h1) are the impedance Green’s functions
introduced in Subsection 2.3 for the half-planes U,  and U ;Lrl , respectively,
with hy < fo < fy < hg (see (2.12), (2.13)).

Recall that n(z) denotes the unit normal vector to " at the point = € T’
directed outward of ;. Throughout this section we assume that I' € C1!
if not otherwise stated.
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Further, we introduce the integral operators:

(K%M@r:/Kﬂ%ww@ﬁh,xER (4.3)

(0)@) i= [ Kyw) ow)ds, aeT, (4.4)
T

(Hi)(w) = [ Hi(w.)oly)ds. weT. (4.5)
N

(LFe)(a) = Jim n(a) VaWy(e)w £on(z)),  (46)

where
Ki(2,y) = 0u) Gp @,y ha), K3 (@,y) = O GE P (e, ys 1), (4.7)
Ki(x,y) = 3n(;c)G;;(I)(=’E, yihe), Ka(z,y)= 5n(x)GZQ(I)(%y; hi), (4.8)
Hiny) = G. @,y o), Holwy) =GP yhn). (49)
For z,y € T let

G(y1) = (1, (1)), olyr) = {1+ [ ())* 72,

K (z1,1) = o(y1) K (z,y), Kj(z1,m) = o) Kj(z,), (4.10)

Hj(z1,51) = o(y1) Hj(z,y),
with z = (‘Tla f(xl)) and Yy= (yla f(yl))a and

+oo

@mmm:/%mmmmmm (4.11)
=

(KK;9)(x1) = /f(j(xhyl)@(yl)dyh (4.12)
=

(Fi)or) = [ Hylar,m) 2lun) din (4.13)

All integrals involved in (4.3)—(4.6) and (4.11)—(4.13) exist as improper
integrals, while (4.6) determines a singular integro-differential operator, and,
in general, the operators Lji are correctly defined for ¢ € CH(T) (see (4)
below).

For some M >b>a >0, n € (0,1] and k > 1 integer, let us define

B(kanaaabaM) = {f € Ckﬂl(R) | lﬁff(xl) > a, supf(:m) <b
R

and | fllknr < M}.
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Below, when necessary, we will indicate dependence of a function, an
operator, or of a set on the boundary f € B(k,n,a,b, M) by a sub- or
superscript f.

The following results have been proved in [6] as Lemmas 4.1-4.2, in [25]
as Lemmas A.1-A.4 and in [1] as Theorems 3.11-3.12.

Lemma 4.1. Let ¢ € BC(I'y) and f € B(1,1,a,b, M). Then
() Wi(¥), Vi(¥) € C*(Q1 UQ2,,) N"DPRC(Q, k1), Vi(¥) € C(Uy,) and
they solve the Helmholtz equation (2.1) in Q1 U Qg p,, provided hy > b;
(i) Wa(v), Va(¥) € C*(Qa U 1, ) NUPRC(Qy, ka), Va(¢) € C(U}}) and
they solve the Helmholtz equation (2.2) in Q3 Uy p,, provided hy < a;
(ili) forx €T’y
(W () (@)]* = Jim Wi (y)(w £ dn(z)) = (27 T+ K)(z),  (4.14)

[Vi (@) ()] := Jim Vi(¥)(z + on(w)) = H;9 (), (4.15)

= Jlim n(z) - V()@ £ 6n(w) = (F27 T+ K;)o@),  (4.16)
Jim (o) - [VW; () (@ + dn(@)) = VW (@)@ — dn(a))] =0, (417)

where all the limits exist uniformly for x in compact subsets of I'¢;
(iv) there exist C; > 0 such that

22| T2V (@), Jwa 7AW ()] < Cj 19l se
as |ze| — 4o0.

As we have already remarked, the operators L;t are well defined in ﬁj
for BC1®-smooth density functions.

To show this, for a unit vector-function I(x) = (I1(x),l2(x)) let us intro-
duce the differentiation operators

0 0 0 0
pr h(z) 57—, Oia) == l(z) s— + l2(2) G

O dz1

For an arbitrary C?-smooth function ¥ and arbitrary unit vector-functions
10) = (lgj)7 léj))7 j = 1,2, there holds the identity

O )0y () W (& = y) = =1V (@) - 1 (2)) Ay W (2 — y) —

=D (82,1 (2)) D9y, 1P () ¥z —y).  (4.18)

Denote by 7i(x) (with |i(x)| = 1) a BC%!-continuous extension from I'

onto R? of the unit normal vector n(z), z € I', and let 9z(,) := D(0,, 7u(z)).

Note that for z € I', 9z(y) = Or(z) and O (z) = O () are usual tangent and

normal differentiation operators at the point = € T.
Due to (2.7) and (4.18) we have

D(03,1(x)) :=l2(x)



UNIQUENESS, EXISTENCE, AND INTEGRAL EQUATION FORMULATIONS 127

for z # y.
Further, we represent G',;(I) (z,y;h1) as

G P (@ yi ) = @,y (2,y) + RED (2,53 ), (4.20)

where R,:;(I)(x, y;h1) = @p, (2, y') + P,ij)(x — ') is a C?-smooth function
in Uy for hj > hy (cf. (2.12)).
Let for some constants A and B (A < B)

Q(A,B)={zeQ;|A<x1 <B}, T(AB):={zel| A<z < B}
We decompose Wa(p)(z) as follows
Wa(p)(z) = Qi(z) + Q2(z) + Q3(x), =€ QU p,,

where p € BCH(T),

Qi(z) := / OGP (2, y: 1)) (y) ds,
I'\I'(A,B)

Q2(7) = / Oy R (2, y: 1)) o(y) ds,
T'(A,B)

Q@)= [ B ule) o) ds
I'(A,B)

It is evident that for z € T'(A/2, B/2) and p = 1,2, we have

lim 7(z) - VoQp(x) = Oy Qp(2) =

T—z

- / B 21 G (2,3 1)) 0(w)ds, (4.21)
I'\I'(A,B)

where the integrals exist as improper integrals.
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Applying (4.19) and integration by parts we get

() - Ve Q3(r) = On(o)Q3(v) = / [05 () On () Pr» (2, 9)] () ds =
r(A,B)

- / (() - 1)) AaBrs (2, ) () d—
I'(A,B)

- / (07 (1) 07 (2) Py (2, )] () ds =
I'(A,B)

- / () - 1)) K By (2, ) o () s + Oy ey (1, 1)] 9(4)—
I'(A,B)

— [07(2)Pro (7, yB)] 0(yB) + / [07(2) Py (7, Y)] Or(y) 2 (y) ds,
(A,B)

where y4 = (Aaf(A))ayB = (Baf(B))7 and 1 € (A/27B/2), h1 < x2 < ha
(b1 < =, ha > f1).

Note that the last summand has no jump on I'(4/2, B/2) (see, e.g., [20],
[13]), that is, for z € (A/2, B/2)

r—z

I'(A,B) I'(A,B)

lim O (2) Py (T, Y) 07 () 0(y) ds = / 07 ()P, (2,Y) Or(y)(y) ds,

where the right-hand side is understood as a singular integral in the Cauchy
Principal Value sense and is well defined due to the imbedding ¢ € BCH*(T")
(see, e.g., [22]).

Thus, we have shown that for arbitrary ¢ € BCH*(T), 0 < a < 1, and
arbitrary z € I’

lim 95y Wa(p) (@) = / (0059 G (2,93 ) o) st
I'\I'(A,B)
I'(A,B)

s [ ) nw)Kow e)dst
I'(A,B)

+ / 07(2)®Phy (2, ) O7 () p(y) ds + [0 () Pr, (2,y4)] p(ya)—
I(A,B)
— [0r(2)Pra (2, yB)] (yB),

where A and B are arbitrary constants such that A/2 < z; < B/2. It is
evident that the limit exists uniformly for z in compact subsets of T'.
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The similar results are true for the potential Wi(p). As a consequence
we obtain (cf. (4.6))

LTo=Lro=:Lip, j=1,2, ¢ BCH(I).

This implies that the operator £1 — L5 is well-defined for functions of the
space BC'1(T"). However, this operator can be extended onto the space of
bounded continuous functions BC(T") (cf. [13]).

Lemma 4.2. The operator L1 — Lo is well-defined and bounded for
functions of the space BC(T').

Proof. First, we recall the singular behaviour of the Hankel function Ho(l)
ast—0

21 t
HV(t) = ?Z(log 5 +0)+1+0( logd), (4.22)

where C denotes Euler’s constant.
With the help of definition (4.6), Lemma 4.1.(ii), and equalities (4.20)
and (4.22) we easily conclude that

Lo = (L1 — L2)p(z) =

= / {0000 |G P (2,55 o) =GP (@, y ) o(y) ds (4.23)
I

is well-defined for arbitrary ¢ € BC(T).
The kernel function of the integral operator (4)
L(x,y) = On(a) O [G D (@, 93 h2) — G (@, )] (4.24)
admits the bounds
[L(z,y)| < " (1+ | loglz —yl|) for |z—y|<1,
|L(zy)| < o —y| 722 for |z —y| =1, (4.25)

with some constant ¢’ > 0, due to (2.14).

The estimate
[£¢lloc < ¢"ll¢lloe for ¢ € BC(T)

with a positive constant ¢”” independent of ¢, can be obtained by standard
arguments (see the proof of Lemma 4.2 in [6]). O

The regularity properties of the aforementioned potential type and inte-
gral operators are described by the following lemmas.

Lemma 4.3. Let f € B(1,1,a,b, M). The operators
H;,K;,K;, L « BC(I'y) — BC*P(I'y) VB € (0,1), (4.26)
H;,Ki + BC**(T'y) — BCH*(I'y) Vo€ (0,1),
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are uniformly bounded with respect to f, i.e., there hold the uniform esti-
mates

[Soello.s.rs < collellso,ry (4.27)

[S1¢ll1,0,r; < collello,ar;, (4.28)
where So € {H;,K;, K5, L}, S1 € {H;,K}}, co and c1 are positive constants
depending on a, b, M, hy and hs.

Proof. Tt is verbatim the proofs of Theorems A28, A43, A50 in [15] and
Theorems 3.11, 3.12 in [1]. O

Lemma 4.4. Let f € B(1,1,a,b, M).

(i) For p € BC%*(T'¢), a € (0,1) the first order derivatives of the single
layer potential ij (p) in Q{,hl and Q;h? have BC%-extensions to Q{,hl ul'y
and Q;M ULy, and

f f /
Vi @l a0f, ursors, > 1V @lhaer, oror, <6 lelloars,
where the constant cg depends only on a,a,b, M, hy, and hs.
(ii) For p € BCH*(T'¢), a € (0,1), the double layer potential W]-f(go) and
its first order derivatives in Q{ n, and Qg n, have continuous extensions to
Q{’hl ULy and Qg’hz ULy, and

W @laf, oryorns W @lias, orpur, < lelar,,

where the constant c ! depends only on o, a,b, M, hq, and hy. (Note, that we
keep the same notatzons for the aforementioned extensions).

Proof. The proof of the item (i) is verbatim the proof of Theorem 3.11.(b)
in [1].

To prove the item (ii) we proceed as follows.

Let, for definiteness, x € Qg h,» and consider the first order derivative of

the double layer potential Wy (¢):

Wi @0) = [ |G g G st | ) ds, p=1.2. 429)

Ly
Here we have changed the order of differentiation and integration as the
kernel function is infinitely smooth for « ¢ I'y and admits the bounds (2.14).
Let § > 0 be a sufficiently small fixed number such that ho — b > 4.
For dist(z,I'f) > ¢ we have

% Wi (0))| < clipllor, / oo <@ lelkor, (430

é?atp

due to the bounds (2.14). Here ¢; (6) does not depend on f (it depends on
d,a,b, M, hq, and ho).
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Now, let dist(z,T's) < ¢ and
Ff(acl — 46, x1 +45) = {y € Ff | z1 — 46 < Y1 < 21 —|—4(5}.

Rewrite (4.29) as

Io) ;
5o W1 (@)(@) = I (@) + I (@) + I3 (@), p=1.2,  (431)
p
where (see (4.20))
Wy / [i 0 @, .. ]
Is/(x) = G z,y;h ds,
5 () Bz, Iny) ke (z,y;h1) | »(y)

Ff\Ff(I1745,I1+45)

@,y _ 90 9
Bw= [ gt e
Ff(11746,11+46)

(3) 9 0 ot

I - : .

sp(T) / { Da, ny) Ry, (fc,y,hl)} e(y) ds
Ff(11746,11+46)

Taking into consideration that |z —y| > 49 for y € T'f\T ¢(x1 — 40, 21 +40)
and applying the bounds (2.14) we get that I(glp)() is continuous in Q{ U
I'yu Q;M and

1150 (2)] < e2(8) llllowrys P =1,2, (4.32)

where ¢3(d) does not depend on f (it depends on 6, a,b, M, hy, and hy).
Since all the derivatives of R;rz (x,y; h1) are C*°-regular bounded kernels

in the §-vicinity of the curve I'y, we have that I(gi)) (+) is continuous in Q{,hl U
r'yu Qg h, and

112 (2)] < e3(0) llpllowrys p=1,2, (4.33)

where ¢3(d) does not depend on f (it depends on 4, a,b, M, h1, and hs).
With the help of the identities

0 0
_(I)k2 (x,y) = 7_®k22 (Z, y)a

Oz, Oyp
0 o} 49 aq)kz (Z, y)
83?1 6n(y) (I)k2 (Z, y) - k2n1 (y)(I)kz (Z, y) a7'(y) ay2 )
9 _ 2 0Py, (2, y)
83?2 6n(y) (I)k2 (Z, y) - k2n2 (y)(I)kz (Z, y) + a7'(y) 0y1 )
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where 0,y = n2(y)01 — n1(y)02, as above, denotes the tangent derivative,
and applying the integration by parts formula we arrive at the equality

2@ =8 [ m@oue)ds-
T f (1 —46,21+46)

— / |:(52p8_y1 - 51;08_2/2) (I)kQ (Z, y):| aT(y)SD(y) ds+
Ty (x1—46,21+45)
o} 0
+ [( - 1p—ay2> ke (T,Y )} e(y™)

(B =) Bl o), a3

where y* = (z1 — 46, f(z1 —49)), y** = (21 + 40, f(x1 +46)), and Jy, is the
Kronecker’s delta.

It is evident that the first, the third and the forth summands in the right-
hand side of (4.34) are continuous in Q4 », UT'y U Qs p, and there holds the
inequality

k3 / ()P, (2,y) @(y) ds
T4 (21 —46,21+46)

0 0 * *

+ ‘ |:<52p8_y1 — 51p6_y2) O, (2,9 )] wy")

a a sk sk

+‘ |:<62p6_y151p8_yQ> Oy, (7, y )} o(y™)

since |z — y*| > 46, |z — y**| > 49, and

+

+

<cy@)llllser,, p=1,2, (4.35)

|np(y)q)k2 (’JJ, y)| ds < CZ((S)v
T f (1 —48,21+49)
where ¢ (9) and ¢}/ (0) depend only on 6, a, b, M, hy, and ha.
For the second term in the right-hand side of (4.34) we have (see (4.22))

s@= [ (g~ g ) Bl Gyl ds =

T (z1—48,31+45)

with
2 Yy — Y — T
Jl(.ﬁ):; / ((52p|;y|12 - 61p|;y|22) a‘r(y)@(y) d57
Ff(11746,11+45) (437)
Jo(z) = / Q(z,y) Or(y)p(y) ds,

Ff(11746,11+45)
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where Q(-,-) is C%P-regular (V3 € (0,1)) and can be estimated by some
constant independent of I'¢. Therefore,

| Ja(@)| = Q(x, )07 e(y) ds| < c5(0) 07 (yylloc.r, - (4.38)

T (w1 —48,m1+45)

The function J; () given by (4.37) represents a Cauchy type integral in
Q1.p, and Qyp, with the Hélder continuous density 0.,)¢ € BCO’O‘(I‘f)

(0 < a < 1), and, therefore, it has C%%-continuous bounded extensions to
Qyp, ULy and Qg p, UTf (see, e.g., [22], §§15,16,17; [15], Theorem A46).
As a consequence, we have

[T1(2)] < e5(6) 197y ¢llo.ary (4.39)

where ¢Z(0) does not depend on f.
Further, (4.36), (4.38), and (4.39) imply

|J(2)] < ¢5(6) llell1,ary, (4.40)
where ¢5(9) depends only on §, a, b, M, hy, and hy (and does not depend
on f).

Applying the estimates (4.35) and (4.40) to (4.34) we obtain
113 @)] < c6(8) el 1.r (4.41)

with ¢6(0) depending on 6, a, b, M, h1, hs (and independent on f).
Now, (4.30), (4.31), (4.32), (4.33), and (4.41) complete the proof. |

4.2. Reduction to integral equations. Applying the representations
(4.1) and (4.2), and with the help of Lemmas 4.1, 4.2, and 4.3 we reduce
the interface Problem (P) to the system of integral equations on I':

p (224K = T HKS) et pT Y = Ho = fr, (4.42)
Lo+ (27 +K1) ¢ — (-2 T+ K2) ¢ = fo, (4.43)

where K7, K, H;, and L are determined by (4.3)-(4.5) and (4), ¢ and v are
unknown densities from the space BC(I'y) and

fi € BOY™(T), f.e€ BC™(T), 0<a<l, (4.44)

are given functions.
Rewrite (4.42) and (4.43) in the matrix form

My=F (4.45)
with
—(L+p)@2u) T +p K = K5 g Hy = He
L IT+K—Ks

X = . =[p0]", F= i =[f, )7,

2
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where T denotes transposition.
Now, we prove the following

Lemma 4.5. Let conditions (4.44) be fulfilled, f € B(1,1,a,b, M), and
X = [p,]" € [BC(T'¢)]? be a solution of the equation (4.45). Then ¢ €
BCY*(T4) and 1 € BC%*(T'y) with the same o as in (4.44).

Proof. First we show that ¢ € BC%(T'). From equation (4.42) we have
—(p+ V"t = fi —p KT + Ksp — p~ " Hay + Ha. (4.46)

Since (p + 1)/pu # 0, by Lemma 4.3 it follows that the right-hand side
function in (4.46) is BC%%-smooth, thus p € BC%*(I'y) and

lello.a.ry < [ flloar; + co([[@lloory + | flloory), (4.47)

where the constant ¢y > 0 is the same as in (4.27).
Applying again Lemma 4.3 we then get (cf. (4.26), (4.27))

Ly € BC**(Ty) and [Lello,ar, < colllloo,r,-
Further, since (see (4.43))
Y= fo— Lo —Kip+ Kath,
we have ¢ € BC%*(T'y) and
[¥ll0,0,r; < [ f2llo,0,r; + coll@lloc,r; + ¥]loc,ry)- (4.48)

Now, with the help of (4.46), (4.47), (4.48), and Lemma 4.3 (see also
(4.28)) finally we obtain ¢ € BC1*(T's) and

lell.ar, < ol fillnar, + I f2llo.ar, + [€lloor; + [¢lor,),

where ¢ is a positive constant depending on a, b, M, h1, and hs. O

Investigation of the solvability of equation (4.45) we start with the unique-
ness question.

Lemma 4.6. The homogeneous version of the equation (4.45) (F' = 0)
has only the trivial solution, i.e., the operator M is injective.

Proof. Let x = [¢,¢]T € [BO(I")]? solve the homogeneous equation
Myxy=0 on T, (4.49)

and uy(z) and ug(z) be determined by (4.1) and (4.2) with the density
functions ¢ and .

Lemma 4.5 and equation (4.49) yield ¢ € BCY#(T) and ¢ € BCYA(T")
for all 8 € (0,1). By Lemma 4.4 and equation (4.49) we conclude that u;
and ug satisfy the conditions of the uniqueness Theorem 3.1. Therefore,

uj(z) =0, ze€€y, j=1,2 (4.50)

In what follows we will show that (4.50) implies ¢ = ¢ = 0. To this end
consider the same functions u; and wug, i.e., the potentials (4.1) and (4.2),
in the domains €23, and €2 j,, respectively. Our goal is to show that u;
and ug vanish in s 5, and €y 3, as well.
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With the help of Lemma 4.1 we have (see (4.14)—(4.17)) for x € T’y
[ur (2)]* = [ua (2)] " = p(2), [Onwa (2)] — [Opur (2)]” =~ Mp(), (4.51)
[uz ()] = [u2(2)]” =¢(@), [Onuz(@)]" —[Onua(z)]” =—1(2). (4.52)
From (4.51)-(4.52) by (4.50) it follows that for x € I'f
(@) = [a(@)] =~ (@], $(2)=[Ouia(@)] = —plOwur ()] (4.53)
Introduce the following notation:
QT = Qg’hz, Q; = Ql,hla 4 54
vi(z) i= —pup(x) in - Qf, wve(z):=wuz(x) in Q. (4:54)

It is easy to see that v1 and v solve the following interface problem (see
(4.53), (4.54), (2.13))

Avj(z) + Klvj(z) =0 in QF, j=1,2, (4.55)

[1]T = [v2]7, [Opv1]T = [Opva]” on T, (4.56)

O0z,v1 = tk1v; on I'p,, (4.57)

Oz,V2 = —ikouy on Iy, (4.58)
where n is the unit normal vector to I' directed out of Q3, the symbols [-]©
and [-]” denote the limits from Q7 and €3, respectively. Moreover, due to
(4.54) and Lemma 4.4

v; € BCY(QF) and vy € BCH(Q3). (4.59)
Let

QA B) i={z € | A<z < B}, {;(A)={zeQ|z= A}

From the Green’s identities and conditions (4.55)—(4.58) we obtain (cf.
(3.4), (3.5), (2.5))

21 A2 / |’U1|2 dr + M\ / |’U1|2 d8+k2 / |’U2|2 ds =

Q3 (A,B) T'n,(A,B) T'n, (A,B)
=Im[RW(A) — RY(B) + R?(A) — RP(B)], (4.60)
where
RY)(P) = —7;ds, P=AB, j=12.
811
£;(P)

Since A\; > 0, Ay > 0, kg > 0, and |RY)(P)]| are uniformly bounded for
P € (—o00,+00), j = 1,2, we conclude from (4.59) and (4)

v1 € La(7), vilr,, € L2(Tn,), v2lr,, € L2(T'n,).

In turn, these inclusions imply

vi(z) =0 as |z1| — +oo (uniformly in QF) (4.61)

vo(x1,h1) = 0 as |z1| — +00 (4.62)
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due to the uniform continuity of v; in Q_;‘
In particular,

vi(21,he) = 0 as |z1| — +o0, (4.63)
—p(z) =v(z)|lr =v2(z)[r = 0 as |z1] — +oo, (4.64)

due to (4.53), (4.54), (4.56), and (4.61).
From the relations (4.59) and (4.63) it follows that

RY(P) -0 as |P|— +oo,
whence from (4) we get that the limits of R (A) as A — 400 exist and

2A1 22 / o1 |2 dz + M\ / [v1|? ds + ko / [vg|? ds = r® rf), (4.65)
QF Ty hy

where

2 _ @)= 1 2
Ty AEIjr[loo Im R (A) Agriloo Im / 9. 02 ds. (4.66)
£2(A)
As a next step we will show that
va(x) = 0 as |z| —» +oo
uniformly in Q3.
Note that (see (4.54))
va(x) = Wa(p)(2) + Va(¥)(2), =€,

where y = [p, 1] solves equation (4.49).
By the same arguments as in [8] (see the proof of Theorem 5.1, Step III,
p. 3779) and applying the decay condition (4.64) we can prove that

Wi(p)(@) =0 as |z1| — +o0, j=1,2,

uniformly in Q_;‘

To show that the similar decay property holds also for the single layer po-
tential V;(¢)(x) we need that the density function ¢ vanishes as |z| — +o0,
which we will establish below by contradiction (cf. the proof of Theorem
5.1 in [8)).

Let there exist a number ¢ > 0 and a sequence {z" := (an, f(an))} CT
such that |a,| — 0o as n — oo and |9 (z™)]| > €.

Define a translation operator

(Tug)(s) =g(s—a) for seR
and let
Fo =T oarf, @n =T 0@ =T o, b, g9 =T o g9, j=1,2, (467
where x = [¢,7]" is a solution pair of equation (4.49), ¢(s) = ¢(s, f(s)),
U(s) = (s, [(s)),
gV = wy (- ho) = —p o1 (- ha), g = uo(,hy) = val(, hy),  (4.68)
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and u;(x) are given by formulas (4.1) and (4.2). It is evident that f, €
B(1,1,a,b, M) for f € B(1,1,a,b, M).
Note that
(9 (0)] = [¥(an, f(an))| = (") 2 & > 0. (4.69)
From (4.62)—(4.64) it follows that g0 g 6 € BC(R) and
g =0, gl >0, $u >0, as n— oo, (4.70)

where the symbol = denotes the strict convergence (see Subsection 2.4).
Equalities (4.68) imply (see (4.1) and (4.2))

9V (@1) = wi(er, he) = p P (@) @) + P @) (1), (471

9@ (@) = PP (@) (1) + PP () (1), (4.72)
where
oo
PO (5)(a1) = /P}ﬁ**(xl,t)@(t) dt, = €R,j=1,2, (4.73)
-
PP @)= [ PP @b o e R j=1.2 (1.79)

P;l)**(xl,t):g(t {8,1@)@;1(1)(3;7% hg):| , x=(x1,he), y=(t, f(t)), (4.75)
= [G;;(I)(w,y;hz)}, x = (r1,ha), y=(t f(t), (4.76)

)
PO (21, 1) = oft)
P (@1,6)=0(t) |On) G (3 )|+ =, ), y=(t, F(), (477)
P (1, 1) = o) [Gr P @y )], o= (h), y= (6 5(0); (4T8)

here o(t) = /14 [f'(t)]2.
From these formulas with the help of (2.12) we get

a8 = Toa, g™ = p 7 PR (B0) 0 P (), (4.79)
92 =T_0,9® = PP (30) + PP (Whn). (4.80)

The relations (4.70) then imply
PO (Gn) + P () 50, j=1,2. (4.81)
From equations (4.49) we have

—(p+1)(2p) " Gt 1’C1 P ICQf Ot H1 fnwn H2f V=0, (4.82)
‘Cf Son + wn + ’Cl fnwn ’C2 fnwn = 0 (483)
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where the operators Iz;f,fn, iéj,fn, ﬁj,fn are defined by (4.11)—(4.13), and in
accordance with (4)—(4.24)

+oo
(Lyp)(z1) : = / Ly(21,91)@(y1)dy1, 71 € R, (4.84)

— 00

Ly(z1,31) : = o(t)L(w,y) with @ = (21, f(21)), y = (41, f(31)). (4.85)

By Lemma 4.6.(i) in [8] there exists a subsequence of { f,,} (for simplicity,
we rename it again by f,) and f* € B(1,1,a,b, M) such that

fo >0 and  fr (). (4.86)
By Lemmas 4.6.(ii) and 4.1 in [8] we conclude
E;’fn@n i) 07 Ef‘n@n i> 03 (487)

since @, — 0, IN{]*f Z IN(;f*, and an Z Ef*, where the symbol 5 de-
notes the o-convergence (see Subsection 2.4). Since the sequence {¢,} is
uniformly bounded, by Corollary 4.5 in [8] there exist ¢** and ¢¥* in BC (R)
and subsequences of (u~'Hy s, —Ha.p, )tn and (K17, —Ka.f, )t (renamed
by the same symbols) such that

(™ Hog, = Hag )0 = 07 (4.88)
S O (4.89)
After the above manipulations, it is evident that we may assume that all the
relations (4.67)—(4.89) hold for one and the same discrete parameter n € N.

From (4.70), (4.82), (4.83), and (4.87) along with (4.88) and (4.89) it
follows that

=0 and 1, — U (4.90)
Further, by (4.90) and since H; j, % H; ;- we have (see Lemmas 4.1 and
4.6 in [8])
M guthn = M g™ Kjgtbn = Kjpetp” (4.91)
As a result, from (4.82)—(4.83) with the help of (4.70), (4.87), and (4.91) we
then get
[ VHy et — Ho petp* =0,
b 4 Ky pe = Ko pop" = 0.
Using the bounds (2.14) and since f, € B(1,1,a,b, M) and f, > f*,
fh 2 (f*)', it is easy to see that

(4.92)

P25 pD* and PP PO
Consequently,

S

PO () =PI (), PO (5,) = 0.
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Therefore,

(1) — *k oo~ — * o 7 s — * Tk
T = P (@) + 1T P () S TP (0%) =0,
(2) * /o~ * o 7 5 * o Ty
In= P (@0) + P () S PR (%) =0,

due to (4.70).

Thus,
P @) =0, PE*@*) =o. (4.93)
Now, let us introduce the functions
wi(z) = p~ Vi (07) (@), @ € Uy, \ Ty, (4.94)
wa(x) == Vo p- (") (), x € U;rl \ Ty, (4.95)
where
U (y) =9 ),y =, f () € Tye (4.96)

Since 1* solves the system of integral equations (4.92), it follows that
(A+E)wi(z) =0 in Qf,

[w1(2)]r,. = [w2(2)]f,.,

r €T ={x €R? | 2 = f*(21)},
w0 (@), = [P @)F,.. ! ’

where O = {z € R? | 22 < f*(z1)}, 2 = {z € R? | 22 > f*(21)}, and
wy and ws satisfy the UPRC and DPRC, respectively.

Moreover, due to the second equation in (4.92) and Lemmas 4.3 and
4.4, we conclude that w; (j = 1,2) have bounded continuous first order

derivatives in U;; \ Qg* and U, \ Q{ ", Therefore, due to the uniqueness
Theorem 3.1

wi(z) =0 in Q{*, wa(z) =0 in Qg
Further, the equations (4.93) show that
w1 (z)|zer,,, =0, wa()|zer,, =0. (4.97)

Applying the impedance conditions (2.13) and the representations (4.94)
and (4.95) we get

Ows (x)
812

Ows(x)

D =0.

zo=h1

=0,

zo=ho

By Holmgren’s uniqueness theorem we then conclude that
wi(z) =0 for x €Uy, \Q{, wy(x) =0 for x €U, \Qg*
The equations (4.97), (4.94) and (4.95), and Lemma 4.1 then imply
P =0 on Ty, (4.98)
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since (anwl);f* - (anwl)fff* = p~19*. The equality (4.98) contradicts to
(4.69) since (see (4.90) and (4.96))

[0, £*(0)] = [°(0)| = lim _[|¢,(0)] = &> 0.

n—-+o0o

Thus, we have proven that

lim (z)=0. (4.99)
|#1|—o00
Now, from (4.99) it follows that
Vi(@)(x) =0 as |z1| — +oo, j=1,2, (4.100)

uniformly in ﬁj (cf. the proof of Theorem 5.1, Step IIT in [8], p. 3779).

In turn, (4.100) then implies (see (4.66)): rf) =0.
Applying (4.65) and (4.54) we get

vi(r) = —pui(xz) =0 for z € QF. (4.101)

Consequently, we have obtained that w;, which is represented by (4.1),
vanishes in ; and in Qf = U, \ Q1 (see (4.50) and (4.101)). This yields
@ =1 =0 on I', which completes the proof. O

4.3. Existence results. Now we are in the position to prove the unique
solvability of the non-homogeneous system (4.42), (4.43) (i.e., the matrix
equation (4.45)) which can be equivalently rewritten as the following system
of integral equations on R:

(~(+ 00 T+ Ky~ K y) P+
- (;fl Hip — ﬁz,f) P(x1) = fila), (4.102)
Ly 3(an) + (T+ Ky = Rag) dlan) = folon), (4.103)

where IEJ*J, iéj,f, ﬁj,f, and Ef are integral operators given by (4.11)—(4.13)
and (4.84), respectively, f € B(1,1,a,b, M), and

B(@1) = (a1, f(21)), (@) = (@, f(21)), fi(a) = f(a1, f(@1))
The corresponding matrix operator we denote by M f
. —(p+1)2u) T+ p K - Ky, p My~ H
My (A )T+ Ky =Koy My = Moy (4.104)
Ly IT+Kp— Koy

and let
X=10,0", F=[fif]
The equations (4.102)—(4.103) then can be written as
My X(21) = F(x1), =1 €R. (4.105)
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Now we formulate the properties of the integral operators involved in
(4.104) needed to apply the theory developed in [11] and [1] for a class of
systems of second kind integral equations on unbounded domains.

Lemma 4.7. Let K denote any of the integral operators /E;f, /Ej,f, ﬁjhf,
or Ef, and let IN((s,t) denote the corresponding kernel, such that

+oo
Kuv(s) = /f((s,t) v(t)dt for seR.

(a) There exists a function k(-) € L1(R) such that
|K(s,t)] <k(s—t) for s,teR, s#t,
where k(s) = O(|s|%/?) as |s| — +oo.

(b) The kernel K satisfies the properties

+oo
sup/ |K (s, 1)] dt < +o0,
seR

and for all s, € R,

—+oo
lim [ |K(s',t)— K(s,t)|dt = 0.
s'—s

— 00

(c) K is a bounded mapping from Loo(R) to BC(R) and from L,(R) to
L,(R) for any p € [1,400).

Proof. Tt is verbatim the proof of Lemma 5.1 in [1] due to the bounds (2.14)

and equalities (4.10) and (4.24) (see also (4.25)). O
Let
N -1 E* o ,E* -1 7:2 o ﬁ
F L e A e (4.106)

Ly Kij— Koy
and denote by M }O)(~, -) the matrix kernel corresponding to the operator

10
M7
By (4.104) then

My =10 + M (4.107)
with
—(1+p)2u)~t 0
10 .= (1)) : (4.108)
0 1

Further, let
A= {MEP) | feB(l,l,a,b,M)}.
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Lemma 4.8. Let /W}O) € A. Then M&o) is continuous and sequentially
compact with respect to the o-topology.

Proof. It is verbatim the proof of Corollary 5.14 in [1] due to Lemma 4.7. O

Lemma 4.9. Assume that {X,} C [BC(R)]? is a bounded sequence and
that there are a sequence {/T/l/;o)} C A and an operator M&o) € A such that
Fo > fo fn >

Then (Mvgcz) - MV;O)) Xn — 0 as n — +o0.

Proof. It is verbatim the proof of Lemma 5.16 in [1] and Lemma 4.6 in
8]. O

Lemma 4.10. The set A is collectively sequentially compact with respect
to the o-topology. Furthermore, for every {M;O)} C A, there exist a subse-
quence {M;i) } and Mvgco) € A such that Mvgcz) Xp /T/lj;o)i for arbitrary
Xp X as p — +o0.

Proof. Tt is verbatim the proof of Theorem 5.17 in [1]. O

As above (see the proof of Lemma 4.6), let T, be a translation operator
and

T :={T. | [BCR)]* = [BC(R)]*, X() — X(-—a), a€R}. (4.109)
Obviously, 7 forms a sufficient subgroup of the group of isometries on
[BC(R)]?, that is, for some j € N and for each ¥ € [BC(R)]? there holds

sup TuX(s) > 27X, @ €R.
[s|<j

Furthermore, since for f € B(1,1,a,b, M) there also holds f(- — a) €
B(1,1,a,b, M), it is not difficult to see that for M;O) € A, T, € T, there
holds T_aM}O)Ta S /~\, due to the structure of the kernels of the operators
involved in (4.106).

Let now /T/lj;o) € A and denote by & a C*(R) function with [x| < 1 on R,
k=0fort <0and k =1 for t > m, where m is a positive number. Denote

® k(n+m+t) for t<0, cN
o (t) := n €N,
k(n+m—t) for ¢t>0,

f:=271[sup f +inf f].
R R

We construct the sequence

Fult) = a(t) £(8) + [1 — (D) F (4.110)
and choose m such that {f,} C B(1,1,a,b, M).
It is easy to see that f, = f, f/ = f’ and by Lemma 4.9 also Mﬁ) Z

A0
M7
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Note that - .
M) = M 4+ MG, (4.111)

where

_ / [V (s,) = M (s,)] 5(0)

—o0
Lemma 4.11. The operators /T/lj(i’), n € N, are compact.
Proof. Represent /f\/lvgi) in the form

MO = P 4 ®),

fa T M,
where
(ntm)
MP x(s) = / [M}S)(s,t) —J\A/I}O)(s,t)} X(t) dt,
~(n+m)
MP () = / [M}S)(s,t) - M}O)(s,t)} X(t) dt,

R\ [—(n+m),(n+m)]

The compactness of the operator /\/l( ) can be shown by the word for
word arguments given in the proof of Lemma 5.18 in [1].

It remains to show that M( is compact.

Taking into account that the kernel M M "(+,-) depends on f in the fol-
lowing way (see (4.106) and (4.7)—(4.13))

70
M (s.8) = MO (s, £(3), . S (1),
we easily conclude
M}S)(S,t) - M%O)(S,t) =0 for |S| >n+m and |t| >n+m
due to the equality (4.110). Therefore,
MP5(s) =0 for |s| > n+m.

Now the compactness of the operator /T/ljgci) follows from Lemma 4.7 and the
Arzela—Ascoli theorem. |

Lemma 4.12. The operator I(9) +MV(?O) is bijective (and thus a Fredholm
operator of index zero) on [BC(R)]?.

Proof. Since /T/l/(?o ) is a convolution operator with a matrix kernel in
[L1(R)]?*2, the proof follows from Theorem A.2 in [26]. O
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Lemma 4.13. The operators an =10 4 Mﬁ) are bijective on
[BC(R)]*.
Proof. Note that due to the equation (4.111) and Lemmas 4.11 and 4.12

the operator My, is Fredholm and its index equals to 0. Thus, by Lemma
4.6, My, is bijective. O

Now we can prove the main existence result for the system of integral
equations (4.102)—(4.103) which can be written as (see (4.105) and (4.107))

./T/l/f%: F or {I(O) +M§»O)} Y=F on R
(see (4.105), (4.107), (4.108)).
Theorem 4.14. For all f € B(1,1,a,b, M) the integral operator
My =194+ MY : [BCR)? — [BOR)?
is bijective (and so boundedly invertible) with

sup ||M;1|| < 00.
fEB(1,1,a,b,M)

Thus the equations (4.102)—(4.103) have ezactly one solution for every f €
B(1,1,a,b, M) and F € [BC(T'¢)]?, with

IxlliBewmz = IXlliBe®yz < ClIFlBew): = CIF o,z

for some constant C > 0 depending on B(1,1,a,b, M) and wave numbers k;
(j=1,2).

Proof. Due to Lemmas 4.6-4.13 it is easy to see that the following conditions
are satisfied:
(a) The set A is collectively sequentially compact with respect to the

o-topology and for every sequence {M 5‘2)} C A there exists a subsequence
{/K/lvﬁ) } and MV;O) € A such that /T/ljﬁ) 5 MV;O) as p — +oo (see Lemma
4.10).

(b) The set of translation operators (4.109) forms a sufficient subgroup
of the group of isometries on [BC(R)]? and for an arbitrary translation
operator T, € 7 there holds T,aZN\Ta c A.

(c) /T/l} =710 ¢ MV;O) is injective for /T/lj;o) € A (see Lemma 4.6).

(d) For every M}O) € A there exists a sequence {Mgco)} C A such that
10 M}? is bijective and /T/l/gc(i) % Mgco) as n — +00 (see Lemma 4.13).

By Theorems 5.12 and 5.13 in [1] we then conclude that all the assertions
of the theorem are valid. O

The above theorem along with Lemmas 4.4 and 4.5 leads to the following
existence results for the original interface problem.
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Theorem 4.15. Interface Problem (P) has ezxactly one solution for

arbitrary data f1 and fo with f; € BCY*(T') and fa € BC®*(T"), and

uj € 02(QJ) mCI(Q_J) chl(ijhJ)a Jj=12.

Moreover, in Qjp, the solution depends continuously on | fillco,r and
I f2lloo,r, while Vu; depends continuously on || fi|l1,a,r and || f2]/0,a,r-
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