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‘We consider a piezoelectric body which is grounded and mechanically clamped over
the one part of the boundary whereas the remaining part of the boundary is mechan-
ically free and electrically isolated. Inside the body there is located a thin metallic
electrode connected to the electric source. We investigate the corresponding dynamic
boundary-value problem of piezoelectricity in a domain with a cut, prove the existence
and uniqueness of solutions and obtain an asymptotic expansion of solutions near the
edge of the cut.

Let Q and Q1 (Q1 C Q)be bounded domains in the three-dimensional Euclidean space
R3 with infinitely smooth boundaries Q2 and 91, respectively. We assume that the
boundary 9 of the domain Q; is the union of two surfaces: 9Q1 = SU Sg and that the
boundary 9S = 0Sp is an infinitely smooth curve. Denote Q2 = 9\51.

Suppose that the domain Q\§ is filled with anisotropic homogeneous piezoelectric
material having a cut at S.

In the domain Q\ S, let us consider the system of dynamic equations of piezoelectricity
for a homogeneous anisotropic medium [1]:

A(Bz)u(x,t) — O2u(x,t) = F(z,t) in (Q\S) x [0, +o0[, (1)

where u = (u1,u2,us3,us4); ui, u2,us are the components of the displacement vector, u4
is the electric potential, F;, i = 1,2, 3, are the components of the mass force, Fy is the
electric charge density, A(D;) is the differential operator of the form

A(Dz) = |Ajk(Dz)l5x5, 2)
Aji(Dz) = ¢ij10:01, Aja(Dz) = er;i 00y,
Ask(Dz) = —€i10;0, Aaa(De) = €40;0, j.k=1,2,3,
where c;ji1, €k, €41 are respectively the elastic, piezoelectric and dielectric constants. In
the equalities (1) it is assumed that summation is carried out over the repeated indices.
We will follow this rule in the sequel.
The constants in (1)—(2) satisfy the symmetry conditions
Cijlk = Cjilk = Clkijs Ckjl = Ckljs Eik = Eki» 3)
i,5,k,1=1,2,3,
and the condition of positiveness of the internal energy:
V(&) (i), &j =&jir 3eo >0 cijribijm > cobij&ij,  €igming = comimi-  (4)

Due to (3), (4), the operator A(D;) is a strongly elliptic operator.
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Denote by T(Dy,n) the following electromechanical stress operator, the first three
components of which coincide with the corresponding components of the mechanical
stress and the fourth component is the electric force:

T(Dy,n) = || Tjk(Dy, n)| 44
Tji(Dy,n) = 15110, Tja(Dy,n) = epjiniOy,
Ty (Dy,n) = —ejini0p, Tya(Dy,n) =eiin;0;, j,k=1,2,3.
Here n(y) = (n1(y),n2(y),n3(y)) is the unit normal at the point y € 92, directed
outward from Q5.
For a Banach space B, a > 0, m € NU {0}, we denote by E’ZL([O, +oo[, B) the set

of all m-times continuously differentiable B-valued functions on [0, +oo[ satisfying the
conditions:

' (0) Alu(t)

ot ‘ otl H
Define Cg", ([0, +00),B) as the set of all m-times continuously differentiable B-valued
functions on [0, +00) satisfying the conditions

9'u(0) d'u(t)
Py =0, [=0,...,m—2, H a1l
(For definitions of these spaces see [2].)

Let us suppose that the considered piezoelectric body is grounded and mechanically
clamped over the part Si of the boundary 0f), whereas the remaining part Sa of the
boundary 9 is mechanically free and electrically isolated. A thin metal electrode is
located at the cut S and is connected to the electric source with a known potential.

=0(e*) Ya>a, 1=0,...,m.

=0, [=0,...,m, ‘
B

| o, 1=0.m.
B

o
Then the corresponding boundary value problem in the space C7*([0, +o0], [Wp1 (Q\S)]4)
can be formulated as follows:

A(agc)u(a:,t) — 0 2u(z, t) = F(x,1), (x,t) € (Q\'S) x [0, +o00],
{[T(Dy,n)uly, )]} =0, j=1,2,3; (y,t) €S x [0, +00],

{ua(y, )} = oy, 1), i=1,2, (y,t) € S x [0, +00], 5)
{uly, )}t =0 (y,1) € S1 % [0, +00],

{[T(Dy, n)u(y, )]} =0 (y,t) € S2 x [0, +oof,

uj(x,0) = druj(x,0) =0, ze\S, j=1,2,3,

,a
p/(p—1), 1 < p < oco. {f}T denotes the trace of f on Q2 from Q2 and {f}~ denotes
the trace of the function f on 9 from ;. B;Jl?/p(S) denotes the Besov space.

We have obtained theorems on the existence and uniqueness of solutions of this dy-
namic problem by using the Laplace transform, the potential theory and the general
theory of pseudodifferential equations on a manifold with boundary.

Employing an asymptotic expansion of solutions of strongly elliptic pseudodifferential
equations and an asymptotic expansion of potential-type functions obtained in [3, 4],
for sufficiently smooth data of the problem we have obtained a complete asymptotic
expansion of the solution near cut’s edge 9S as well as near the curve L = 951, where
the type of the boundary conditions changes.

The exponent of the first term of the asymptotic expansion of solutions near the crack
edge 0S is %, i.e., the singularity of solutions near the crack edge is %

In the asymptotic expansion of solutions the time parameter ¢ participates only in the
asymptotic coefficients, in particular, in the first coefficient.

We have found an important class of anisotropic bodies, when the oscillation of solu-
tions vanishes near the curve L, the first three terms of the asymptotics do not contain
logarithms and the singularity of solutions is calculated by a simple formula. This class

where F' € 06?:_5([07 +OO[7[Lmax{p,2}(Q\ S)]4)= p € 06n+7([07 +OO[7B;117/p(S))7 p/ =
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is not empty. In particular, we have considered a special class of transversally-isotropic
piezoelectric bodies with the elastic constants c11, ¢33, c13, €44, ces, the piezoelectric con-
stant e14 and the dielectric constants €11, £33. We assume that the neighbourhood of L is
parallel to the isotropic plane. It should be noted that the crystal T'eOs> is a transversally-
isotropic body.

In this case we have obtained the following asymptotic properties of solutions near
the curve L:

1tis

ClpWI +02/)2 +CBPW2 +...’

where

1 1 1 1
y1 = — — —arctgA, 2= -+ —arctgA,
2 7 2 7

A 4\1/533066 e14
€11¢
11€44 \/ei + (\/Z11¢a4 + /€33C66)>

The singularity of solutions depends on the elastic constants, piezoelectric constant,
also the dielectric constants and may take any values from the interval (0;1/2). For the
general anisotropic case we can say that the singularity of solutions depends also on the
geometry of L.

2) Since 11 < %, the oscillation vanishes in some neighbourhood of L.

In the case of elasticity theory v1 = % and the oscillation of solutions does not vanish.

Thus in these classes of electro-elastic bodies we have observed the effects which do
not take place in classical elasticity.

Naturally arises a question: does there exist an elastic medium for which singularity
of solutions near L is equal to %? Such a medium, for example, is the elastic medium
with cubic anisotropy.

Finally note that the boundary value problems of piezoelectricity of a different type
in domains with cuts were considered in [5].
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