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1. INTRODUCTION

Consider the ordinary differential equation
u™ (£) 4+ p()|u(t)|*® signu(t) = 0, (1.1)
where p € Lijoc(R4;R), p € C(R+;(0,400))). The equation (1.1) is a generalization of
the ordinary nonlinear differential equation of Emden—Fowler type.

Oscillatory properties of Emden—Fowler type equations are studied well enough [1-3].
As to the equation (1.1), analogous issues for it have not been considered earlier. Below
optimal conditions will be given for the equation (1.1) to have either of the properties A
and B (the definitions see below).

Let to € Ry . A function u : [tg,+00) — R is said to be a proper solution of the
equation (1.1) if it is locally absolutely continuous along with its derivatives up to the
order n — 1 inclusively, sup{|u(s)| : s € [t,+0o0)} > 0 for ¢ > ¢ and the equality (1.1)
holds almost everywhere on [tg, +00). A proper solution u : [tg, +00) — R of the equation
(1.1) is said to be oscillatory if it has a sequence of zeros tending to +o0o. Otherwise the
solution u is said to be nonoscillatory.

Definition 1.1. We say that the equation (1.1) has Property A if any of its proper
solutions is oscillatory when n is even, and either is oscillatory or satisfies

W@ @) L0 as ¢ 1400 (1.2)
when n is odd.

Definition 1.2. We say that the equation (1.1) has Property B if any of its proper
solutions either is oscillatory or satisfies either (1.2) or

[uP ()] T +o0 as t T +oo (1.3)
when n is even, and either is oscillatory or satisfies (1.3) when n is odd.
2. DIFFERENTIAL EQUATIONS WITH PROPERTY A
Theorem 2.1. Let p € Lioc(R+;Ry),
p: Ry — (0,1], limsupt' ™ #(®) < oo, (2.1)
t—o0

and for some € >0 and any X\ € [n —2,n — 1]
t

. n—2
111332“”*2**/ st p(s)ds > [ IA =il +e. (2.2)
0 i=0

Then the equation (1.1) has Property A.
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Theorem 2.2. Let p € Lioc(R+; Ry), the condition (2.1) be fulfilled and there exist
€ > 0 such that for any X\ € [n —2,n — 1]

t n—1
1itrggft*1/s"*”WS)p(s)ds > [ Ir=il+e (2.3)
o i=0

Then the equation (1.1) has Property A.

Theorem 2.3. Let p € Lio.(Ry; R4), the condition (2.1) be fulfilled and
t n—1

litminfz‘f1 / s"p(s)ds > max{y ™ H A—id: A€ n—2,n—1]}, (2.4)
— 00

o i=0
where v = litm inf t*M =1 Then the equation (1.1) has Property A.
— 00

Theorem 2.4. Let p € Lioc(R+;R1),

u: Ry — [1,400), limsup t* P! < 400 (2.5)
t—oo

and there exist € > 0 such that when n is even for any X € [0,1]
t n—1
limi - n—14+Au(s) .
tlinﬁrgt /5 p(s)ds > ' H A —i| +¢,
0 1=0;1#1
while when n is odd the condition (2.2) is fulfilled for any X € [n — 2,n — 1] and the
condition
t n—1
limi 1-X n—2+Au(s) o
tlin-ﬁgoft /s p(s)ds > , H A —i]+e,
0 1=0;17#2
for any X\ € [1,2]. Then the equation (1.1) has Property A.

Theorem 2.5. Let p € Lioc(R+; Ry), the condition (2.5) be fulfilled and there exist
€ > 0 such that when n is even the condition (2.3) is fulfilled for any X € [0,1], while
when n s odd the condition (2.3) is fulfilled for any A € [1,2]U [n — 2,n — 1]. Then the
equation (1.1) has Property A.

Theorem 2.6. Let p € Lioc(R+; Ry), the condition (2.5) be fulfilled, and when n is

even
t

. n—1
li 'ft’l/ "p(s)ds > - A—i|:A€e(o,1]}, 2.6
lim inf s"p(s)ds > max{y 1:[0\ il = A e[0,1]} (2.6)
0 =
while when n is odd
t n—1
lim inf ¢! / s"p(s)ds > max{y~* H A—i], xe[1,2]U[n—2,n—1]}, (2.7)
e =0
) =

where v = %im_&nf t#()=1 Then the equation (1.1) has Property A.
—+o00

3. DIFFERENTIAL EQUATIONS WITH PROPERTY B
Theorem 3.1. Let p € Lioc(R+;R—), the condition (2.1) be fulfilled and there exist
e > 0 such that when n is even

¢ n—1
ltiinlrgt”_g_A/52+)‘“(s)|p(s)|ds > H A —i| +e (3.1)
5 i=0sitn—2
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for any X € [n — 3,n — 2], while when n is odd the condition (3.1) is fulfilled for any
X € [0,1] and the condition

¢ n—1
liminft_)‘/s"_1+)‘“(s)|p(s)|ds> H IN—i]+¢

¢
T i=05i=1

for any X € [n — 3,n — 2]. Then the equation (1.1) has Property B.

Theorem 3.2. Let p € Lioc(R+;R—), the condition (2.1) be fulfilled and there exist
€ > 0 such that when n is even
t

n—1
P -1 n—A+Apu(s) s
liminf /s Ip(s)]ds > HO A—i|+e (3.2)
J -

for any A € [n — 3,n — 2], while when n is odd the condition (3.2) is fulfilled for any
A €[0,1]U [n—3,n —2]. Then the equation (1.1) has Property B.

Theorem 3.3. Let p € Lioc(R+; R—), the condition (2.1) be fulfilled and when n is
even

¢ n—1
lim inf ¢ 1 / s™|p(s)|ds > max{y~* H A—=1]: A€ [n—3,n—2]}, (3.3)
t—+o00 5 =0
while when n is odd
¢ n—1
%imlnft_l / s"|p(s)|ds > max{y > H A—=1l: A€ [0,1]U[n—3,n— 2]}, (3.4)
0 =0

where v = %im inf t*() =1 Then the equation (1.1) has Property B.

— 400

Theorem 3.4. Let p € Lioc(R+;R—), the condition (2.5) be fulfilled and there exist
€ > 0 such that when n is even

t n—1

lim inf 1= / st p(s)ds > [ A -1+«
oo 5 i=0;i#2
for any X € [1,2], while when n is odd
¢ n—1
limi - n—14+Au(s) s
tlinﬁrgt /s |p(s)|ds > . H A —i|+e
0 1=0;1#1

for any X\ € [0,1]. Then the equation (1.1) has Property B.

Theorem 3.5. Let p € Lioc(R+;R—), the condition (2.5) be fulfilled and there exist
€ > 0 such that when n is even

t n—1
1iminft*1/s"*”*“<5>|p(s)|ds > r—il+e (3.5)
t—oo
3 i=0
for any A € [0,1], while when n is odd the condition (3.5) is fulfilled for any A € [0, 1].
Then the equation (1.1) has Property B.

Theorem 3.6. Let p € Lioc(R+; R—), the condition (2.5) be fulfilled and when n is
even
n—1

t

R —1 n —A _ .

ltlinfolgt /s |p(s)|ds > max{y Z1:[0 [A—1]: X e [1,2]}, (3.6)
5 =
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while when n is odd
t

. n—1
liminf =% [ s ds > - A—1/:x€e0,1]}, 3.7
timjaf [ 5" |p(s)|ds > max{y [T A-1:ae o) (37)
0 =

where v = %im inft4() =1, Then the equation (1.1) has Property B.

— 400

It should be noted that the strict inequalities (2.4) in Theorem 2.3, (2.6)—(2.7) in
Theorem 2.6, (3.3)—(3.4) in Theorem 3.3, and (3.6)—(3.7) in Theorem 3.6 can not be
replaced by the non-strict ones.
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