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APPROXIMATE SOLUTION OF ONE CLASS
OF SINGULAR INTEGRAL EQUATIONS

BY MEANS OF PROJECTIVE AND
PROJECTIVE-ITERATIVE METHODS



Abstract. We consider singular integral equations when the line of
integration is the segment [—1,1]. Equations are considered in the weight
spaces.

For the indices » = 1 and » = —1 there are additional conditions which
are approximated additionally by other authors. For the index » = 1 we
narrow the domain of definition of the singular operator, while for the index
» = —1 we narrow the range of values of the singular operator. Such a
procedure allows one to justify approximate schemes without any difficulty.

Projective-iterative schemes are considered, their convergence is proved
and the convergence order is determined. Stability of the projective-iterative
schemes is defined and proved.
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1. INTRODUCTION

We consider the following singular integral equation [1]:

t—=x

3

ap(@) + %/ pt)t | 1 /K(a:,t)go(t)dt — @), -l<z<1, (L1)

where a and b are real numbers, K (z,¢) and f(z) are real functions, z,t €
[—1,1], a®>+b* = 1. The equation (1.1) is called the equation of the first kind
for a = 0 and the equation of the second kind for a # 0. Singular integral
equations of the first and the second kind are theoretically identical; the only
difference is in the choice of weight spaces and coordinate (basis) functions
in the projective method. We consider the singular integral equation (1.1)
in weight spaces [2]. The index of the equation (1.1), 2 = —(a + 3), where
1 a— b 1 a—1b
a_ZEm(a+m)+N3/y__55m<a+w)+M7

here N and M are integers which we choose as follows:

Dx=1 -1<a <0

2)x=-1, O0<aq,f<1;

3) =0, a=-0£,0<]a| <L
These cases cover the well-known problems of mechanics.

The use will be made of the following short notation for the equations of
the first and the second kind, respectively,

Sp+Ko=Ff, (a+bS)p+Kp=f,

which will be considered in the weight space Ly ,(—1,1). The notation
¢ € Ly ,(—1,1) means that

1
/(prdx < +00.
-1

The problems of approximate solution of singular integral equations go
back to the work of M. A. Lavrent’ev [3]. Subsequently, these problems
were studied by H. Multop, V. Ivanov, M. Schleif, S. Mikhlin, Z. Préssdorf,
B. Gabdulkhaev, J. Sanikidze, B. Musayev, A. Kalandiya, M. Gagua, I.
Lifanov, F. Erdogan, G. Gupta, S. Krenk, M. Sheshko, G. Thamasphyros,
P. Theocaris and other authors.

My first works dealing with the projective and collocation methods for
approximate solution of the singular integral equation (1.1) were published
in the Journal of Computational Mathematics and Mathematical Physics in
1979 and 1981. These works suggest approximate schemes which somewhat
differ from the earlier known ones for the indices » = 1 and » = —1.
Justification of these schemes is also given.

In 1993 there appeared the work of D. Porter and D.S.G. Stirling in
which the authors suggested the cyclic projective-iterative scheme for the
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equation of the first kind (I + T)u = f in the Banach space. This scheme
has been used in our joint work with G. Khvedelidze for the singular integral
equation (1.1).

The present paper combines the results obtained by the author in the
recent years. Moreover, it concerns the problem of stability of the projective-
iterative scheme.

The work is not a survey. In References we indicate the works which are
used in the proof of theorems.

2. PROJECTIVE METHOD FOR THE SINGULAR INTEGRAL EQUATION OF
THE FIRST KIND

We consider the equation

S+ Kp=f, (2.1)

eMdt | g <1,

t—x

where Sp = 1

Lo

1

1
Kp= —/K(a:,t)go(t)dt, z,t € [—1,1].
™
S1
For the above equation there may take place three cases: 1) » = 1,
a=f=-3;2x=-1l,a=F=-%;3)%x=0,a=—-%,8=1%, ora=3,

f=—1.
All these cases will be considered separately.
)x=1la=0= % Let us introduce the weight space L ,,[—1,1],

where the weight p; = (1 — 22)/2, and the scalar product
1
[u,v] = (1 — %) ?u,v) = /(1 — 2V 2u(a)(x)d.
e

Any function of the type ¢(z) = (1 — #2)~2¢g, where po(x) is a bounded
measurable function, belongs to the space Lo ,, .
Let the function K (x,t) satisfy the condition

1 1

//KQ(:c,t)(l —2?)2(1 — 3)" % dtdx < +o0.
15
Then the operator K is completely continuous in Ly ,,. It is known that
the singular operator S is bounded in Lo ,, [4].
The equation (2.1) will be considered in the weight space La ,,; f, ¢ €
L27P1 .
Let us take the Chebyshev polynomials [5]

Ty (z) = cos(karccosz), k=0,1,..., |z]<1.
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The system of functions

~ 1 ~ 2?2
TO(.T/'):TF_ETO7 Tk(x):(;) Tk(m), k:1,2...

)

is complete and orthonormal with the weight (1 — xQ)’% in the space
Lo[—1,1]. Therefore the system of functions

o= (1—2?)"2Th(x), k=0,1,...,

is complete and orthonormal in the space Lo , . Moreover, the system of
functions

Vg1 = (z) Uk(z) = (g) (1—22)" 7 sin((k+1) arccos z), k =0,1,.. .,
™ ™

where Ug, k= 0,1,..., are the Chebyshev polynomials of the second kind,
is also complete and orthonormal in the space L ,,.
The following formulas are well-known [6]:

S[Te(t)(1—2)"2] = Up_1(z), k=1,2,...,
S[Up_1(t)(1 = t2)3] = —Ti(z), k=1,2,..., (2.2)
S(1—t%)"2 =0.

The first and the third relations from (2.2) provide us with

Spo =0,
o (2.3)
Scpk:lbk, kil,?,....

We decompose the space Ly, as the orthogonal sum Lo, = Lg;l @
152

5.0, Where Lé};l is the linear span of the function ¢y = (w(1 — #2))~ 2.
The null-space of the operator S is one-dimensional. The conjugate operator
S§* = —(1—12)"25(1 — 22)2. The equation S*p = 0 in the space Lo p,
has only zero solution which corresponds to the index » = 1. Now we
restrict the domain of definition of the operator S and consider it not in

Lg;l but only in L(2?;)n' We denote the restricted operator by S. Then the
(2)

operator S transforms the orthonormal basis ¢1,p2, ... of the space Ly,
into the orthonormal basis t1,12,... of the space L2, . Therefore the

operator S is isometric, S(L(2)

(2) 2,p1
S_I(Lgpl) =Ly,
To single out a unique solution of the equation (2.1), in applied problems
for s« = 1 the additional condition

1

/¢@ﬁ:p (2.4)

-1

) = Lo ,,. There exists an inverse operator

is imposed, where p is a given number.
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Let us introduce a new unknown function
(1) = (t) —pr (1 —17)72.
Then the equation (2.1) with the condition (2.4) can be written in the form
S+ Ko = fi, (2.5)
where fi = f —pr 1K (1 — %)z,

1

/(b(t) dt = 0. (2.6)

-1

The condition (2.6) is obtained from (2.4) if we take into account that
fil(l — ¢2)=2 dt = 7. The condition (2.6) implies that

[¢a 500] =0,
ie, @€ L(2?;)71' Therefore the operator S 4+ K can be considered from Lg;l
into Ly ,5,. Thus we have
So+Kp=fi, ¢CLY) . fi€La,. (2.7)

The term f; involves the integral K (1 — t2)_% with a weak singularity.

The corresponding approximate formulas are known [7].
Let there exist the inverse operator (S + K)~! mapping Ly, onto Lé?l)n;
this is equivalent to the existence of the inverse operator (I + KS—1)~!

transforming Lo ,, onto itself.
An approximate solution of the equation (2.7) is sought in the form

5 =3 .
k=1

The residual (S + K)gb(") — f1 is required to be orthogonal to the functions
1/)171/)27 s 71[)7“
[S6™ + Ko™ — f1,4,] =0, i=1,2,...,n. (2.8)

Taking into account (2.3) and the fact that the system t1,1,... is
orthonormal, we obtain the following algebraic system

ai+zak[K§0k‘7wi]:[flawi]7 i:1727"'7n' (29)

k=1
To compose this system, we have to calculate the integrals

11
2 1—xz?\2

[Kor, il = —2//K(a:,t)( a ) cos(k arccost) sin(arccos x)dtdz
T

1—¢2
S5
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and
2\ 3 i
[f1, %] = (—) : /fl(:c) sin(i arccosz)dz, k,i=1,2,...,n.
T
-1

Theorem 2.1. If there exists the inverse operator (I+KS~1)~! mapping
Lo, onto itself, then the algebraic system (2.9) for sufficiently large n has a
unique solution (a1,as,...,a,), and the sequence of approximate solutions
{cp(")} converges to the exact solution of the initial problem in the space
L27P1 .

Proof. The inverse operator S™!(Ls,,) = Lg;l exists and therefore the
equation (2.7) can formally be rewritten in the form
(I+KS™HS¢=f.
Denote w = S¢. Then we have the equation
(I+KS HYw=fi, w,fi€Lay,. (2.10)

Let us seek an approximate solution of the equation (2.10) in the form

n
w™ = Z bk
k=1

by the Bubnov—Galerkin method
[(I+KS™Hw™ — fi,4] =0, i=1,2,...,n. (2.11)
Using the orthoprojector
P = Z[U, Vrlr, v € Loy,
k=1
we write the equation (2.11) as follows:

w® + P ES ™ = B fr, w™ eIy (2.12)

where fglgl is the linear span of the functions 1, s, ..., Y,.

The operator K. S~ is completely continuous in Ly ,,, the inverse opera-
tor (I+KS~1)~1 exists, and the system 11,2, ... is a basis in La ,,. Thus,
since as is known ([8], [9]) |P™KS~!| — 0 asn — oo (P™ =1—P,), for
sufficiently large n the equation (2.12) has a unique solution w(™ | and the
sequence of approximate solutions of the equation (2.10) converges to the
exact solution:

|w™ —w|| -0 as n — oo. (2.13)
Then the algebraic system (2.11) has a unique solution (by, ba, ..., b,), since
1,2, ..., ¥, are linearly independent. It remains to note that the algebraic
systems (2.11) and (2.9) coincide.

Next,
0" 6 =5715(¢" —9) = 57w —w),
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and hence taking into account (2.13), we have

H¢(n) — ¢||L(22) = ||w(") — w”le — 0 as n — oo. (2.14)
Pl

An approximate solution of the initial problem will be
o™ = ¢ 4 771p(1 - 2)7 3,
We have

) —p =g —¢.
As a result, we obtain the convergence in the weight space

1
/(1 —22)7 (™ — p)%dz — 0 as n — oo.
1

The theorem is proved. ]

If the operator K = 0, i.e., if we have a purely characteristic singular
equation
Sp=f (2.15)
with the condition

then fi=f, ¢=¢—7 1P — t2)*% and hence we have the equation

So=f ¢elLf), f€La,. (2.16)
The algebraic system (2.9) takes the form
a; = [fye], i=1,2,...,m (2.17)

it remains to calculate the Fourier coefficients
2\ 3 1
gl = (2)" [ @0 - eV (@pds, i=12.0
Z1

2) x=—-1l,a=0= % Introduce the space L ,,[—1, 1] with the weight
p2 = (1 — x2)~2. Any function of the type ¢(z) = (1 — 22)2po(x), where
wo(z) is a bounded measurable function, belongs to the space La ,,. Let
11

//KQ(aj,t)(l —12)3(1 — 22) 77 dtdz < +o0.

S151
Then the operator K is completely continuous in Ls ,, and the operator S
is bounded. The equation S¢ = 0 in the space L3 ,, has only zero solution,
because (1 — x2)_%§L2,p2. The conjugate operator has the form

§* = —(1-12)78(1 —2%)" 3.
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The equation S*¢ = 0 in the space Ly ,, has the nonzero solution ¢ = 1,
1€ Ly ,,. If the equation

Sp+Kp=f (2.18)
has a solution ¢, then
K¢ — f,1] =0. (2.19)
This condition will be fulfilled if K(L2,,) L 1 and [f,1] = 0. The
condition K (L3 ,,) L 1 means that
1
/K(Jc,t)(l — 2?7 dz =0. (2.20)
Z1
Here we assume that the above-given conditions are fulfilled. Later on, these

restrictions will be removed.
In the space Lo ,, the system of functions

2\ 2 ! 2\ 3
gpkﬂz(;) (1—3:2)5Uk(x)=(;) sin[(k + 1) arccosz], k=0,1,...,

is complete and orthonormal [10].
Denote

1
2

2\ 3 2
Vi1 = —(—) ’ cos[(k + 1) arccosz] = — (—) Tet1(z), k=0,1,....
™ T
The second relation from (2.2) provides us with
Sgﬁk:@/)k, kil,?,... (221)
We now decompose the space L ,, into the orthogonal sum Lg ,,
L;};Q @ L;?/))Q, where Lg/)n is the linear span of the function ¢y = —7
and Lg?,)u is the orthogonal complement of the space ngz' The systems
of functions ¢1,9,... and 1,19,... are orthonormal and complete in

the spaces Ly ,, and LS;Z, respectively. As the relation (2.21) shows, the
operator S transforms an orthonormal basis of the space L2 ,, onto an

—1
2

orthonormal basis of the space L(Q?I)JQ. Therefore the operator S is isometric

and there exists S~! which maps L;?,)JQ onto Ly ,,. The function f € Lé?l)),

and therefore the equation (2.18) will be considered from Ls ,, to Lé?;z,

Se+Kp=f ¢€Ly,, [eLf (2.22)

2,p2°

Assume that there exists (S + K)~! mapping Lé?;z onto Ls ,,, which is
equivalent to the existence of the inverse operator (I + KS~1)~! mapping
Lg}u onto itself.

We seek an approximate solution of the equation (2.22) in the form

o =3
k=1
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and compose the algebraic system from the following conditions:

(S + K)e™ — f] =0, i=1,2,...,n

This, with regard to (2.21) and the fact that the functions 1, s, ..., are
orthonormal in Lé /),2, provides us with
ai-l—Zak[K(pk,wi]:[f,wi], i=1,2,...,n. (2.23)
k=1

To compose the above system, we have to calculate the integrals

11
2 1
(Ko, il = —— / / K (z,t)(1 — 2*)~ 2 sin(k arccost) cos(i arccos z)dt dz,
™
151

2\z 1
[f, ] = 7<—2) ’ /f(:c)(l —2%)72 cos(iarccosx)dx, k,i=1,2,...,n
™
-1
Theorem 2.2. If there exists the inverse operator (I+KS~1)~! mapping

Lg;z onto itself, then the algebraic system (2.23) for sufficiently large n has
a unique solution (a1, as,...,a,), and the sequence of approzimate solutions
{(p(")} converges to the exact solution in the space Lo p,, i.e.,

1
/(1fx) %(cp(") ©)’dx — 0, n — oo.
21

This theorem can be proved just in the similar way as Theorem 2.1.
If the operator K = 0, then the algebraic system (2.23) takes the form

al:[f71/)’i]a i:1,2,...7n7

where

3) % =0, a=—p, |a| = |ﬂ| = 1. Here we may have two cases (a)

8 = —%. Let us introduce the space

1 1

2 a
L.y, [—1,1] ith the Welght p3 = (11 )%(1 + #)"2. Any function of
2

Let
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Then the integral operator K is completely continuous in Ls ,, and the
operator S is bounded in Ls ,, [4]. The equation
Se+Ko=Ff, ¢, f€Lap, (2.24)

is considered in the space L ,,. The function (1 — 22)~2€Ly ,,, thus the
equation S¢ = 0 in the space L ,, has only zero solution. The conjugate

operator has the form
14+t\z /1—2\2
5 =-(1=3) s(73)
1-—-t 1+

The equation S*¢ = 0 has only zero solution in L ,,. Consider the system
of functions [11]

o =c(l—2) A +2)5 P2 (), k=0,1,...,
%

where P,Eié’ )(:C) are Jacobi polynomials,

11 ok + Hr(k + 3)1-%
cr = (h )5 = [ G JLNGRE 7] S
(2k + 1)(k!)2
2k+1
_11 cos arccos T
Pl (g) = 5 2 ) k=0,1,...,
cos( 5 arccos )
1-3---(2k-1)
€0 , €k 2.4...9k ; y 4y
Thus the system of functions g, 1, ... is orthonormal and complete in
the space Lz p,.
Take the Jacobi polynomials [11]:
o (2k+1
11 sin arccos T
P,i” 2)(x):ek (55— 2 ), k=0,1,...,
sin(5 arccos x)
and denote
11
’lﬂk = CkPliw 2)($), k= 0,1,....
The system of functions g, 11, ... is complete and orthonormal in the
space Ly ,,,
-3 _ (=53 _ ;33
(c, > =hy = hy, )-
Let us show that
Spr=vr, k=0,1,.... (2.25)

‘We have

Scpk — CKEET 1

1
1/ (1—t)"2(1+1)2 cos(2EEL arccost) J
(t — x) cos(3 arccost)
1

2541 - gin rdT

1] (1—COST)_%(1+COST)%COS
= cpe
RERTE ) cos%(cosr—cosf)
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n 1

_1 1o 2ktl
— ceepr! / (1 —cos7)"2(1 +cos7)2(1 — cosx)? cos ==Tdr

cos 5(cos T — cos &)

0
™ ki

[ (1 + cosT)cos 2Ly _, [2cosZEHTcos T
= cperT dr =cpexm —2Z2dr=

cos 5 (cos T — cos§) cosT — cosé

1 / cos(k + 1)7 + coskr
= cpexRm dr.
cosT — cos &

0

Taking into account the known relation

™

7T71/ cos k7 dr = 51'nk§’ k=0,1,...,
cosT — cosé sin &

which is obtained from (2.2), we have

sin(k + 1)¢  sink¢ 2sin 26 ¢ cos §
Ser = Ckek( : . ) = crep————— 2 =
sin¢ sin§ 2sin 5 cos 3
s 2k+1
SN —— 1 _ 1
= Ck@k.iz = ckPéz’ 2)(:43), k=0,1,..., x=-cosé.
Sin

2

Thus the operator S transforms an orthonormal complete system of
functions g, @1, ... of the space Lj ,, onto another orthonormal complete
system g, 11,... of the same space. Hence the operator S is unitary;
S(L27P3) = Ls,p,, S_l(LQ,P'z.) = L27P3'

An approximate solution of the equation (2.24) is sought in the form

n
90(") = Z akPk
k=0

and the algebraic system is composed by means of the following conditions:
[(S+ K)p™ — fh] =0, i=0,1,...,n,

which, taking into account (2.25) and the fact that the functions g, 91, ...
are orthonormal, provides us with

ai+zak[K¢k7¢i]:[f71/)i]7 i=0,1,...,n. (226>
k=0

To compose this system, we have to calculate the integrals

(hCF RT3 2k - 1) 103 (20— 1) .

[Kor, il = 72 4--2k)(2-4---20)

1 1

l—a\2/14+1t\3 2k +1
x//K(x,t)(1+z)2(1—:)2cos( ; arccost)x

—-1-1
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1 1 1
arccos x) [cos( 5 arceos t) sin( 5 arceos x)] 7! dtdr,

1_1\—31-3-(20—1
[fa%]:(hl(-?’ 2) 42.4(..Z.2i)x

/214
><s1n(

1

x/(i;i)éf(aj)sin(m_‘_l

—1

1
arccos x) [sin(§ arccosz)] ! dz,

k,i=0,1,...,n (for k =0, instead of % we take unity).

Theorem 2.3. If there exists the inverse operator (I+KS~—1)~! mapping
Ly ,, onto itself, then the algebraic system (2.26) for sufficiently large n has
a unique solution (ag,as,...,a,), and the sequence of approzimate solutions
{(p(")} converges to the exact solution ¢ in the space Lo ,.

This theorem can be proved by repeating word by word the arguments of

Theorem 2.1; the subspace is the linear span of the functions g, Y1, ..., 9¥,.

Consider now the case a = % and 0 = —%. The reasoning is the same,

so we give only the formulas needed for practical application. ps3 = (1 —
2)"2(1+ )2 is the weight. The kernel k(z,t) must satisfy the condition

11

[ [Pao(ED) () e < oo

—-1-1

We take the following systems of functions:
1

— ot —1p(3:-3) _ = (BT E -1
Der=ca(l-x)z(1+x) 2P, (), k=0,1,...;5¢c, = (N, )7z =

1

(hEP)-4 = [%]_ ko= 01, B77P@) = e x
sin(*5% arccosz) 4 g

sin( 3 arccosz)

1-3---(2k—1)
ey 60:1, € = T o.4.9k k:1,2,

11

2) Yy = —cx P 7P (2), k=0,1,....
The formula

Sgak :1/119, k:(),l,...,
is valid. The weight ps = (1 — )~ 2(1 4 )2, and the equation

SSD_'_K()O:fv <P7f€L2,p3-

An approximate solution is sought in the form

n
™ =" arpr
k=0

and we obtain the algebraic system

ai+zak[K§0k‘7wi]:[f7wi]7 i:Oa17"'7n7 (227>
k=0
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11
1 3/1—t\2 2k+1
x//K(x,t)( er)Q(—)?sin( + arccost)x
11—z 1+t 2
1

1
2i+1 1 1 -1
s arccos :v) [sin (5 arccos t) cos (5 arccos x)} dt dx,

_11\—31-3-(2i—1
== (HH) P

() fyon (2
1

k,i=0,1,...,n (for k=0 instead of % we take unity).

1
arccos x) [cos( 5 arccos z)] "t de,

3. PROJECTIVE METHOD FOR THE SINGULAR INTEGRAL EQUATION OF
SECOND KIND

We take the equation

ap(z) + K(z, t)p(t)dt = f(x),

3| o
L
~|6
=
8| &
+
| =

|
H\H

which in the notation of Section 1 is written as
(a+bS+ K)p = f. (3.1)

For that equation we consider three values of the index:

Dx=13x=—(a+f8),-1<a,<0,8=-1—q, |a| # 3,

Nu=-1,x=—(a+p),0<a,f<1,=1—a, | 7&%

3) x=0,x=—(a+p),0<|a,|f| <1, B=—a,l|a| # 3.

Here we present the needed formulas from [1], [6], [11] and [12]. The
Jacobi polynomials Plga’ﬁ)(x), a>-1,8>-1,k=0,1,..., are defined by
means of the condition

)

(C1*

o\« 8 pla,p) _ _
(1-2)*(1+z)"P, " (x) = SRl dak

[(A—z)f o1 +2)kP], —1<z<1.

The polynomials
PP () = ()2 PP (@), k=0,1,...,

where
200K (b + a+ )I'(k+ B+ 1)
k+a+8+)I(k+1)I(k+a+8+1)

hgfaﬂ) —
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(for k = 0, we replace the product 2k +a+ S+ 1)I'k+a+ 3+ 1) by
INa+8+2)), P,ga”@)(ac) are orthonormal with the weight (1 — x)®(1+ z)”.
For all values of the index s the formula [12]

a(l = 2)*(1+ 2)P PP (2) + bS[(1 — )* (1 + )’ PP (1)) =
=277 N1 - )P (@), i=0,1,...,~1<z<1, (32)

is valid; for »c = 1 and ¢ = 0 we assume that Pﬁ;a’_ﬁ)(:v) =0.

We consider every value of the above-mentioned index separately.

1. =1, % = —(a+ B) and «, § are defined from the conditions
a+bctgar =0, -1 < a <0, § = —1— «a. Introduce here a space with
the weight Lo ,, [—1,1], where p1 = (1 —2)"“(a + z)~?. A solution of the
equation (3.1) of the type p(z) = (1 — 2)*(1 + 2)Ppo(z), -1 < @, 8 < 0,
where () is a bounded measurable function, belongs to the space Lg ,, .

Let the function K (x,t) satisfy the condition

11

//KQ(m,t)(l C ) (14 2) (1= )°(1 + t) dtdz < 400,

“1-1
Then the integral operator K is completely continuous in Ly ,,. The singu-
lar integral operator S is bounded in Ls ,, [4]. The homogeneous equation
(a4 bS)¢ = 0 has the nonzero solution (1 — z)*(1 + )% € Ly ,,, and the
conjugate operator has the form

(a+bS)" =a—b1-t)*1+1)°SA —z)" (1 +z)"".

The conjugate homogeneous equation (a + bS)*p = 0 has in the space
L; ,, only zero solution. For » = 1, to have a unique solution, we have to
prescribe the additional condition

/@(t)dt =P, (3.3)

where P is a given number.
Introduce the new unknown function

¢=¢—7 'Psin(lalr)(1 —z)*(1 +z)°.

Then
1

/ G(t)dt = 0.
1
Indeed, from the conditions [11]

Ja-ar@r P B @Pde = [06) -0 140 de = 1
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we have

1
/(1 — 2)*(a+ ) dz = h{™?,
.l

hP) = T(1+ )T () = T(1 — |a|)T(|a]) = m
— ) z)Pdr = L'
/(1 )¢ (1 +2)7d sin(|a| )

21

The equation (3.1) for the new unknown function can be written in the
form

(a+bS+K)p=fi, (3.4)
where
fi = f—a 'Psin(|a|m)K[(1 — t)*(1 +t)7],
with the condition
1

(6, (1 — 2)° (1 + 2)7] = /qb(t)dt ~0. (3.5)

-1

We decompose the space Lg ,, into an orthogonal sum Ly, = Lélzl @
Lg;)n’ where L( ,)) is the linear span of the function ¢o = (1 — z)*(1 + ).
Then the solution ¢ of the equation (3.4) with the condition (3.5) belongs

to L(Q?I)Jl. Therefore the problem (3.4)—(3.5) is replaced by the equation

(@a+bS+K)p=fi, ¢l fieLy,. (3.6)

;P17
Take now two systems of functions

or = 2b sin(|alm)(hT )T 1 - 2)* (1 + 2)° PP (@), k=1,2,..

and

*

= (b7 P @), k=1,2,....
The formula
(a+bS)or =4k, k=1,2,..., —-l<z<]l, (3.7)
is valid.
Indeed, on the basis of (3.2) we have
(a4 bS)pr, = 2b~ sin(|afm) (R ™P) "7 x
x[a(l = 2)*(1+2) PP (@) +bS(1 - £)* (1 + 1) PP (8)] =
=921 sin(|a|7r)(h§€:°1"75))_%( 2= 17T_1F(a)F(1 —a) P(if’ ﬁ)(m)) =
1 T

= 2b~Lsin(jalm) (BT (= 2)

(—a,=B)(x)
9 bPk‘—la e =

msin(|a|m)
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Rl Tk Sl ) W i

The system of functions 11,2, ... is orthonormal and complete in Ly ,, ,
and the system of functions 1, 9, ... is orthonormal and complete in Lg;l
[11].

The inverse operator (a + bS)~! mapping Lo ,, onto LS;I exists. We
will require the inverse operator (a + bS + K)~! mapping Ly ,, onto Lg?},l
to exist as well. This is equivalent to the existence of the inverse operator
[l + K(a+bS)"1]~! mapping Lz ,, onto itself.

An approximate solution of the equation (3.6) is sought in the form

n
" =" arer.
k=1

We compose an algebraic system using the condition
[(a+b8)p™ + Ko™ — f1 4] =0, i=1,2,...,n.

Taking into account (3.7) and the fact that the system t)7,s,..., is or-
thonormal, we obtain

ai+zak[K§0k‘7wi]:[flawi]7 1=1,2,...,n. (38)

k=1
To compose this algebraic system, we have to calculate the integrals
[K i, ] = 2(nb) ™ sin(Jafm) (b5 ™ =3 77) 72 x
11
x//K(m,t)(l_t)a(1+t)ﬁ(1—x)—aa+x)—6p,§“ﬁ>(t)P§:f’*5>(x)dtdx,
S1-1
1
[ﬁwA=<%:?*%—%/kr—m—%r+m—%mmpﬁffm@mm,
-1
ki=1,2,...,n.

Theorem 3.1. If there exists the inverse operator [I+ K (a+bS) ] map-
ping Lo, onto itself, then the algebraic system (3.8) for sufficiently large
n has a unique solution (a1, as,...,ay,), and the sequence of approximate
solutions {p\™} converges to the exact solution ¢ of the equation (3.1) in
the space La p, .

This theorem is proved analogously to Theorem 2.1.
If the operator K = 0, i.e., we have the characteristic equation

(a+0S)p=f (3.9)

with the condition

j@@ﬁ=R
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then assuming
fi=f, ¢=¢—Pr 'sin(jalr)(1 - 2)*(1+2)”
we arrive at the equation

(a+bS)p=f, ¢eLP | feLy,,. (3.10)

2,p1°
The algebraic system (3.8) takes the form

ai=[f, 0], i=1,2,....n, (3.11)

and the matter is now reduced to the calculation of the Fourier coefficients
1

[fow] = (B ™)~% / (1—2)" 1 +2) P fa)PC 7 (@)de,
-1
i=1,2,...,n.

2) x=-1,0<a<l,f=1—q,a#[. Weintroduce the weight space
La p,[—1,1], where pz = (1 — 2)~%(1 + 2)~A. The solution of the equation
(3.1) of the type ¢ = (1 — 2)*(1 + x)%¢o(x), 0 < a, B < 1, where pg(z) is
a bounded measurable function, belongs to the space Ly g, .

Let the function K(z,t) satisfy the condition

11

//KQ(:c,t)(l —2) (14 2) 7P (1 — )1 + t)Pdtdz < 4oo0.

Z1-1
Then the integral operator K is completely continuous in L ,,, and the
singular integral operator S is bounded in Ls ,, [4]. The homogeneous
equation (a + bS)p = 0 in the space Lo ,, has only zero solution, and the
conjugate operator has the form

(a+08)* =a—b(1—-t)*A+1)’SA —z)"*(1 4 2)~.

The equation (a — bS)¢ = 0 has the nonzero solution ¢ = (1 —z)~*(1 4+
x)~P, therefore the conjugate equation (a + bS)*p = 0 has the non-trivial
solution 1 € Ly ,,.

If the equation (3.1) has a solution, then [1]

(Ko — f,1] =0. (3.12)

The condition (3.12) is fulfilled if [f, 1] = 0 and K (L2 p,) L 1; the latter
condition is fulfilled if

/K(x,t)(l —2) (1 +2z)Pdx=0.

Assume that these conditions are fulfilled. We decompose the space Lo ,,

into the orthogonal sum Lo ,, = Lg},)u @ Lé?;)nv where ngz is the subspace

corresponding to ¢ = 1. Then we have the equation

(@+bS+K)p=f @€Ly,, feLd. (3.13)
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2 .
(2) onto Ly ,, exists

~! mapping Ls o
(2)

]=! mapping Ls , into itself is

The bounded inverse operator (a+bS)
[4]. The inverse operator [I + K(a + bS)~!

required to exist.
Take two systems of functions:
1) ge = (2b) Usin(am)(hi[ )71 - 2)° (1 + 2)P B (2), k =
0,1,..., and
2) Y =~ ) EPLT T @), k= 00, (o = (7
sin(am))?).
The system 1, 2, is orthogonal and complete in Ly ,,, and the sys-
tem 1,19, ... is orthogonal and complete in L2 0
The formula
(a+bS)pr =k, k=1,2,... (3.14)
is valid.
Indeed, on the basis of (3.2) we have
(a+bS)prr = (20) ' sin(am)(hiyT™") "2 la(l —2)* (L + 2) B (@)
+5S(1 — 1) (1 + ) PP (1)) =
PG ) (@) =

k+1

(— ﬁ)(x)

sin(am)(hy, 7)) 3 (—2r 1T (@)T(1 —
k+1

= (2b)71

. P 2b

= (2b)~ sln(aﬁ)(hgcﬂ ) 2(_ sin(om)>
)*EP( = ﬁ)( ) = Yrr1,

k=0,1,....

(—a,—h)
— (14
An approximate solution of the equation (3.13) is sought in the form

n
n) = Z Ok Pk-
k=1

We compose an algebraic system by using the conditions

[(a+bS+ K)o™ — fap] =0, i=1,2,...,n,
which, with regard to (3.14) and the fact that the functions 1, s, are
orthonormal, provides us with

(3.15)

i=1,2,...,n.

a; + Zak[chkawi] = [fa wz]a

To compose this algebraic system we have to calculate the integrals
[K ok, ;] = —(21b) ! sin(aur) [hgc /B)hz(_fa,fﬁ)]_% 5

1 1
_ B(] — )@ 28 pled) ) pless) "
X/l/lK YI=0)*A+)Q—2) QA +z) PP ()P, (x)dtd

h(*aﬁﬁ))—% «

[fvwi] = _( i
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1
x /(1 C ) (L4 2) P @) P P @) de, ik =1,2,....n.
—1

Theorem 3.2. If there exists the inverse operator [I + K (a + bS)~1]!
mapping Lg;z onto itself, then the algebraic system (3.15) for sufficiently
large n has a unique solution (a1,as,...,an,), and the sequence of approxi-
mate solutions {(p(”)} converges to the exact solution ¢ in the space Ls ,,.

This theorem is proved just in the same way as Theorem 2.1.
If K =0, i.e., we have the equation (a + bS)p = f, then

ai:[f71/)’i]a i:1,2,...7n7

where
1
[f,0i] = —(hP) = / (1 —2) (1 +2) P f (@) PC ) (@)da,
21

i=1,2,...,n.

3)x=0,x=—(a+p), 3= —a,|a| # 3,0 < |a| < 1. Introduce a space
Ly 5, [—1,1] with the weight ps = (1 —z)”*(1 + 2)®. The function of the
type p(z) = (1 —2)*(1+ ) “po(x), where @g(x) is a bounded measurable
function, belongs to the space Lo ,,.
Let the function K(z,t) satisfy the condition
11
//KQ(x,t)(l S D)1 — 2)"(1 + 2) dtdz < +oo.
S11
Then the integral operator K is completely continuous in Lg ,, and the
singular integral operator S is bounded in Ly ,, [4]. The homogeneous

equation (a + bS)p = 0 in the space L ,, has only zero solution. The
conjugate operator has the form

(a+bS)" =a— b(ﬂ) QS(
1—-1t

The conjugate homogeneous equation (a+ bS)*¢ = 0 in the space Lo ,, has
only zero solution, and the inverse operator (a + bS)~! mapping Ly ,, onto
itself exists.

If a? + b* = 1, then the systems of functions {¢y} and {1} employed in
the paper are orthonormal [13].

The operator (a + bS) is unitary.

If the index is zero, we have the equation

(a+bS+K)p=[, ¢, [ € Lap,. (3.16)
Let us take two systems of functions:

1) pp =b~Lsin(|ajm) (b =5 (1—2)*(1+2) =P\~ (2), k=0,1,...,
and

1+yc)a
1—z/
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2) ¢ = —(h N2 P (@), k=0,1,....
The formula
(a+bS)or =i, k=0,1,..., (3.17)
is valid.
Indeed, on the basis of (3.2) we have

(a + bS)pr, = b~ sin(lalm) (b)) "3 [a(l — 2)*(1 4+ 2)" P (x)+
FOS(1— 1) (1 +1)” ap<a’*“>( t)] =

h( a,a) 7% (_a’a)(x) —

1 .
= b7 " sin(|a|m)( e

sin |a|7r )
= — (AN 1P () k=0,1,....

An approximate solution of the equation (3.15) is sought in the form

n
o =3 .
k=0

We compose an algebraic system by using the conditions
[(a+bS+K)¢(n)7fa¢z]:03 i:O,l,...,n,

which, with regard to (3.17) and the fact that the system wg,%1,... is
orthonormal, provides us with

ai+ Y ar[Ker, il = [f,bi], i=0,1,...,n. (3.18)

k=0

To compose this algebraic system we have to calculate the integrals

[Kpr, ] = —bsin(|afm) [k {3

1 1
(L)) .
x / / K« D)L+ D) plaa) () pl-as) (33 g,
—1-1

(I—t)- (1 +t)> " *

[f 3] = —(h{™ ™) 72 x
1
></(1—x)*aa+x)af(x)a<—“’“>(x)dx, ki=01,....n
]

Theorem 3.3. If there exists the inverse operator [I + K (a + bS)~1]~!
mapping Lo ,, onto itself, then the algebraic system (3.18) for sufficiently
large n has a unique solution (ag,a1,...,n), and the sequence of approzi-
mate solutions {@™} converges to the exact solution ¢ in the metric of the
space Lo p,.

If the operator K = 0, i.e., we have the characteristic singular equation

(a+0bS)p = f,
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then
a; =[f,¢i], 1=0,1,...,n.

4. COLLOCATION METHOD FOR THE SINGULAR INTEGRAL EQUATION OF
THE FIRST KIND

We consider the equation
Sp+ Kp=f. (4.1)

In this section the use will be made of the formulas and reasoning of
Section 2. The kernels K (x,t) and f(x) are required to be continuous in a
closed domain. Each value of the index will be considered separately.

1) » = 1. Taking into account our reasoning in Section 2, we have

(S+K)¢:f17 QZ)GLSZU f1€L2,p1;

A , (42)
A=f-Pr'KQ—-t3)"2, ¢g=¢p—Pr (1 -t*)"2.

An approximate solution in the collocation method is sought in the form

¢(n) :Zaks%
k=1
where
2\ 3 g\ _1
@k:(—) 1-2?) " T(z), k=1,2....
T

It is required that the difference (S 4+ K)¢(™ — f; at the discrete points
T1,%2,...,T, be zero, i.e.,
(S + K)p™ — fi)(z;) =0, j=1,2,...,n.
This, with regard for (2.3), yields

> ari(s) + > an(Ker)(z;) = filz;), j=1,2,....n, (4.3)

k=1 k=1

where
2y _
i = (;) Upr(2), k=1,2,....

Theorem 4.1. If there exists the inverse operator (I+KS~1) =1 mapping
Ly ,, onto itself, and as collocation nodes we take the roots of the Chebyshev
polynomials Uy (z),

T )
m§"):cosn+1, 7=12,...,n,

then the algebraic system (4.3) for sufficiently large n has a unique solution
(a1,a2,...,ay), and the collocation process converges in the space Ls ,, .
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Proof. Introduce the notation w = S¢ and w™ = ¢(™). Then we write the
equations (4.2) and (4.3), respectively, as follows:

w4+ KS™'w=f1, w,f €C[-1,1], (4.4)

and

wt™ (a) + (KS™ 0™ (2)) fi(wy), j=1,2,....m. (4.5)
Take the space of continuous functions C[—1, 1] and let P, be the pro-
jector defined by the Lagrange interpolation polynomial of the m-th degree;
P,v = Ly, (v), v € C. Then, taking into account that the Lagrange inter-
polation polynomial is defined uniquely by the function values at nodes, we

can write the algebraic system (4.5) in the form
w™ + Py KS™ ™ = Py fr, w™ e I8 (4.6)

n)

where fgﬁm is the linear span of the functions ©1,%s,..., ¢, (Y is the
polynomial of degree k — 1).

If as interpolation nodes we take the roots of the Chebyshev polynomial
U, (z), then by the Erdos—Turan theorem ([14], [11], [15]) the Lagrange
interpolation polynomial for any continuous function converges in the space
Lgypl, i.e.,

| Pov — Ev|L,, — 0, n—oo, YveC[-11], (4.7)

where E is the operator of the embedding C[-1,1] in L, [-1,1], ie.,
P, — E strongly.
The Banach space C[—1, 1] is embedded continuously in L ,, [—1, 1], i.e.,

1 1 1
b3 1
foles,, = [a-atbota) < ([ iar)’ <

—1 —1
< 23|, Vo e C[-1,1]. (4.8)

The operator K S~ from the space La,, [—1,1] to C[—1,1] is completely
continuous. Indeed, S™! transforms a bounded set from Ly ,, into a boun-

ded set in L(2?;)n’

transforms a set bounded in Lg;l to a uniformly bounded and equicontin-
uous set of functions on [—1, 1].
The projector P, is bounded as the operator from C[—1,1] to Lo ,, [—1, 1],

the kernel K (z,t) is continuous. Thus the operator K

1Pavllza,, < 22| Pavllc < 22 C()lJo],
ie.,

|Palle—ra,, <25C(n), C(n)~lnn. (4.9)
By the Banach—Steinhaus theorem, they are uniformly bounded.

As (4.7), (4.8) and (4.9) show, all the conditions of Theorem 15.5 from
[9] are fulfilled, and we can conclude that

| PP VKS™ L, —0 (4.10)
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asn— oo, P~ =7_P, 4.

Next, by Theorem 15.5 from [9], the equation (4.6) for sufficiently large
n has a unique solution w™ (hence the algebraic system (4.5) has a unique
solution), and the estimate

I+ KS-1)~! _
H( = H”P(n l)wH (4.11)

lw™ — ]| <

is valid for
[P YDESTYH T+ KS™H 7Y <g<1.

As (4.7) shows, the norm ||P( Y| — 0 as n — oo. Further, taking
into account (4.11),

167 =6l =15718(6™ = @)l = 15~ (w™ —w)| <

<5~ w™ — wlr,, —0, n—oo. (4.12)

1||L21P1HL52,L1
An approximate solution of the initial problem is given by the equality
o™ = ¢™ 4 prl(1—2) (1 +2) 3.
Therefore ¢(™ — ¢ = ¢{™ — ¢, and on the basis of (4.12) we find that
1
o) =l = [(L= ™ = pPde 0, nooo (113)
21

which completes the proof of our theorem. O

If the operator K = 0, i.e., we have the equation S¢ = f under the
additional condition f_ll p(t)dt = P (index » = 1), then we obtain the
algebraic system

= 2\ 3
Zak(;> Uk_l(xj)zfl(acj), j=12...,n. (4.14)
k=1
Theorem 4.1 results in the following

Corollary. For any n = 1,2,..., the algebraic system (4.14) has the
unique solution (a1, as,...,an), and the process converges in Lo ,, .

2) » = —1. On the basis of our reasoning in Section 2, we have the
equation
So+Kp=f ¢€Lay,, feLS), pp=(1-2?)%, (4.15)
under the restrictions K(Ls,,) L1, f L 1.
In Section 2 we had the functions

2\ 2 1
Okl = (;)2(1—332)2Uk(x), k=0,1,...,

2 1
¢k+1 E_(;>2Tk‘+l(x)7 k:O717"'7
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Take the subspace Cy[—1,1], v € Cy[—1,1] meaning that [v,1] = 0,
Col-1,1] € C[-1,1]. Let Lp(v) = bo + byz + - -+ + byx™ be the Lagrange
interpolation polynomial and C™[—1,1] € C[-1, 1] be the linear manifold
of polynomials ¢, %1, ...,%, (o = To). The Lagrange polynomial L, (v)
can be represented uniquely in the form

bo + b1z + -+ bpx™ = aobo + a1t + -+ - + anPn.
The algebraic system
ao—l—al’lﬂl(ajj)—l-"'—‘ran’(ﬂn(.ﬁj)Z’Uj, 7=01,...,n,
has the unique solution aén), e asln).
We define the projector as follows:

Po(v) = Ly (v) — a1y (4.16)

Then P2 = P, P, (v) € Cy[—1,1] for Yo € Cy[—1,1].
If as interpolation nodes we take the roots of the Chebyshev polynomial
of the first kind T},41(z), then by the Erdés-Turan theorem [11],

lv = Lp(v)|l2,p, = 0, n—o00, Vvel[-1,1]. (4.17)
For v € Cp(—1,1] we have

lo = La@)[13,,, = (@52 + > v = Ln(v), )%,

k=1
which, with regard for (4.17), yields
agn) —0, n—oo, Yvely[—-1,1]. (4.18)

An approximate solution of the equation (4.15) is sought in the form

n
™ =" arps.
k=1

We compose the collocation system from the condition

Po(Se™ + Ko™ — f)=0. (4.19)
Taking into account the relation S¢r = ¥, k = 1,2,..., and the type of
functions ¢k, Y, k = 1,2,..., the above condition provides us with the

algebraic system
ao(—To) + Y ar(=Ti(z;)) + Y ax(Kepr)(z;) = f(x;), (4.20)
k=1 k=1
7=0,1,...,n.

Theorem 4.2. If there exists the inverse operator (I + KS=1)~! map-
ping Lg?,)u onto itself, and as interpolation nodes we take the roots of the

Chebyshev polynomial Ty11(x)
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then the algebraic system (4.20) for sufficiently large n has the unique solu-
tion (ag, ai,-..,n), and the collocation process converges in the space Ly ,,.

Proof. We rewrite the initial equation (4.15) in the form
_ 2
I+ KS hw=f w=Sp fwe L(Q’Z&, (4.21)
and the approximation (4.19) in the form

W™ 4+ P KS 0™ = Pof, w™ = S, (4.22)
Thus we have:
- n 2
2) =Pl = v La() +af %ol 3 <
P2

<o —La@)3,,, +(@5”)? =0, YoeCo[-1,1], n—oo, (4.23)
on the basis of (4.17) and (4.18) we have
IPrvllfe < ILa@)Z,,, <5 (Bolun)*[v]g,,
P2

ie., B
H]DTLHCD*)LQQ,;2 < By hl’n;

b) the operator K.S~1! is completely continuous from Lé?/)n in Co[-1,1];

1

) ol = [ =a?)Heide < ol
2oz (4.24)
el < ¥l
From a), b), ¢) it follows by [9] that
|P™WEKS™Y| -0, n—oo, P™=1-P,.

Next, reasoning as in the proof of Theorem 4.1 we will see that the
algebraic system (4.20) for sufficiently large n has a unique solution, and
the process converges, i.e.,

1

/(1 - xQ)_%(go(”) —¢)%dz — 0 as n — oo. (4.25)
1

The theorem is proved. O

If the operator K = 0, then under the equation S = f for the condition
[f,1] = 0 we obtain the algebraic system

aO(_fO) + Z ak(_fk(xj)) = f(xj)a j=0,1,...,n, (426)
k=1

where z;, j = 0,1,...,n are the roots of the Chebyshev polynomial T}, 41 (z).
From the above proven Theorem 4.2 we have



Approzimate Solution of One Class of Singular Integral Equations 27

Corollary. For any n = 1,2,..., the algebraic system (4.26) has the
unique solution (ap,ai,...,ay), and the process converges in La ,, .

3) » = 0. Arguing as in Section 2, we have

Sp+Ko=f, f,o€La,,. (4.27)

() =) H+ ) R)HD, k=01,

Pk =
where
2k+1
11 cos( 25t arccos
Pé 2’2)(@:% C(fs(iarccosx))’ F=01...,
2
1-3-(2k — 1)
=1 =——“* k=1,2,...
€0 , €k 2.4...9k ) I )
and
1)\~ (L
’kaE(hl(c 2’2)> ‘ple 2)(30), k=0,1,
where
P(%’_%)( ) = sin(2EH arccos z) 0.1
k B sin(3 arccos z) o

An approximate solution is sought in the form

o =3 .
k=0

The coefficients (ag,a1,...,a,) in the collocation method are defined
from the following conditions:

which, with regard for the equality Spx = ¥, £k = 0,1,..., provides us
with the algebraic system
n n
Zakwk(mj)—l—z:ak(lﬂpk)(mj), ji=0,1,...,n. (4.28)
k=0 k=0
Theorem 4.3. If there exists the inverse operator (I+KS~1) ™! mapping
Ly, onto itself and as interpolation nodes we take the roots of the Jacobi
1
polynomial Pfli’l 2)(Jc),
2(j + 1)m

1 =0,1,...
2n+3 y J » » 1,

x; = cos

then the algebraic system (4.28) for sufficiently large n has a unique solution,
and the collocation process converges in the space L p, (p3 = (1 — )2 (1 +

x)"2).
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Proof. We denote w = S, w™ = Sp(™. Then the equations (4.27) and
(4.28) can be rewritten as follows:

w+ KS™ 'w=f, fiwé€ Lsy,, (4.29)
w™ (z;) + (KS™'w ™) () = f(x;), j=0,1,...,7n. (4.30)

Let P, be the projector defined by the Lagrange interpolation polynomial
of the n-th degree; P,v = L,(v), v € C[—1,1]. Then we can write the
algebraic system (4.30) in the form

w™ 4+ P,KS\w™ =P, f, w™ e T (4.31)

2,p3?

where 3(27,23 is the linear span of the functions g, ¥1, ..., ¥, (¢Yi is a poly-
nomial of the k-th degree).
If in the Lagrange polynomial we take as interpolation nodes the roots

1.1
of the Jacobi polynomial Pr(li’l 2)(:43), then by the Erdés—Turan theorem
[11], the Lagrange interpolation polynomial for any continuous function
converges in the space Ly p,, i.e.,

|Pov — Ev|L,,, —0, n—oo, Yvel[-1,1]; (4.32)

P, — E strongly (E is the operator of embedding C[—1,1] in L ,,.
The Banach space C[—1,1] is embedded continuously in L ,,[—1,1],
since

2

1
Hv||L2,p3 = </(1 —x)%(l +x)§fu2d;c> < 2[jv]le. (4.33)
1

The operator K.S~! from the space L, in C[—1,1] is completely con-
tinuous; S~! is bounded in Ly .
The projector P, is bounded as an operator from C' to Lo ,,,

1PnvllLy ,, < 2[P0v]le < 2C1(n)]v]le,
ie.,
[ Palle—rs,, <2C1(n) (4.34)

(by the Banach—Steinhaus theorem, they are uniformly bounded). This
yields
1P KS™L,,, —0 (4.35)

asn — oo, P =1 —P,.
From (4.35) we conclude that for sufficiently large n the system (4.28)
has a unique solution, and the process

/(1 — ) 1+ a) ™ — 0)2dx — 0 (4.36)

converges as n — 00, which completes the proof of the theorem. (I
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If the operator K = 0, i.e., we have the equation Sp = f, then we obtain
the algebraic system

> arti(a;) = f(x;), j=0,1,...,n. (4.37)
k=0

Theorem 4.3 results in the corollary: the algebraic system (4.37) for any
n = 1,2,..., has the unique solution (ag,a1,...,a,), and the collocation
process converges in La ,,.

If a= %, and g = fé, then in the weight space Lj ,,, where p3 =
(1—x)"2(1+2)2, we again take

on E(hf”%))j(l ~ )1 +a) PR V), k=01,

. =— (h;%"%’)_fpﬁ‘%)(x), k=0,1,....

The collocation method provides us with the algebraic system

Z apyr(z;) + Z ar(Kor)(z;) = f(z;), j=0,1,...,n, (4.38)
k=0 k=0
in which as collocation nodes we take the roots of the Jacobi polynomial
(7l7l)
Pt (@),
25+ 1)m
2n+3
Repeating here our reasoning, we can get an analogous result.

T; = cos , 7=0,1...,n.

5. COLLOCATION METHOD FOR THE SINGULAR INTEGRAL EQUATION OF
THE SECOND KIND

Consider the equation of the second kind
(a+bS+K)p=f, feC[-1,1]. (5.1)

In this section the use will be made of the formulas and arguments of
Section 3. As in Section 4, the function K (z,t) is required to be continuous
on the square [—1,1] x [—1,1]. Every value of the index » = 1,—1,0 will be
considered separately.

1) 5 = 1. In this case we have the equation

(a+bS+K)p=fi, ¢€L) . fi€Lap, (5.2)
where
1

¢ = ¢ — Prtsin(ja|r)(1 — 2)%(1 4 z)”, /CID(t)dt =0,

fi=f - Prtsin(jajn)K[(1 —t)*(1+)%], -1<a, B<0.
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We use the functions
or = 2b~ 'sin(|alm) (R 51— 2)*(1 + 2)° PP (@), k=0,1,...,
and
= (RN P (g), k=1,2,....

An approximate solution is sought in the form

¢(n) _ Z Ak Pk.
k=1

It is required that the difference (a + bS + K)¢(™ — f; at the discrete
points z1,x2, ..., x, be equal to zero,

((a+bS+ K)p™ — fi)(z;) =0, j=1,2,....n,
which, on the basis of (3.7), provides us with the algebraic system

Zakwk(xj)+zak(K¢k)(xj):fl('rj)a j:1327"'an' (53)
k=1 k=1

Theorem 5.1. If there exists the inverse operator [I + K(a + bS)~1]71
mapping L ,, onto itself and as collocation nodes we take the roots of the
Jacobi polynomial Py(fa’f’a)(x), then the algebraic system (5.3) for suffi-

ciently large n has a unique solution, and the process converges in the space
Loy, .

Proof. Denote w = (a+bS)¢ and w™ = (a4 bS)é™. Then the equations
(5.2) and (5.3) can, respectively, be rewritten as follows:

w+ K(a+bS)w=f1, w,f €C[-1,1], (5.4)
and
w™ (25) + (K (a +b8)'w™) (@) = fiz;), j=1,2,....,n. (5.5
Let P, be the projector defined by the Lagrange interpolation polynomial
of the m-th degree; P,v = Ly, (v), v € C[—1, 1]. Then we write the algebraic
system (5.5) in the form

w™ + Py 1 K(a+0S) ™ = Py fi, w™ e LY (5.6)
(n)

where L27p1 is the linear span of functions 1, ¥, ..., ¥, (¢ is the polyno-
mial of (k — 1)-th degree).

If as interpolation nodes we take the roots of the Jacobi polynomial
piep )(:c), then by the Erdés—Turan theorem [11], the Lagrange interpo-
lation polynomial for any continuous function converges in the space Ls ,,,
ie., ||Pov — Ev|]] — 0 as n — oo, Vv € C[-1,1], E is the operator of
embedding of C[—1,1] into L3 ,,[—1,1]. The Banach space C[—1,1] is em-
bedded continuously in Ls ,, [~1,1]. Every norm ||Pplc—L,,, is bounded
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and, moreover, the operator K (a+ bS)~! from the space Ls ,, in C is com-
pletely continuous. Then

1PV K (a +b8) Y|, ,, — 0

asn — oo (P =1 - P,).

Therefore the equation (5.6) for sufficiently large n has the unique solu-
tion w(™ (then the algebraic system (5.5) also has a unique solution), and
the estimate

I+ K(a+bS)~

-1
Pt
1—

lw®™ —w] <

is valid for
[P YK (a+bS) [+ K(a+bS) 7 <g<1.

The norm ||[P™~Yw| — 0 as n — oo, since w € C[—1,1].
Further,

6=l =@+ b8)" (0 +08)(6™ =6 = (a+ ) 0™ —w] <
<la+68)"p, po llw™ —w|L,,,
P1 2,p1
An approximate solution of the initial problem has the form
o™ = ¢™ 4 PrLsin(|a|n)(1 — 2)*(1 + z)°.

Owing to (™) — ¢ = ¢(" — ¢, we finally get
1

o ol = [a=a0ra P - ppas) —0 60

as n — oo. O

If K =0, i.e., we have the characteristic singular integral equation

(a+0bS)p = f,

with the additional condition fil p(x)dr = P, from (5.3) we obtain the
algebraic system

Zakwk(xj):f(‘rj)v Jj=L2,...,n (58)
k=1

Theorem 5.1 results in the following

Corollary. The algebraic system (5.8) for any n = 1,2,... has the
unique solution (a1, as, ..., a,), and the process converges in the space L ,, .

2) » = —1. In this case, on the basis of our reasoning in Section 3, we
have the equation

(@+bS+K)p=f, @€Ls,, feL, (5.9)
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under the restriction K (Ls,,,) L 1, where ps = (1 —2) (1 +2)7%,0 < o,
B < 1is the weight. We have the functions

1) gre1 = (2b)Fsin(lafm) (hiLT ™) 2 - 2)2 (1 + 2)P PP (@), k=

0,1,..., and
—o,— —1 —a,—

2) Y1 = — (b )2 P (@), k=0,1,...,a+ =1

The systems 1, 2,... and ¢1,a,... are the bases in Ly ,, and L
respectively.

Just is in point 2 of Section 4, we take the subspace Cy[—1,1] C C[-1,1];
Co[-1,1] C Lé2l))2, v € Co[—1,1] if [v,1] = 0. Let L,(v) be the Lagrange
interpolation polynomial for the function v, C™ c C [—1,1] be the linear
span of the polynomials g, 41, ...,1¥,. The Lagrange polynomial L, (v) €
C(") is representable uniquely in the form L, (v) = aptho+a1t1++ - -+ anthn
for any v € C[—1,1].

The algebraic system

aol/fo + aﬂ/n(%) 4 +anwn(xj) = vy, Jj=0,1,...,n,
has the unique solution aén), agn), ceey asln).

We take the projector

Pov=Ln(0) — a0 (o= (r 'sinar)?),
F%:Fn, PnUGCO[fl,l], Yv € Co[—1,1].

If as interpolation nodes we take the roots of the Jacobi polynomial
P, A(z), then by the Erdés-Turan theorem [11],

lv—Ln(v)L,,, =0, n—oo, VveC[-1,1].

For v € Cy[—1, 1] we have

(2)
2,p27

lo = Lu@)I3,,, = (a§™)? + 3 v — Ln(v, )]
k=1

Therefore
aé") —0, n—oo, YveC(ly[-1,1].

An approximate solution of the equation (5.9) is sought in the form

n
=S an
k=1
Using the condition
Pol(a+b9)p™ + Ko™ — f] =0,

we compose the collocation system which, with regard for the equality (a +
bS)pr = g, k=1,2,..., provides us with the algebraic system

aoto + Y arti(ey) + Y ar(Ken)(z;) = f(z;), §=0,1,...,n. (5.10)

k=1 k=1
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Theorem 5.2. If there exists the inverse operator [I + K (a + bS)~1]71
()

2,p2

Jacobi polynomial P,(L;?’fﬁ)(m), then the algebraic system (5.10) for suffi-

ciently large n has a unique solution, and the process converges in the space

mapping L onto itself and as interpolation nodes we take the roots of the

Lap,.
Proof. We rewrite the equation (5.9) in the form

I+ K@+bS) Nw=f w=(a+bS)p, w feLs,

and the approximate equation (5.10) in the form
w™ +P,K(a+bS)w™ =P, f, w™ = (a+bS)p™,

w™ € fglg, where f;% is the linear span of the functions ¥, s, ..., ¥,.

We have
a) |jv— Pn’u||ng) — 0, n — o0,
P2

b) ||an||L(22) < BoC(n)||v]|c,, that is,
P2
||Fn||COéL§?‘>)2 < Boce(n), ¢(n) ~lnn,

where ¢(n) is a number dependent of n;
c) the operator K (a + bS)~! is completely continuous from L(2?;)72 to Co;
d) floll @ < cllvllc,-

Arguing as in point 2 of Section 4, we find that the algebraic system (5.10)
for sufficiently large n has a unique solution, and the process converges in
the space Lz ,,, i.e.,

/(1 — ) (1 +2) (™ — )2de — 0 (5.11)

asn—oo (0<a, f<1)
If the operator K = 0, i.e., we have the equation

(a+0S)p = f,

with the condition [f,1] = 0, then the algebraic system (5.10) takes the
form

aowo—l—Zakwk(xj):f(xj), 7=0,1,...,n, (5.12)
k=1
where zg,x1,...,z, are, as before, the roots of the Jacobi polynomial
—a,—f3
P @), 0

From Theorem 5.2 we get

Corollary. The algebraic system (5.12) for any n = 1,2,... has the
unique solution (ag, a1, ..., an), and the process converges in the space Lo ,,.
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3)x=0,x=—(a+p), f=—a, |a] # %, 0 < |a] < 1. As in Section 3,
the equation will be considered in the weight space Lo ,,[—1, 1], where the
weight p3 = (1 — z)~*(1 + x)®. We have the equation

(a+bS+K)p=[, ¢, [ € Lap,. (5.13)

The kernel K (x,t) and the right-hand side f(z) are required to be con-
tinuous in a closed domain. Then the solution w of the equation w+ K (a+
bS)~'w = f likewise belongs to C[—1,1].

The inverse operator (a+bS~!) mapping the space Ly ,, onto itself exists.
It will be required that the operator (a-+bS+ K)~!, transforming the space
L ,, onto itself, exist too.

To construct an approximate solution of the equation (5.13), just as in
the projective method, we use the following two systems:

1) gr = b~ Lsin|o|m) (AL )72 (1 — 2)2(1 + 2) = Py (z) (@)
and

2) ¢ = —(h NPT (@), k=0,1,....

The formula

(a+bs)(pk:¢ka k:()a]-a"'a
is valid. Each of these systems is an orthonormal basis in the space Lo ,,.
An approximate solution of the equation (5.13) is sought in the form

o =3 .
k=0

The method of collocation
with regard for (a + bS)pr = i provides us with the algebraic system

Zakwk(mj) + Zak(K(pk)(ajj) = f(xj)v J=0,1,...,n. (514)

k=0 k=0
Theorem 5.3. If there exists the inverse operator [I + K(a + bS)~1]71
mapping Lo ,, onto itself and as collocation nodes we take the roots of the

Jacobi polynomial Pé:f’a)(x), then the algebraic system (5.14) for suffi-
ciently large n has a unique solution, and the collocation process converges
in the space La p, .

Proof. Denote w = (a+bS)p and w™ = (a+bS)¢™. Then the equations
(5.13) and (5.14) can be rewritten as

w+ K(a+bS)'w=f, w,f€ L, (5.15)

w™ () + (K(a+bS)'w™)(x;) = f(z;), j=0,1,...,n.  (5.16)

Let P, be the projector defined by means of the Lagrange interpolation

polynomial P,v = Ly(v), v € C[—1,1]. Then the algebraic system (5.16)
can be written in the form

w® + PK(a+b8) 'w™ =P, f, w™ eI (5.17)
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where fg?g is the linear span of the functions g, %1,..., ¢, (Y is the
polynomial of k-th degree).

If as interpolation nodes we take the roots of the Jacobi polynomial
P(fa’a)(:c) then

n+1 ’

a) [[v— PuvlL,,, —0,n— oo, Vv € C[-1,1]. Moreover,

b) ||Pn||c—>L2,p3 < BoC(n);

c) the operator K (a + bS)~! is completely continuous from the space
Ly p; to Cl-1,1};

d) [[vllL, ,, < Clvlle.

Then the same arguments as in Theorem 5.1 allow us to show that the
algebraic system (5.14) for sufficiently large n has a unique solution, and
the process converges:

/(1 —2)%(1+2)% ("™ — p)2dz — 0 (5.18)

as n — o0o. O

If the operator K = 0, i.e., we have the equation (a + bS) = f, then we
obtain the algebraic system

n
Zakwk(mj) = f(z;), 7=0,1,...,n, (5.19)
k=0
where zg, z1, . . ., T, are again the roots of the Jacobi polynomial P,(ljr(f’a) (x).

From Theorem 5.3 it follows

Corollary. The algebraic system (5.19) for any n = 1,2,... has the
unique solution (ag, a1, ..., an), and the process converges in the space Lo 5, .

In Sections 2-5 the author has presented the results obtained by him in
[16] and [17]. The collocation schemes for the equation (1.1) have been given
by many authors, for example, by F. Erdogan and G.D. Gupta ([18], [19]).
The author’s schemes differ considerably from the already known schemes,
especially for the index > = 1, —1. Moreover, in his above-mentioned works
the author gives the proof for the convergence of approximate schemes.

6. SOME REMARKS ON THE PROJECTIVE AND COLLOCATION SCHEMES

In this section (a) we prove that the process of replacement of the initial
problem for the index 3 = 1 by one functional equation is stable; (b) for
the index » = —1, we remove the restriction imposed on the kernel K (z,t)
in Sections 2-5; (c) we prove that the projective schemes are stable. Here
the results obtained by the author in [20] are presented.

1) In case s = 1, we have

(a+bS+K)p=f, (6.1)



36 A. Dzhishkariani

with the additional condition
1
/<p(t)dt =P, (6.2)
Z1

where P is a given number.
In Sections 2-5 this problem has been replaced by one functional equation

(a+bS+K)q§:f1, ¢EL2p1, f1€L27p1, (63)
where ¢ = o — Pr~!sin(|a|r)(1-2)*(1+2)%; —1 < a, 3 <0, 3 = —(a+f3)
fi=f—Pr tsin(la|m)K (1 —t)*(1 + )P,

1 2 1
L27p1 = Lé 1)71 Lé ;1’ Lé ;1
z)*(1+x)8, L(Q”I))1 is its orthogonal complement. When defining the function
f1, we have to calculate the integral K (1 —¢)®(1+t)? which, of course, not

always can be taken exactly. Let there be an error 6(z) = f1 — ]?1 Then
instead of (6.3) we have the perturbed equation

is the linear span of one function, ¢y = (1 —

(a+bS+K)p=fi, deL) . fi€Lap, (6.4)
which will be solved approximately. Approximate schemes provide us with
approximations ¢(™, n = 1,2, ... ; the sequence {qb(”)} converges to ¢ in

the metric of the space L( ) . In our schemes we assume that there exists

the inverse operator [I + K(a +b5) 7~ transforming Lo ,, onto itself.
Take the difference of (6.3) and (6.4),

(a+bS+K)(¢—¢) =d(x),
hence ¢ — 5: (a+bS+ K) '4(x), or
¢—¢=(a+bS) [+ K(a+bS) '] (), (6.5)
ie.,
¢ — ‘Z”Lé?,ll < l(a+ bS)_IHLz,leL;?;l X
< [+ K (a+b58) " |z, 16(2)]La,, (6.6)

The estimate (6.6) shows that the process of approximate substitution of
the problem (6.1)—(6.2) by one functional equation (6.3) is stable.

2) x=-1,x=—(a+p), 0 < a, f <1. We consider the equation
(a+bS+K)p = f in the weight space Lo ,,[—1,1], p2 = (1—2)"*(1+xz)~"
If this equation has the solution ¢ € Ly ,,, then

Ko f1)= [(e- -0+ Pdr=0.  (©1)

In Sections 2-5 the operator K is subject to the restriction
K(L2,p2) 1 ]-a (68)
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and the problem is transformed to the functional equation

(@+bS+K)p=f @€Ly,, feLd. (6.9)

We now remove the restriction (6.8) and take in the space Ls ,, two
systems of functions

P = (20) sin(am) (b, 777 T E(1—2)* (142) P (@), k=0,1,...,

and

sin(am)\ ~ =B L (—a—
z/;oz—( ST )) , Y = —(hL TP (@), k=01,

N

These systems are orthonormal and complete in Lj ,,. The system

(2)

1,2, ... is orthonormal and complete in Ly, .

Introduce the following notation:
1) K(t) = [K(2.),Yola = [, p2(a) K (2, t)od;
2) Ko(x,t) = K(z,t) — K(t)o.
Then B
[K0($7 t); ¢0]a = [K(Ia t)7 ’(/)O]:C - K(t) =0.
The operator

1
Kop = W*I/Ko(:c,t)cp(t)dt
as

satisfies the condition (6.8), i.e., Ko(L2,,,) L 1. In the above notation, the
initial equation can now be written as
1

(a+bS+ Ko)p+ 7" /f{(t)wocp(t)dt = f, (6.10)

and the condition (6.7) as

[w—l/lf((t)wogp(t)dt ~f, wo] =0, (6.11)

owing to [Kop, ¥ols = 0, Vo € Lo p,.
The condition (6.11) yields
1
w1 [ Rityottyatvo =17, ol
21

Therefore (6.10) allows us to get the functional equation
(a+bS+Ko)p=fi, ¢€Lay, frel? (6.12)

2,p2°
where f1 = f — [f,%o]to. Obviously, [f1, o] = 0.
Thus the matter is reduced to the case we have considered in Sections

2-95.
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Under the condition of existence of the inverse operator [I + Ky(a +

bS)~~! mapping Lg?,)u onto itself, let us show that the problem (6.1)-
(6.7) and the functional equation (6.12) are equivalent.

Let ¢ be a solution of the initial problem (6.1)—(6.7). The problem (6.1)—
6.7) is equivalent to the problem (6.10)—(6.11), hence

(G‘FbS-‘FKO)(Z: f17 (,256 L2ap27 fl € Lg?;2

Taking the difference of formulas (6.12) and (6.13), we obtain
(a+bS + Ko)(p —9) =0,

(6.13)

ie.,
p—p=0.
In both projective and collocation approximate schemes, we mean that
the additional condition (6.8) is fulfilled. Let us now show that for practical

realizations there is no need in calculating K (t) and [f, ).
In the projective scheme, an approximate solution is sought in the form

™ =" arpr,
k=1

and, just as in Section 2, we compose the algebraic system
ai+zakﬂ_1 {[K(xat)vcpk]tawi} = [fal)bz]a 1= 1,2,...,71. (614)
k=1 ¢

Taking into account that

K(x,t) =Y [K(x,t),¢lati(@),  f) =D [f,0vi(@),
=0 =0
we obtain
[fs] = [fr, ], 1=1,2,....
Next,

(K (2, t), pnles ] = [[K @), 6idesin] = [[Ko(e,8), il 1] =

= |Ko(a.t), oule, v .

Thus if in the system (6.14) we replace K (z,t) by Ko(z,t) and f by fi,
everything remains unchanged.
In the collocation scheme, an approximate solution is again sought in the

form
n
ERN Sy
k=1

and the algebraic system is composed from the condition

Pol(a+bS+ K)p™ — f1]=0. (6.15)
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For any continuous function, the projector P is defined as follows:
Pov = Ly,(v) — agtbo,

where L, (v) is the Lagrange interpolation polynomial, and aq is the first
coefficient of the decomposition L, (x) = agtbo + a19)1 + - - - + anthy,. When
v is unknown, the coefficient ag is undefined and the equation (6.15) can be
written in the form

Ln[(a+bS + Ko)'™ — f1] — agthy = 0. (6.16)

The Lagrange polynomial is defined uniquely by the values of the function
at the discrete points, therefore (6.16) is equivalent to the algebraic system

—agtho + Z arthr(ws) + Z ar(Kowr) (i) = fi(zi), (6.17)
k=1 k=1
1=0,1,...,n, z; are the roots of the Jacobi polynomial Pfl:f’_m(x).
In Section 5 we have proved the existence of the unique solution (ag,
ai,...,a,) of the system (6.17) for n > ng and the convergence of the

process. _
Let now the projector P, be used directly (not passing to Ko(z,t) and

f1)
Pol(a+bS+ K)p™ — f] =0, (6.18)

ie.,
1
Pu|(a+bS + Ko)pt™ 7t / K ()™ (t)yodt — (f1 + [f1, %o]vo) | = 0.
-1
We require that
1

! / R(6)o™ (H)dtipo = [f, dolto,
21

— / R(t)p™ (t)dt = [f, o).

Then (6.18) transforms to (6.17).
The algebraic system shows that there is no need in calculating K (¢) and
[f,10]. We rewrite the formula (6.18) in the form

ie.,

—Govo + > arte(w:) + Y ar(Ker)(@i) = f(x:), i=0,1...,n. (6.20)

k=1 k=1
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Thus we have

(Kop)(z;) = (71'1 K (x;, t)gok(t)dt) (x;) =

1

Ko(zi, t)pr(t)dt + 771 /f((t)i/)ogok(t)dt) =

-1

Il I
/~ e
:1\ =l|
\H ‘H\H L\H

Ko(xi,t)gak(t)dt) (z;) + Cr, = (Kowr)(xi) + Ch,

[

f(xi) = fi(xi) + ([f, Yolvo) = fi(xi) + C,

where C} and C' are constants independent of i. Therefore the algebraic
system (6.20) can be written as
n n
—aoto + »_ artr(mi) + Y ak[(Kowk)(@:) + Cr] =
k=1 k=1
zfl(a:i)+0, 1=0,1,...,n. (6.21)

The first column of the determinant of the system (6.21) is (—%o,
—0, ..., —1o)T (1o is a constant), hence the algebraic systems (6.17) and
(6.21) have the same solutions (a1, ag,...,ay); the determinants of the al-
gebraic systems (6.17) and (6.21) are equal and the numerators in Kramer
formulas for determination of (a1, as,...,a,) are also equal.

Thus for practical calculations there is no need finding K (t) and [f, 1o]
which are important only in proving the existence of a solution of the alge-
braic system and for the convergence of the process.

3) Consider now the questions connected with the stability of approxi-
mate schemes. Projective methods considered in Sections 2 and 3 are stable.
The stability of the projective scheme will be shown for the equation of the
first kind (S + K)¢ = f for the index » = 1. The stability of the projective
scheme for another values of the index and for the equation of the second
kind can be established analogously.

Let the matrix R, = (([K¢r, 1/)1-])53.):1 and the vector fl(n): (f1, fo,- - fn)

be calculated with the errors I'), = (('Yk,i))z(:i)ﬂ and 6 = (61, 02,...,0,),
respectively. Then instead of

I, + Ry)a™ = §™ 6.22
1
we have the algebraic system
L+ (Rn +T)Ja™ = £ 4 50, 6.23
1
and instead of

w™ + P,KS 'w™ = P, fy, w™ = S§¢™), (6.24)
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we have the perturbed equation
@™ + [PaKS™ + AP, KS )@ = P fi + A(Puf1), (6.25)

G = §g.
Introduce the operator

n
Tn ( Z akwk) = a(n)7
k=1

where the vector a(™ = (ay,as,...,a,), the domain of definition of the

operator 7, D(m,) = Z(Qflgl is the linear span of the functions 1, s, ..., Y.,

= lé") lén) is the n-dimensional vector

the domain of values R(7,) , where

space. The inverse operator 7,1 maps lén) onto Zg’fgl. The norms ||7,| =

n
71|l = 1, since the system /1,1, ... is orthonormal in Lo ,, . Using the
operators 7, and 7, !, we can easily realize the passage from the equation
(6.23) to (6.25), and vice versa. For example, proceeding from the equation

(6.25), we have
o™ 4 7'n[PnKS_1 + A(PnKS_l)]Tn_lrnﬁ(") =
= TnPnfl + Tn(APnfl)

The norm ||PM™KS~!| — 0 asn — oo (P" = I — P,), and therefore for
0 < g < 1 there exists ng such that for n > ng

I+KS 1)t
l—gq
If L
I+ KS )~ _
WS D s, ksl <1
then the perturbed equation (6.25) has a unique solution w(n), and
15 = w™[| < CLIAPLES ™| + Cal| A(Pafy)]- (6.26)

Then the algebraic system (6.23) for n > ng has likewise a unique solution.
Further, we have

n 3
JAPAK S lsay = 7 Tamall < ( 2 vﬁk) ,
ik=1

1A s,y = 78 = 18]
[~ w®]| = 6~ ¢,
and hence (6.26) yields

5 - s <o 3 a) rea( o)
ik=1 i=1

which means that the process is stable.
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Note that another approach for approximate solution of the equation
(1.1) is available in [21], and the questions dealing with the approximation
of a singular integral can be found in [22].

7. NUMERICAL SOLUTIONS OF SOME SINGULAR INTEGRAL EQUATIONS
OF THE PLANE THEORY OF ELASTICITY

In this section we present numerical solutions of some problems of the
plane theory of cracks. Coeflicients of stress intensity are calculated for the
following problems: 1) periodic system of parallel cracks; 2) interior crack
in a half-plane; 3) interior crack in a non-homogeneous plane consisting
of homogeneous half-planes. There are no exact solutions for none of the
above-mentioned problems.

1) Periodic system of parallel cracks. Under symmetric distribution of
stresses with respect to the crack line the following integral equation has
been obtained for the periodic system of parallel cracks [23]:

-

L d
gL
Tt / x

.

.

/v’(t)K1 (t —x)dt = wo(x), |z| <,
2

(7.1)

2l is the crack length, d is the distance between the cracks, the function
v'(t) defines the coefficients of stress intensity by the formula ([23], p. 132)

(552 0]

l

K= fi,

(“4” and “—” denote the right and the left end, respectively), the kernel
_r 2cothK — Ecsch2 Lk

d( d d d)’

o(x) is the load applied to the crack contours. The additional condition

Kl('r)

(7.2)

is given.
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After simple calculations the function K;(7) takes the form

1 %—Tsh%—T—ch%—T+1—2(ﬂ)Q
Ki(r)y=>-+-4—4d —d i
T Tch=t — 1

Introduce the following notation:

t T
=g 0 =) = o), =T, o) = olle) = (),
the parameter \ = %. Then we have
Kq(z1,t1) =

Tt — 1) sha(ty — 1) — chaA(ty — @) + 1 — 2[F2=T1))2
(tl71131)Ch7r/\(t17$1)7(t17931) '
Denote & = wA(t; — 1). Then

_gshé—che1-2(5)? gt ety &

Kl(xlvtl)* ;%(Chg—l) - fx(eﬁ—;*s _1) -
(S T R et Sk - Betitd N
e+ s+ )+ 1+ 5 —) -2

(+e+§5+)-0-¢+5—)]+2-¢

LA+erS - )+Q-€e+S ) -2

CRE+25 +- ) — (2425 4+ ) +2—¢2
L0525+ ) B

268G TG e ] G+ EEC+)
o iﬁ(% %+...) o %+i+.. o

Thus the problem (7.1)—(7.2) can be written as follows:

1 1
1 [e(t)dt 1
W/t1—a?1+7r/ (@1, t)p(tr)dtr = f(x1), |oa] <1,

-1 -1

1
/Sﬁ(h)dtl =0, K(zi,t1) = Ki(z1,t1).
21

Instead of ¢, =1 we write ¢, x. Finally, we have the following singular
integral equation

L[ L [ Kenetar = 5 (73)
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with the additional condition

/ o(t)dt = 0, (7.4)

where the kernel

x 2n+1
(RA)(t =)y o7 + Z ooy A — @)
K(z,t) = 1{ 2 (2n +2)! — }
ot Z ﬁ[m\(t — )]

Thus we have the singular integral equation of the first kind (7.3) with
the index sc = 1 (the condition (7.4)). The kernel K (z,t) is the ratio of two
converging power series (for any values of parameters).

The problem (7.3)—(7.4) is solved by the method of collocation. We take
the constant load f(z) = —1 and seek the fifth approximation

5
Vz) = arpr(x)
k=1

The functions ¢k (x) have the form
2
er() = (=

7T)5(1 2?3 T(x), k=1,2,...,5,

where T (z) are the Chebyshev polynomials of the first kind:

Ti(z) =z, Ty(x) = 8z* — 822 + 1,
To(x) =222 — 1, Ts(x) = 162° — 202> + 5.
T3(z) = 423 — 3z,

Moreover, we need the functions

2 1
() = (;) *Upor(z), k=1,2,...,5,
where Uy_1 are the Chebyshev polynomials of the second kind:

Up(z) =1, Us(z) = 823 — 4,
Up(x) =, Us(z) = 162* — 1222 + 1.
Us(z) = 42 — 1,

The algebraic system (4.3) takes the form
5

1 5
Zak(%)2Uk_1(xj)+Zak(K""k)(xj):_1’ j=12,...,5, (7.5)

k=1 k=1
where the collocation nodes

T :cos‘%7 7=12,...,5,

are the roots of the Chebyshev polynomial
Us(z) = 322° — 322 + 62 :
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V3 1 1

T1=57 T2= g, z3 =0, Ty =3,

To calculate the integrals with weak singularities K¢y, k = 1,2, ...
we use the following Gauss—Chebyshev formula [7]

; L T 2 —1
1—t))"2g(t)dt ~ — )
Ja-ertanas T g (cos %)

4 i=1

Iy = —

ol%

757

Taking m = 10, in our case we have
1/2\z

2
9(t) = =(2) Kl HT0).

In the kernel K (x,t), we take in numerator and denominator as many
terms in the series as needed for the error to be less than 107°. Towards
this end, for the value of the parameter A = 1 we need the terms up to the
twentieth degree.

The main difficulty arises in calculating the expression

As a result of calculation, we obtain the algebraic system

™

1 10
2\z2 1 21 —1
(Kep)(zj) = (;) 1 ZZ_:IK(::cj,cos 50

2\ % )
(—) vy Kk j=1,2,...,5

7r) Ty ( cos

21 -1

r) =
20

(14 715)a1 + (225 + v2;)az + (422 — 1+ y3;)as+
+(8%% — dz; + yaj)aq + (1627 — 1227 + 1 4 755)as =

2 _1
:f(—) P i=1,2,....5

™

(7.6)

We take the following values of the parameter: A =0.1,0.2,...,1.1. The
parameter A affects v, k,7 =1,2,...,5. Using the Gaussian method, we
., a5 we obtain

solve the algebraic system (7.6). For the coefficients a1, as, . .

the following numerical values.

A a1 as as aq as
0.1 | -1.2381020 | 0.0000000 | -0.0000310 | 0.0000000 | 0.0000000
0.2 | -1.1952743 | 0.0000000 | -0.0004621 | 0.0000000 | 0.0000024
0.3 | -1.1320088 | 0.0000000 | -0.0020897 | 0.0000000 | 0.0000238
0.4 | -1.0570586 | 0.0000000 | -0.0057024 | 0.0000000 | 0.0001090
0.5 | -0.9782156 | 0.0000000 | -0.0117116 | 0.0000000 | 0.0003247
0.6 | -0.9010623 | -0.0000001 | -0.0200507 | 0.0000000 | 0.0007316
0.7 | -0.8288983 | -0.0000001 | -0.0302837 | 0.0000000 | 0.0013545
0.8 | -0.7632536 | -0.0000001 | -0.0417850 | 0.0000000 | 0.0021656
0.9 | -0.7045076 | -0.0000001 | -0.0538971 | 0.0000000 | 0.0030879
1.0 | -0.6523904 | -0.0000001 | -0.0660312 | 0.0000000 | 0.0040109
1.1 | -0.6063210 | -0.0000001 | -0.0777163 | 0.0000000 | 0.0048114
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The coefficients of stress intensity are as follows
Ki =% lim [((1 —2%)*p(a)].
z—=+1

Taking | = 1, we have

5 1
1 2\ 2
+ _ ; — 22\3,5) — i z
I = Jim [0 =)0 @] = 7 iy, 3 (2) Tele)
Next, Ty (1) = 1, Tp(—1) = (=1)*, hence

R S O SO RES

Applying these formulas , we calculate the coefficients of stress intensity,
K and K; . Here we present the following numerical results.

) Ky ky

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1

0.9878877
0.9540582
0.9048612
0.8478740
0.7895890
0.7343585
0.6844478
0.6406004
0.6026560
0.5700177
0.5419442

0.9878878
0.9540582
0.9048612
0.8478740
0.7895889
0.7343584
0.6844477
0.6406003
0.6026559
0.5700176
0.5419441

The coefficients of stress intensity at the crack ends must be equal; this
property remains to within 1076. The crack length 21 = 2 (I = 1), the
parameter A = % = %, where d is the distance between the cracks. As the
distance d increases, the stress coeflicient at the crack ends decreases. The
obtained numerical results are close to those obtained in [23] (pp. 134-139).

2) Interior crack in a half-plane. Consider the problem of determination
of the stressed state of an elastic half-plane with an interior cut perpendic-
ular to the boundary ([23], p. 175) (the crack is on the segment [a, b]).

y
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Stresses on the half-plane boundary and at infinity are assumed to be
absent, and on the cut contours y = 40, a < z < b, the loads act. This
problem is reduced to the singular integral equation ([23], p. 176)

b

1 1 2t 42 1,
/L—aﬁth—i—er(t—i-x)Q(t+x)3}g(t)dt7rp(x)’ (7.7)

a

a <z <b, P(z) is the load, g(¢) is the displacement,
gla)=g(b) =0 (a>0). (7.8)

In the general case, for any function P(z) there is no exact solution
of the problem (7.7)—(7.8), but an approximate solution of that problem
is obtained in [23] by approximating the kernel of the integral equation.
Numerical results for a > 0 are not available in [23]; they are given for the
limiting case, as a — 0.

We transform the problem (7.7)—(7.8) to the form which will be conve-
nient for our consideration and introduce the new variable

7a+b+bfa tia+b+bfa§
Ty 2 -2 2 '

Denote
g'(t) = (&), P(z)=f(r).
Then the problem (7.7)-(7.8) can be written as

Consider two cases:

Difa=1,b=3,thenz=2+7 (t =2+ &);

2)ifa=0.5,b=25,thenx=154+7 (t=15+¢).

Instead of the variables 7 and £ we use again = and t. As a result, we
obtain two problems: for the case 1) we have

3|

t—=x

/w(t)dt N %/Kl(x,t)w(t)dt — f(2), (7.11)

-1
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/@@m:o, (7.12)

where the kernel
2+2)2+42+ )2+ z) — (24 1t)?

Kz, ) = (A+t+a)3
For the case (2) we have
1 1
1 tydt 1
[ L [ Koo = 5o (713)
21

/wmﬁ:o, (7.14)

where the kernel

(1,5+2)2+4(1,5+1)(1,5+z) — (1,5 + t)*

Ky(z,t) =
2(@,1) B+tta)p
We solve the problems (7.11)—(7.12) and (7.13)—(7.14) by using the me-
thod of collocation.We take the constant load f(z) = —1. In this case we

need the same functions as in the problem of parallel cracks. An approxi-
mate solution is sought in the form

) (z) = Z kPl
k=1

To define the coefficients a1, as, . . ., a,, we obtain for the problem (7.11)—
(7.12) the following algebraic system:

n 1 m . .

2\ z 1 2t —1 2t —1

321 (ﬂ) ak{ L 1(:cj)+mi221 1(z;, cos o )Tk ( cos Sy
-1, j=1,2,...,n.

The collocation nodes

:cj:cos]—7r 7=12,...,n.
n

+1
For the problem (7.13)—(7.14) we replace K1 (z, t) by the function Ks(x,t).
The kernels Ki(z,t) and Ks(z,t) are rational functions and hence the cor-
responding integrals can be easily calculated.
We calculate the coefficients of stress intensity by using the formulas of
[23] (p. 128)

K =—lm[(2(b—2))2g'(0)] and K; =~ lim[(2(z —a))*¢(2)].

T—a
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In our case, fora=1,b=3 (x =2+ 7) we have

K = —1lim[(2(1 - 7))2¢(7)],

T—1

lim [(2(1 4 7)) 2 ()]

T——

(7.15)

Ky

For a = 0.5 and b = 2.5, the formulas (7.15) remain valid.
From (7.15) we find that

2\ 3 <& B 2\ 3 <
= (3)! S w = () St
k=1

For the coefficients of stress intensity we have obtained the following
numerical values.

Number of + -
Approximation Segment M M
n=>5 a=1, b=3 1.05386 | 1.09139
a=20,5 b=25 |1.09645 | 1.20493
n =10 a=1, b=3 1.05390 | 1.09131
a=0.5, b=25 |1.09669 | 1.20355

It can be seen that the coefficient of stress intensity on the left end is
greater than on the right one (K; > K 1+ ), which corresponds to the phys-
ical content. Moreover, when the crack is shifting to the boundary, the
coeflicients of stress intensity increase, which also corresponds to the phys-
ical content. When an analogous crack takes place on an infinite plane, the
coefficients of stress intensity at the ends are equal to unity [23]. As the
half-plane recedes, the coefficients of stress intensity increase. Numerical
solutions likewise satisfy physical meaning. The fifth and tenth approxima-
tions for a = 1, b = 3 coincide to within 1073, and for ¢ = 0.5, b = 2.5, to
within 1072,

-----

3) Interior crack in a non-homogeneous plane consisting of homogeneous
half-planes [24]. Let there be two half-planes (z > 0 and z < 0) of different
materials which are rigidly clamped along the line x = 0. One of the half-
planes (z > 0) has interior crack on the segment [a,b] (¢ > 0). Symmetric
normal stresses P(z) are applied to the crack contours. This problem is



50 A. Dzhishkariani

reduced to the following singular integral equation

b b
1 fg@®)dt 1 11—« w —oay 1
= +=[]-3 +
T —x T 20+ l+ax t+x
a

t

a

200 —1) tx —t3 7,
t)dt = P(x); 7.16
o o O =P (7.16)
P Y
1+

)
M2
11, 2 are Lamé constants and vy, v are Poisson coefficients. The right half-

plane is taken to be aluminum and the left one is steel. Poisson’s coefficients

v1 = 0.34 and 5 = 0.26. Young’s moduli are:
K K

BE1=0,7-10°=% and E»=2,1-10°—%.

cm cm

Lamé’s constant
B E
F=sa+0)

Equation (7.16) takes the form

b b

1 [g@®)dt 1 .

= - | K =P 1
= [ [ Kog (e = o) (717)

where
1 te —t3
K =054 —— —0.60 ———
(z,t) 0.5 P 0.6 TR
g(a) = g(b) =0.

We consider two cases.
1)a=1,b=3and 2) a =0.5, b =2.5.
For the first case we introduce new variables 7, & x =247, t =2 4+ &.

Denote ¢'(2+¢&) = (&), P2+7) = f(1), K2+ 7,24 &) = K1(7,£). Then

from (7.17) we have

[o©de 1| B
_/1 s 2 _/ Ki(r, €)p(€)d€ = (7).

jS)

-7

3=

/lw(é)df =0.

Instead of the variables 7, £ we again write x,¢ and obtain the singular

integral equation
(7.18)

t—=x

3|

/w(t)dt n %/Kl(x,t)ap(t)dt = f(),

-1
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where

xT) — 3
Ky (ma t) = —0.54. - ﬁ —0.60 - (2 + t)((j:t _)~_ x)(32 + t) 7
/ (7.19)
/so(t)dt =0.

Analogously, for the second case (a = 0.5, b = 2.5) we obtain the following
singular integral equation

[ L [ Koo = 5o (7-20)

where
1 (1,5+¢)(1,5+z)—(1,5+¢t)3

———— —0.60-
3+t+ux (B+t+ux)3 ’

j@(t)dt =0.

As before, using the method of collocation, we seek for an approximate
solution

KQ(’JJ, t) =—-0.54"-

(7.21)

o™ (@) = arpr(x).
k=1

The coefficients of stress intensity can be calculated as in problem (2) by

the formulas
n

2\% 2\ 3
+ _ _ (2 - _ (=2 _1\k
K = (71-) Zak, and K| = (ﬂ_) Z( 1)%ay.
k=1 k=1
For the coefficients of stress intensity we obtain the following numerical
values:

Approximation Segment kf kL
n=>5 a=1 b=3 0.96250 | 0.93435
a=0.5, b=25 |0.94798 | 0.88489
n =10 a=1, b=3 0.96281 | 0.93469
a=0.5, b=2.5 |0.94798 | 0.88501

It can be seen that: 1) the coefficient of stress intensity is smaller at the
left end than at the right one (K; < Kj"); 2) when the crack is shifting to
the boundary, the coefficients of stress intensity decrease; 3) coefficients of
stress intensity are less then unity. The above-mentioned facts correspond
to physical content of the problem (steel is more rigid than aluminum). The
fifth and tenth approximations coincide to within 1073.

In Section 7 we have presented the results obtained in [25].
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8. PROJECTIVE-ITERATIVE METHOD OF SOLUTION OF SINGULAR
INTEGRAL EQUATIONS

In this section we will consider 1) the scheme of the projective-iterative
method for the operator equation of the second kind; 2) projective-iterative
method for the singular integral equation; 3) numerical results.

1) Scheme of the projective-iterative method for the equation of the sec-
ond kind. Let in the Banach space E the operator equation of the second
kind

u+Tu=f, u f€eE, (8.1)
be given, where T is a linear bounded operator in E. An approximate
solution u, of the equation (8.1) satisfies the equation (][9], p. 199)

where {E,} and {P,} are subspaces and projectors, respectively: P2 =
P,, P,(D(P,)) = E., E, C D(R,), T(E) C D(P,), f € D(P,), P,T is
bounded in E.

In [9], under the conditions that there exists the inverse bounded operator
(I4+T)":E — E and |[P™T|, 00 — 0 (P™ =1 — P,) it has been
proved that

|(I+P,T)7" <C1, n>np. (8.3)
Moreover, ||P(™ f|| — 0 as n — oo, and ||u — u,| — 0, n — co.

Suppose that an approximate solution w, of the equation (8.2) is found

and the iteration
Up = —Tup + f (8.4)
is taken.

The projective-iterative scheme proposed in [26] looks as follows:

1) calculation of the residual

7o = f — un — Tin;
2) solution of the Galerkin equations
u§}> + PnTugll) = P,ro, usll) € Eyn;
3) taking the iteration
oM = —Tut) 4 ro;
4) finding the sum
ﬂn,l = ﬂn + ﬂg)

Cycles (1)—(4) can be repeated [ times after which we obtain an approx-

imate solution
Upy = Up + 0P + - +ad. (8.5)

It is shown in [26] that if there exists the inverse bounded operator (I 4+

T)~' and |[TP™)|, o — 0, then for n > ng

U—Tny = (I +TP,) Y(=TP™)...(I +TP,)  (=TP™u), (8.6)
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and for ¢, = ||(I + TP,) 'TP™| < q < 1 the estimate
lu =l < ¢+ Pl (8.7)

is valid.

In [27], the projective-iterative scheme has been applied to the equation
of the type Au+ Ku = f, w € D(A), f € H, where H is a Hilbert space
([28], p- 426). When Green’s function of the operator A, u € D(A) is
known, one can obtain the error estimates showing the order of convergence
of the projective-iterative method as n — oo (I is fixed) both for a version
of the Bubnov—Galerkin method and for the method of finite elements.

In this subsection we will consider projective-iterative methods for singu-
lar integral equations and prove theorems showing the order of convergence
when the number of cycles [ is fixed, and approximation number n — oo.

a) Projective-iterative method for the equation of the first kind

Su+ Ku = f, (8.8)

where

e

1 1
1 t)dt 1
Su = —/ ®) , —l<z<l, Kuz—/K(:c,t)u(t)dt.
™ t—x 71'
—1 —1

For the index s = 1 we take the additional condition
1

/ w(t)ydt = P, (8.9)

where P is a given number. In Section 2 the use has been made of the

DRPe)

weight space Ly ,, with the weight p1 = (1 — 22)2, Ly ,, = Ly, 5

and S an isometric operator mapping Lg;l onto Lg ,,;

S Lap,) =LY, Su=—(1—13)"3S(1—a*)7u, S '=5"

The problem (8.8)—(8.9) has been replaced by one functional equation

So+Ko=fi, L), fi€ Ly, (8.10)

where
fi=f-Pr K1 —1)72 ¢(t) = u(t) —pr (1 - 17)72,
It was required of the kernel K (xz,t) that
1

1
/ K?(x,t) pi(x) dtdx < +oo0.
1

p1(t)
—1 —
We took two orthonormal complete systems:
~ ~ 1 ~
1) gr(@) = (1-2?) "2 Th(x), k = 0,1,..., To = (2)*To, Ter1 =

1
(2) 2 Tit1(x), k =0,1,..., where Ty(x), k = 0,1,..., are the Chebyshev

™

polynomials of the first kind;
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2) Yp1 = (%)2Uk(x), k =0,1,..., where Ug, k = 0,1,..., are the
Chebyshev polynomials of the second kind.
We had
Scp():(), S(Pk:lbk, kil,?,.... (8.11)
An approximate solution of the equation (8.10) is sought in the form

n
On = Z Ak Pk-
k=1
We compose the algebraic system by using the Galerkin—Petrov method

[S(bn*'“Kﬁbn*fl,wz]:O, i:1,2,...,n,
which with regard for (8.11) results in

a; + Y [Keor,vilak = [f, 1], i=1,2,...,n. (8.12)
k=1

Introducing the notation w = S¢, w, = S¢,, we write the equations
(8.10) and (8.12), respectively, in the form

’LU—l—KS_l’LU:fl, w, f1 € Lo p,, (813)
wy, + P KS w, = P, fi, (8.14)
where the projector
Pov =" [v, Yx] s
k=1

Thus we have obtained the operators of the type (8.1) and (8.2) in which
T=KS1
One iteration is as follows:
Wp = —KS'w, + f1 = =Ko + f1.
Further, we find that

(=) (12?3 (=K + f)
= - / — dx (8.15)
-1
Finally,
Un = ¢ + Pr (1 —2%)7 2. (8.16)

In [29], under certain conditions for @, the error estimate is established.
We will establish an analogous estimate for the cyclic projective-iterative
scheme.

Cycle 1)—4) has the following form:

)ro=fi—@n—KS = fi — (~K¢n+ f1) — Kby = Ko — Ky;
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2) We find scalar products [rg,%;], ¢ = 1,2,...,n, and then solve the
algebraic system (the left-hand side of the algebraic system remains un-
changed)

az(-l) + Zag)[K%Wi] = [ro,¢u), 1=1,2,...,n.
k=1

We obtain
n n
o =>"aer, wl =" a vk, wl) + PKSTwd = Pyro;
k=1 k=1
3) Taking the iteration
o) = —KS T wl) +ro = — Ko + o,

we arrive at
1
(1—)"3% / (1—2)3 (~Koy +10)

™ t—x

¢511) — 571{57(11) — dx;

Z1
4) Taking now the sum
(En,l - (En + (E»Ell) (ﬂjn,l - ﬂjn + ﬂjsll) = (_K(ﬁn + fl) + (—K¢£ll) + rO))a
we finally get
Up1 = 5n71 + Pr (1 - x2)_%.

If we repeat the cycle 1)—4) [ times, we will obtain

W=

oni=0n+ O+ ), Tng = ua+ Prl(1—a?) 75

Our aim is to obtain an estimate for ||u — ]
For the sake of clearness, we write out the cycle for [ = 2. We have

1~) = fi— W1 — KS™ W, =~f1 _~[(_K¢n + f1) — (—K¢§zl) +7“o~)] —
K (fn+0)) = Kén+ KoL = K(fn+0) =10 = K(¢n+60") = K (dn +

¢511)) —To-
The right-hand side of the algebraic system is a column matrix with
elements [r1,;], 1 = 1,2,...,n. We find a§2)’ af), e ,ag), 512),11)512). Tak-

ing the iteration U, 2 = ¢pn 2 + P (1 — x2)_%, we get @%2) = 5_1@7(12),

5,172 = an + 5%1) + 5%2), and finally, Uy 2 = $n72 + P11 — x2)*% .
For our case, the formula (8.6) takes the form

w—Wny =T+ KS™'P,) Y (~KS~1PM)...
(I KSTR)THEKST P, (8.17)

where w = S¢, Wy, = Sgnyl.
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Theorem 8.1. Let the following conditions be fulfilled: 1) there exists the
inverse operator (I + KS~1)~ mapping Lo ,, onto itself; 2) the derivative
w™ e Lipy; a; 0 < a < 1; 3) the derivative of order r with respect to t
of the kernel Kt(r)(:v,t) € Lipy;, 01, 0 < ag < 1, Vo € [-1,1]. Then the
estimate

lu—tnillL,, = 0(n~(mFe)=FDr+e)y g5 p — oo (8.18)
is valid, where [ is fixed.

Proof. We have u — Up; = ¢ — (En,l = S w — W), S(Lé?l)n) = Ly,,

- _ 7@ _ - —
S YLay,) = Ly, . The norm ||5'||L§?;1éhwp1 = |8 1||L2,p1—>L(z%3:1 =1
Therefore from (8.17) it follows that
it = Tl = 1w — Tt <
< U+ KSR ST P Py, (8.19)

Estimate now the norms || K.S~1P™||, ||[P(™u||. We have

||KS1P(")U||2HKSIZ[U,M@W}@ HK Z [v, ]eor|| =
k=1 k=n-+1
[e’e) 2
= | 3 el .em)| <
k=n-+1
1 S ) 1 oo ) 2
<3 {kzzw[v,m} x{k§1<K<x,t>,wk<t>>} <
ol [ e S e i
<17 /1<1 ) (gﬂm Huprlt) ) do =
B P A P P
-9 /1<1 )(,;H(K( 0.1 = ) T2 )d
_ ||:;!2 /(1,952)% Z [K(x,t),fk(t)]wal Ak(t) dz,
2 k=n+1 o L2pf1
> [K(w,t)vfk(t)]szlAk(t) =
k=n+1 ! L, -1




Approzimate Solution of One Class of Singular Integral Equations 57

= [1-#) é( Zn: ]Lmlfk(t))th <

k=0

(1= )3 (K (2,1) — Pa(a,1))*dt < w(E}(K (1)),

L\H Le—

where z is a parameter, P,(x,t) is the polynomial of the best uniform ap-
proximation with respect to t, and E! (K (z,t)) is the corresponding deriva-
tion

|K (z,t) — Po(z,t)| < EL(K(2,t), —1<axt<1.

If Kt(r) (x,t) € Lippy a1, 0 < aq <1,V € [—1,1], and is continuous with
respect to x in [—1, 1], then ([8], Ch. XIV, §4)

E;, (K (1)) = O(n~"+e).

Furthermore,
1
IS~ PMy|? < /1—30 ) (BL(K (2, 1)) 2da =
-1
I
7 2 (EL(K (,1)%
Thus |KS~'P™)|| = O(n*(”"‘l)).
Moreover,

1
1P |2 = /(1 — )b (w — Pyw)?dz —

(w - z”:[w, Tﬂk]wk) de <

k=1

|
»—t\,_.
—
—
|
8
o
~—
W=

< [O-a e Pode < Gl - Pl
21
where P, _1 is the polynomial of the best uniform approximation.
Due to the condition 2) from the statement of the above theorem, by
Jackson’s theorem [30] we have
C(w)

[w—Po-ille < (n = 1yma’

n>1,

with the constant C(w) depending on w and its derivatives, i.e., if w(™ €
Lip,, o, 0 < a < 1 then ||[P™w]|| = O(n~(m+e).
Finally, we get

[w — @y, ]| = O(n~ ")) O (= (D)),



58 A. Dzhishkariani

i.e., we obtain the estimate (8.18). O

The index s = —1. The weight space Lo ,,[—1, 1] has the weight ps =
(1- x2)_%. The homogeneous equation Su = 0 has in the space Ly ,,
only zero solution v = 0, and the conjugate homogeneous equation S*u =
—(1—12)25(1 — 2?%)”4u = 0 has in L ,, the nonzero solution u = 1.

For the equation

Su+Ku=f, u,f&€La,,, (8.20)
to have a solution u € Ly ,,, it is necessary that
[Ku— f,1] =0. (8.21)
This can be fulfilled if
K(Lgp,) L1 and f L1 (8.22)

The condition K (L ,) L 1 means that

1

/K(x,t)(l — ) hdr—o.

-1

If the conditions (8.22) are not fulfilled for the equation (8.20), then
we can always transform it in such a way that it will be fulfilled for the
transformed equation [20]. One have to take the function ¢o(z) = —r732
and then find K(t) = [K(z,t), %], Ko(z,t) — K(t)vo, [f, 0] and fi =
f = [f,¥olto. The equation (8.20) can now be written as

Su+ Kou=f1, ué€ Ly ,,, fi€ Lg?;w (823)

where Lg;z is the orthogonal supplement of the one-dimensional subspace

ng))z of the function ¢y = —rE, Ly, = L(QT/)Jz —|—L$/))2. It has been shown in
[20] (just as in Section 6) that the procedure described above is not necessary
in practice; an approximate solution u, remains unchanged. We will need
the equation (8.23) only in order to prove that the process converges.

In the space Ly ,, the following two systems of functions are orthonormal

and complete:
1

1) gy = (%)5(1 — 22 U (), k=0,1,...;
2) 1/)0 = 77(7%; warl = *(%) 2Tk+1(x)a k= Oa 17 CERE)
where Uy, Ti41 are the Chebyshev polynomials of the second and first kind,
respectively.
In Section 2 we had Sy = i, k= 1,2,.... Under the conditions (8.22)
we have the equation
Su+Ku=f, u€Ly,, feL (8.24)

2,p2°



Approzimate Solution of One Class of Singular Integral Equations 59

Its approximate solution is sought in the form

Uy = Z arpr(x).
k=1

By the Galerkin-Petrov method,
[Sun + Kup — f,90:] =0, i=1,2,...,n,
with regard for which Sy = 9y results in the algebraic system
n
ai + Y _[Keowdilax = [foi], i=1,2,...,n. (8.25)
k=1

We denote w = Su, w, = Su, = ZZ=1 arYr. Then the algebraic system
(8.25) can be written by means of the orthoprojector P, on the span of the
functions 1,9, ..., 1, as follows:

wy, + P, KS™ tw, = P, f. (8.26)
Let an approximate solution w,, (wy) be found. Taking the iteration
Wy = —KS tw, + f = —Kuy, + f,
we have to find

1
—t2)3 — 2230
T t—x

-1

(1—12)2 /1 (1—a22)"2(—Kuy + f) .

™ t—x

21
Cycle 1)-4) looks as follows:
1) We find
Toszaansilwn :ff(*Kun‘i’f)*Kan:Kun*Kan

and then take the exact equation Su(® + Ku(") = ry, whose approximate
solution is sought in the form

n
ul) =>" atM oy
=1

2) We find scalar products [rg, %;], ¢ = 1,2,...,n, and solve the algebraic
system

n
ol + 3 (Ko ilal) = [ro,l, i=1,2,....m,
k=1

and then we find usll).

3) We take the iteration
oV = —KS w4+ 1y = —Ku + 1o,
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and find

1
2\ 1 2y —1
a® = s-ta) = A-2) /<1_m) (Hun b o) g

s t—=x

4) We take the sum
U1 = Uy + U,
This cycle can be repeated. Using the projective-iterative method, we
obtain an approximate solution

U, = Un +ﬂ£ll) 4. +ﬂ£zl)-
Theorem 8.2. If there erists the inverse operator (I + KS~1) ™1 which

maps Lg?,)u onto itself, the derivatives w™ €Lip,,; a, 0<a <1, Kt(r)(ac, t)e

Lipys, a1, 0 < a1, 0 <ag <1, Vo € [~1,1], then the estimate
[t = tnl|L,, = O(n~mFo)=EFEDITa)) - gg p — o0 (8.27)
is valid, where | is fized.
This theorem is proved analogously to Theorem 8.1.

1
2) The index » = 0. Here we may have two cases pgl) = (ﬂ) > and

14z
2 1)\ —
(1)

Let us consider the case p3 = p;’. The homogeneous equations Su = 0
and S*u = 0 have only the trivial solution © = 0. We have the equation

Su+Ku=f, u,f€Lsp,. (8.28)

In Section 2, we had two orthonormal complete systems of functions:

1) or = Ce(l—2) 2 (142) P 7 (2), k=0,1,..., Cr = (b 27))4,
B TP =pC Y20 (k4 1) T (k + 2) [(2k+1) ()27, where P 2% (),
k=0,1,..., are the Jacobi polynomials;

9) = —Cp P2 2 (2), k=0,1,...,

Son =1k, k=0,1,.... (8.29)

An approximate solution of the equation (8.28) is sought in the form

n
Up = E arPk-
k=0

The Galerkin-Petrov method yields
[Sun + Kup, — f,90;] =0, i=0,1,...,n.
The latter with regard for (8.29) results in the algebraic system

ai+ Y [Kop,dilar = [f,9], i=0,1,...,n, (8.30)
k=0
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which can be written by means of the orthoprojector P, on the span of the
functions g, Y1, . . ., ¥, as follows:

n
wy + P, KS'w, = P, f, w, = Su, = Z apV. (8.31)
k=0

The singular operator S : Lg ,, — Lo ,, is unitary, S(La ;) = Lo, s,
S_l(L27p3) = La,ps.
The iteration has the form

Uy = —KS  w, + f = —Kup + f.
We have to find

1
1 t 3 1 —T\3 W
ﬂn == Silan = + ’ / ‘T : (x) dzx.
1 —t 14 a: t—x
as
Cycle 1)—4) looks as follows:
1) We find

ro=f— Wy — KS™'W, = f — (~Kup + f) — Kty = Kuy, — K.
2) We calculate [ro, 5], i = 0,1,...,n, solve the algebraic system
a§1)+Z[K¢kawi]a§cl) = [TOawi]a i:()a]-a"'ana
k=0

and then find u\) = Yoo ag)gak( ), wl) = Yoo a,(j)q/)k(x).
3) We take the iteration

oV = —KS w4+ rg = —Ku + 1o,
and find

1
~(1):S,1~( 71 1+1¢ ;/ 1—=x %(7KU§LI)+T0)d'
- (20 (15 :

1-t¢

4) We take the sum

Repeating the cycle 1)—4) [ times, we obtain an approximate solution of
the equation (8.28),
Upy = Up + 0D + -+,
The following theorem is valid.
Theorem 8.3. If there exists the inverse operator (I + KS™1)™1 which
maps Lo ,, onto itself, the derivatives u(™ €lipyya,0<a<l, Kt(r)(:v, t)e
Lipys, a1, 0 < a1 <1, Vo € [=1,1], then the estimate

”u o an,l”LQ,pS _ O(nf(m+a)7(l+1)(r+a1)) (832)

is valid as n — oo, where [ is fized.
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This theorem is proved analogously to Theorem 8.1.
Consider now the collocation-iterative method.
Dx=1a=0= f%. In Section 4, we had the approximate solution

On = Z Ak Phs
k=1

the algebraic system

n n

Zawk@j) + Zak(K%)(afj) = filz;), j=1,2,...,n,

k=1 k=1
and the nodes were the roots of the Chebyshev polynomial U,(x). The
algebraic system by means of the projector II,,v = L, (v), v € C[-1,1],
where L, (v) is the Lagrange interpolation polynomial, can be written in
the form

w® 41, KS ™ =1, f, w™ e LY, (8.33)
where fglgl is the linear span of the functions ¥4, s, ..., ¥,.
The initial equation is as follows:
w+K571w:f1, w, f1 € Lgypl. (834)

The cyclic projective-iterative method provides us with
W— Wy = (I + KS™HIL, 1) H(~KS™ " V). (I + KS™'I, )" tx
X (—KST'I" V), Y =1 11,4, (8.35)
whence
lw =@ g| < [T+ KS™ e y) SO DI Dl (8.36)

Estimate the following norms: |[TI"~ Y| and ||KS~ I~
If the function w(zx) is m times continuously differentiable on the segment
[—1,1], and w(™ (z) € Lipa, 0 < o < 1, then

clnn

nera

[w(z) — Ly (2, w)]le < (8.37)
(see [30], p. 288). Moreover, |[II™w]|| = |[w — L, | < [[T™w|. (Z)2.

The residual term of the Newton and Lagrange interpolation formulas is
expressed by the formula ([5], p. 109)

n

Rn(z) = w(z) — Ln(z, w) = {H(m - xk)} w(@; 205 - .., Tn)s

k=0
where w(x; xo; .. .;zy) is the divided difference of the function w(zx).
Denote Ky (z,t) = (1 —t2)"2 K (x,t). In our case
n—1

nr Yy =v—L, 1(v) = H(Jc —zp)v(z, 20 ... ;Tp_1) =
k=0
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= ]f[ (z — z)0Mo(z) = w(z)dMo(z),
k=0

where 6™ (t) = v(t;to;...;tn_1) is the divided difference.
If as interpolation nodes we take the zeros of the Chebyshev polynomial
U, (z), then

=Dy — (ﬁ) 2 Un(t) 5m),,
2 2n '
Thus we have

IS~ || = 77 Y|(K (2, 1), S0 Vo) =
=Y [Ki(e, 0), ST Doy =
= Y[[SK1(z,7)(@, ), 1" Do (b))l =

_ w*H [SKl(x,T)(x,t), (%) : %ymv@}

t ‘

_! (Z) "L (S K (@, 8), Da(8) ] =

m\2 12”
= (3)" I K ) 1), PO 0T, =
= (32) 5 P u(S K 00, a0l (39
Further,
K5OV < () L pen sk @, o).

(I = P,—1)v]| < ||lv = P,—1v||, where P,_qv is the polynomial of the best
uniform approximation. If the derivative v(™ € Lipa, 0 < o < 1, then by
Jackson’s theorem,
1 m—+ta
v — Po_yole = O(ﬁ) .
Thus the following theorem is valid.

Theorem 8.4. If there exists the inverse operator (I + KS~)~! map-
ping Ly ,, onto itself, the derivative wm e Lipy; o, 0 < a1 < 1, and the

derivative (5(”)U(t)(SK1)(x,t))§T) € Lipy, o1, 0 < a1 <1, Vo € [-1,1],

then the estimate
Inmt 1 1
Loy, = O(—nm+a e ) (8.39)

[w — n,1
is valid.

This estimate has been obtained under rigid restrictions imposed on the
functions Su, (SK1)(x,t) and 6™ (Su), where 6™ (Su) is the divided dif-
ference of the function Su.
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Collocation-iterative schemes for the indices > = —1 and » = 0 can be
considered analogously.

Remark. The result obtained for the equation (S+ K)u = f is likewise valid
for the general equation (a+bS+ K)u = f, where a and b are real numbers,
a2 + b% = 1. The operator S~'v = S*v = —(1 — t2)"25(1 — 22)2v of the
projective-iterative method in the general case is replaced by the operator

(a+bS)tv=(a+bS)v=a—b1—t)*1+t)’S(1 —z) (1 +z)"".

Numerical Example. For the index »x = —1 we consider the singular
integral equation

£
—~

t)dt

1 1
/t_x +%/t8x8+t7 Nu(t)dt = f(z), wel~1,1)  (8.40)
1 —1

S| =

where f(z) = (2)? (13527 — 322° + 482 — 1822 + 1), with the exact solu-
tion

u(w) = pola) = (2) (3227 — 320 + 62)(1 — o)1,

where ¢, k = 0,1,..., is the orthonormal system of functions in L ,,,

pa=(1—2?)"z,
We find the fifth approximation

=Y aer@), erl@) = (2)7 (1) U ()

where ug_1(z), k = 1,2,..., are the Chebyshev polynomials of the second
kind.
The Petrov—Galerkin method provides us with the algebraic system

5
az+Z[K¢kawz]ak = [fawz]a 1= 1327753 (841)

V41 = — (%) 5 Ti—1(x), k=0,1,..., Tk(x) are the Chebyshev polynomials
of the first kind.

Solution of the above system (calculations are performed to within 10~7)
yields a3 = —0.0128344, as = —0.0003810, a3 = —0.0077006, ays =
—0.0001905, a5 = —0.0025327.

5
w5ESU5:Zakwk (Sor =k, k=1,2,...).

Then we take the iteration

'(175 = 7KSilU)5 +f: 7KU5+fa
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and calculate

1
_2)h _ 2 a
=iy - L [ Ut
s t—x

~1
= —0.0128344¢1 — 0.0003810p2 — 0.0077006¢3 — 0.0001905p4—
—0.0025668p5 + 0.9999456p5 — 0.0003666¢7 — 0.0000068ps.

Next, we calculate the residual
ro(x) = f(x) — ws(x) — KS™ws(t) =
= f(z) = (—=Kus + f(z)) — Kus = Kus — Kus,

by means of which we find [ro,v;], i = 1,2,...,5, and then compose the
algebraic system
n
ol + 3" alV Ko, i) = [ro, ], i=1,2,...,5. (8.42)
k=1

(The equations (8.41) and (8.42) differ by their right-hand sides only.)
Solving the system (8.42), we arrive at

al =0.0128327, ab =0.0003564, al" = 0.0076996,
al” =0.0001782, a{’ =0.0012529.

An approximate solution is
5
1 1
us (@) = 3~ 0 pr().
k=1
Again, we take the iteration
5
{Dél) = fKSflwél) +1ro = fKuél) + 1o, wél) = Suél) = Z ag)wk
k=1

and calculate

Nl 2y—1 ~(1)
ﬂél) 2571@?) _ (1—t7)2 /(1 —z7) 2w; (z)dz

s t—=x

-1
= 0.0128376¢p1 + 0.0003564¢2 + 0.00770263 4+ 0.0001782¢4+
+0.0025675p5 + 0.0000509¢6 + 0.00036687 + 0.0000069¢5.

The projective-iterative method for the cycle [ = 1 provides us with the
approximate solution

U5 = s + 45" = 0.0000032p; — 0.0000246¢5 + 0.0000020¢3—
—0.0000123¢4 + 0.0000007¢5 + 0.9999547 06+
++0.0000002¢7 + 0.0000001 5.

In the norm of the space Ly ,,, for the relative error we obtain
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1) W ~ 100.01151%;

2) W ~ 1.51855%;

3) 1858 ~ 0.00476%, |u] = 1,
|| - || is the norm of the space L ,, p2 = (1 — %)~ 2.

The above example can be solved by means of the collocation-iterative
method as well. An approximate solution is again sought in the form

5 2 1
2 1
us(@) = > arpn(), pu(e) = (=) (1= 22Uk (@),

k=1

™

and the algebraic system (4.20) yields

ao(=To) + > an(=Tk(z))) + D arx(Kpp)(z5) = f (=), (8.43)
k=1

k=1
j=0,1,...,5,
where the collocation points xg,x1,...,z5 are the roots of the Chebyshev
polynomial T,41(z) (n = 5),
2j+1
P= A ) =0,1,...,5.
I] COs 2(” + 1)) .7 bt I

Solving the system (8.43), we find us(z). Repeating the cycle, we find
Us(x) and us,1(x). We obtain relative errors in the norm of the space Lo ,,:

1) 12us]l ~ 100.02931%;

[l

2) 12%] ~ 1.59781%;

[lu]]

3) 15zl ~ 0.06325%.
llu—us |
[l
approximately equal to 100%. This is natural, because an approximate
solution is sought in the form of a combination of @1, o, ..., s, and the

exact solution u = @g; the system {py} is orthonormal.
Numerical calculations were performed by G. G. Khvedelidze. The pro-

jective-iterative methods quoted in Section 8 are presented in [29] and [31].

The relative errors of the projective and collocation methods are

9. STABILITY OF THE PROJECTIVE-ITERATIVE METHOD

In this section we investigate the stability of the projective-iterative
method for the singular integral equation

Su+ Ku = f. (9.1)

The scheme of approximate solution is proposed and investigated in Sec-
tion 8.

The projective-iterative method has been considered in [26] for the oper-
ator equation of the second kind

u+Tu=f u,f€E, (9.2)



Approzimate Solution of One Class of Singular Integral Equations 67

where T is a completely continuous operator in the Banach space E.
An approximate solution u,, by the Galerkin method satisfies the equa-
tion
Up + PpTun = Ppf, un € Ep; (93)

here {P,} and {E,} are the sequences of projectors and subspaces, respec-
tively. An approximate solution is sought in the form

n
Up = E akPk,
k=1

where 1, ps,... is the basis system. If E is a Hilbert space, then the
equation (9.3) can be written as

k=1

In practice, when defining scalar products ((I + 1)k, ¢;) and (f, p;), k,
i =1,2,...,n there may take place the errors v;; and ¢;. Naturally, there
arises the question as to how these errors affect the approximate solution
u,. For the projective method, this question has been investigated by many
authors (see, e.g., [32], [33], [34]). For the projective-iterative scheme, the
question on the stability has been considered by the author in [35].

We introduce the following notation: H is a Hilbert space, I';,, = (%k);szl

is the error matrix, and 6™ = (41,...,6,) is the error vector. In practice,
instead of (9.3) we have a perturbed approximate equation
(I+PnT+An)Un :Pnf+A(Pnf); v € Hp, (95)

where the operator A,, corresponds to the error matrix I'y,, and A(P, f) to
the error vector 6(™), H,, is the linear span of the elements ¢1,. .., pp.

In the projective-iterative method, for every cycle j we have the exact
equation

(I+T) =rj_q, w,rjy€H, j=01,..,1, (9.6)
where
rin = f —tn1 = Tup g1 = (I +T)(u—1n;-1),
Up jo1 = Up +Up + -+ W = —Tul +r;j_1,
and the corresponding approximate equation
ul + P, Tul, = Pyrj_q, ul, € H,, j=0,1,...,1 (9.7)
(roy=f, 4’ =u,).
For perturbation we have
(I + P, T+ Ap)vl = Pyrj—1 + A(PaTj—1) = Parj_1+
+P,(Fj—1 —1j—1) + A(P,7j-1), vl €H,, j=0,1,...,1, (9.8)
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where
Ti1=f = Onjo1—TOnj1, Unj1="0n+0p +--+05 71,
W o= —Tvl +7_1, j=0,1,....,1 (F_1=7f).

Indeed, the perturbation A, of the operator I + P,T for every cy-
cle remains unchanged, but the right-hand side with the additional term
P,(7j—1 —r;j_1) varies. Thus

T =711 = (f = Unjo1 = T0nj) = (f = Unj1) = Tn j1 =
=T +T)Vnj-1—Unj-1)#0, j=1,2,...,L

The equations (9.7) and (9.8) result in

(I + PuT + Ap)(vg, = uf) = Po(Tj1 —1j-1)+
+ A(Pn:’rjfl) - Anu}]m ] = 07 ]-a s al (:Ffl =r-1= f) (99)
If the operator I + T is continuously invertible and ||P™T|[, oo — 0
(PM™ =1 —P,), then ||(I + P, T)"'| < C,n>ny.
Let Ay, = I+P,T+A,. IfCIAL| < 6,8 €(0,1),ie, ||As| <B/C =T,

we have

c
Al < — > ng. 9.10
47 < 150 n2mg (9.10)
From the equation (9.9) we have
vl —ufy = A [Pa (o1 — 7o) + A(PaTjo1) — A, (9.11)

7=0,1,...,1, n>ng.

To determine the stability of the projective-iterative method and to find
the conditions of stability, we present here auxiliary lemmas. Lemmas 1, 2
and 4 are proved by the method of mathematical induction.

Lemma 1. The formula

l

Ut = Tny =y _(=T)FF @ —uf), 1=0,1,..., (9.12)
k=0

is valid.

= Un, u) =

_ ~ _~ o~ _~ .0
Proof. For | = 0 we have v, = Up, Up, = Up, U -

—Tv, + f, up = —Tu, + f, and hence "
Vo — Uno = —T(02 —ud).
Suppose that the equation (9.12) is valid and prove it for [+ 1. We have
Vni1 — Un,d41 = Opt — Upy + O L — U =
=Ty — Upy + (=T +77) = (=Tultt + 1) =

= Vp; — Upl — T(vifl — ulnH) + (1 —mr).
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Further,
=11 =(f =0 —T0n) = (f = U — Tp) = —(I + T) (Vi — tn1).
Therefore

%'n,l+1 - an,l-i—l = _T(ﬂnl - anl) - T(UL—H - u%,j—l) =
l
D3 (TR - k)~ T ) -
k=0

I+1

= DT - ).

k=0
The lemma is proved. |

Lemma 2. The formula

-1 =L li (=T + A P L) R A A (PR — Apui ™) (9.13)
k=—1
1=0,1,... (L=T+T? 7 ,=r_,=0),
is valid.
Proof. For [ =0 we have
ro—ro=(f—0n) —T0—(f —tp —Tty) =—IT+T)(Up, —up) =
= —(I+T)(~T)(vn —un) = L(vy — up) = LA A(P,f) — Apun).
For [+ 1,
Figr =11 = [f = (L + T)onga] = [f = (0 + Tt i4a] =
= (I +T)Uni41 = Unig1) = —(I +T)(0ni — Un1)—
—(I+T)@5 — k.
Taking into account (9.11) and the type of the expression 4! — alt!,
we get
Tiar =1 =7 — 1 — (L= D)(=T) (v —u™) + (7 — )] =
= L — Y —T(7 — ry) = LAY [Pu (7 — 71)+
+A(P,7) — Apult ) =T (7 — 7).
Thus we obtain the recurrence formula
T — 11 = (=T + Lszan)(?l — 1)+ LAﬁl[A(Pn?l) - An“anrl]-
Next, we have
Tl41l — Ti41 =
-1

= (=T +LA'P)L Y (=T + A PuL) ™ R A A(PTR) — Anul ™+
k=—1
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+LA AP T) — Apubtt] =
!
=L 3 (T + AP F A AR = At
k=—1
(the operators L and T are commutative). O

Lemma 3. The following formula is valid:

-2
vh—ul, = AJYPLL Y (-T + A P L) A A(PFR) — Anup )+

k=—1
+A AP ) — Apul,), (9.14)
1=0,1,... (for 1 =0 only the second summand remains).

Proof. On the basis of the formula (9.11) and Lemma 2, we have
vy, =l = A P (Pt — 1im1) + A(PaFio1) — Apuy] =

-2
=A'P,L Y (-T + A PaL) 2 P A A(PT) — Apul P+
k=-1
+AA(PL 1) — Apddy].

The lemma is proved. ]

Lemma 4. The formula

Vpt —Uny=—T li (=T + A P, L) R A YA (P, 7) — Apub Tt (9.15)
k=—1
1=0,1,... (L=T+T?),

is valid.
Proof. For I =0 we have

Ung — Ung = —T(vy, — up) = =T A APT-1) — Apun] (-1 = f).

For [ + 1, relying on Lemma 3, we obtain

Vp i1 — Un g1 = Ot — Upy — T —ubY) + (7 — ) =
=Ty — Uy — T —ubFY) — (T + T) (Ot — ) =

= 7T(”L7nl - ﬂnl) — T(’U,ln+1 - uﬁ;“) =

-1
= —T{ T Y (-T+ A PaL) " A A(P7) — Anufﬁl]}—
k=—1

-1
T{AannL Z (=T + AP, L)Y P AV A(P, ) — Apul )+
k=—1

+&3MGWD—AM#W}=
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-1
=T > (=T + A, P,L)' A A(P7) — Apup -
k=-—1

~TAY AP, 7) — Apubtl] =

l
S Z (=T + A P, L) R A A(P, ) — Apultl).

k=—1
Lemma is proved. O
Lemma 5. The solutions ul, j = 0,1,...,1, n > ng, of the equation

(9.7) are uniformly bounded.

Proof. For n > ng, from the equation (9.7) we have
ul = (I + P, T) 'Pyrjo1 = (I + P,T) ' Po(I +T)(u — TUpj—1),
lafll < CIT+ T llu— tGni-rllnce =0 as [P™ulln—oo — 0.

Therefore
|ul || < D(u), n>ng, j=0,1,...,1; (9.16)

here D is a constant depending on wu. O

It is assumed that the following conditions for the convergence are ful-
filled: a) invertibility of the operator I + T; b) completeness of the
coordinate system ¢1,2,...; c¢) linear independence of 1, s, ..., Yn;
d) [|[P™T| 0o — 0 (P™ =T — P,). If these conditions are fulfilled, we
can formulate the problem of stability.

The solutions obtained by means of the projective-iterative scheme do
not, in general, belong to the linear span H,, of the elements 1, ..., ©,.
For convergence of the sequence {un}, n = 1,2,...,1, [ is fixed, of ap-
proximate solutions of the projective-iterative method, it is necessary that
TP 500 — 0.

Consider first the stability of the projective-iterative method from the
theoretical point of view. The norm on H, is induced, |wy ||z, = ||wn| m,
wy, € Hy,.

Definition 1. The projective-iterative method is said to be stable from
the space H,, to H, if there exist independent of n constants r > 0, C’y) >0

and 02(1) > 0 such that for ||Ay| < r the perturbed approximate equations
(9.8) have unique solutions vZ, j = 0,1,...,l, and the estimate

o + O A, (9.17)

~ ~ l ~
B = all i < O max (| A(PT)]
—1<k<i—1
is valid.

Theorem 9.1. For the stability of the projective-iterative method in
terms of Definition 1 the conditions of its convergence are sufficient.
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Proof. From the estimates (9.10), (9.16) and Lemma 4 we obtain (9.17),
where

-1
) — 17]C C o\l O _ )
Cy' = 15 kgl (||T||+ —1iﬂ||T+T ||) , 09 =D p).

Consider now the stability from the Euclidean space R, (lén)) to H. The

norm of the vector 7™ € IS has the form ||| = ( 37_, T,f) y
We write the equations (9.3) and (9.5) in matrix form and suppose
B, = (I +T)er, ¢i)ik=1> Tn=(Vik)ir=1, ™ = (ay,...,a,)7,
F =1 en)s s (Fea)lT, 80 = (01,00, 80)T,

B = (b, bn)T, e =Y brr
k=1

We have
Bpa™ = g g ¢ lm), (9.18)
(Bp + Tp)b™ = ) 4 500 pm) () 5(n) ¢ g{m) (9.19)

In the case of the Bubnov—Galerkin method, the passage from (9.18),
(9.19) to (9.3), (9.5) can be realized as follows: the orthoprojectors
Pv= Zzzl Brr, where Bq, ..., Oy, are defined from the condition

n
lo =" Brprllz = min.

k=1
Thus we obtain the linear algebraic system

n
Zﬂk(sﬁkasﬁi):(%%)v Z:].,,Tl
k=1

We denote by ¢, = (¢, cpi);szl the matrix of the above system. Hence we
have

ou™ =0, B0 = (81, BT o = (001, (0, 00)]) "
Introduce the operator
n
Sn'Un = Sn ZTk(Pk = T(n), T(n) S lén), Un € Hn
k=1

When the elements 1, . .., ¢, are linearly independent, there exist ¢, *
and S, 1. Thus

P =S e o™, o™ e lén), Pyv e Hy.
Using this notation we can write the equations (9.3) and (9.5) in the form

Syt bn BuSnun = Sy oy LM, (9.20)
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S Y (B, +T0)Snvn = Sy o (f™) 4+ 6, (9.21)

and the operators I + P, T = S, '¢.'B,S,, A, = I + P,T + A, =
St (B +T)S,.
If the coordinate system @1, @s,... is strongly minimal in H, i.e., the

)

least eigenvalue /\5” of the symmetric matrix ¢, satisfies the condition

A >\ >0, then

llon |

1 g < /\61, ”S"”Hn—»l(;) < /\55. (9.22)
Indeed,
(wnwn) = Y Tk, 1) = (D™, 7M) > A7 M2,
i,k=1
6nm@ [ = A [ > Xoll7 N, o]l < Agh, Hwnll = AZ 7],
_ 1
Wy, = ,5'7:17-(")7 HS"HH,LHlén) <A 2.

If the eigenvalues of the matrix ¢,, are bounded from above by a number
Ao not dependent on n, then

1
1l i < Aoy 187 o gy, < AG - (9.23)

If the eigenvalues of the matrix ¢, are bounded from above and from
below by positive numbers Ay > 0 and A9 > 0 not dependent on n, then the
basis system 1, 2, ..., is called uniformly linear independent, or almost
orthonormal in H ([32], [33]). In [34] the uniformly linear independence is
defined by the conditionality number of the matrix

K(6,) = 25,

The theorem is proved. O

K(¢,) < const, ¥n € N.

Definition 2. The projective-iterative method is said to be stable from
the space lgn) to H, if there exist independent of n constants r > 0, C’fl) >0

and Cél) > 0 such that for ||T',,|] < r the perturbed approximate equations
(9.8) have the unique solutions v, j = 0,1,...,[, and the estimate

e (9.24)
2

Ot — Gtllr < CP max  [|60R)|

!
—1<k<l—1 i T 02( )”F”|

is valid.

Theorem 9.2. The uniform linear independence (almost orthonormali-
ty) of the coordinate system 1, pa, ... in H is sufficient for the projective-
iterative method to be stable in terms of Definition 2.

Proof. We have
B, ' =S8, (I+P,T)7 'S o, n>no.

n n n
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Taking into account (9.22), (9.23) and the fact that ||(I — P,T)~ Y| < C,
n > ng, we find that

31
B < CAp2AG =C1, n> g,
For ||, || < B < 1, i.e., when ||| < Cﬁl = r, we obtain

C1
1-p3’
Further, taking into account the type of the operator A,, we find that

1B +To) M < 1B I + By 'Tw) | <

n>ng. (9.25)

AN AP FR) = Apul ] = S (B 4+ Tn) 1™ — Ty Spub ™),
whence, on the basis of (9.22), (9.23) and (9.25), we have

C’lA

IAZH AP TE) = Ayl < (||5("’“ [+ X * [Tl [luft4])- (9.26)

From (9.15), (9.16) and (9.26) it follows the estimate (9.24), where

A
of) = CHWHZNMT+A1PMV1k
k=—1

<ﬁzd%3Dw,wn<(Z%Q;

i,k=1
here 6" is the error of the vector [(Fi, 1), - - - ; Pk, on)]. O

Definition 2 and Theorem 9.2 are used directly for the singular integral
equations Su + Ku = f and (a + bS + K)u = f when they are solved
by the projective-iterative method proposed in Section 8. Approximate
schemes regularize singular integral equations, and the matter reduces to
the operator equation of the second kind w + KS~'w = f, where w = Su,
and w + KS™'w = f, where w = (a + bS) " 'u. Weight spaces Lo ,[—1,1]
are Hilbert ones. Systems of the functions {¢x} and {1} are orthonormal;
Ao = Ag = 1. One should take into account different values of the index
» =1,—-1,0. For s = 1, the domain of definition of the operator S + K
(a + bS + K) gets narrower. For s = —1, it is the domain of values of the
operator S + K (a + bS + K) that gets narrower.

Lemmas 1-4 are essential in the problem of stability of the projective-
iterative method. In the perturbed equation, unlike the projective method,
where only the operator and the right-hand side perturb, there appear ad-
ditional perturbation caused by mutual connection between the projective
scheme and iteration.

The problem on the stability of the collocation and collocation- iterative
methods still remains unsolved.
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