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ON BLOW-UP SOLUTIONS OF INITIAL CHARACTERISTIC
PROBLEM FOR NONLINEAR HYPERBOLIC SYSTEMS WITH TWO
INDEPENDENT VARIABLES
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Let n > 2 be a positive integer, R™ be an n-dimensional Euclidean space, 0 < a < +o0,

0<b< +4oo,

Q= [0,a] x [0,9],
f: QxR*" - R” and ¢ : [0,b] — R"™ be continuous, and ¢1 : [0,a] — R™ be a
continuously differentiable vector function. In the rectangle €2 consider the nonlinear
hyperbolic equation

ey = f(2.9,0) )
with the initial conditions

u(z,0) =ci(z) for 0<z<a, wuy(0,y)=ca(y) for 0<y<b. (2)

Global solvability of the problem (1),(2) was studied rather thoroughly (see, e.g., [1-
9] and the literature quoted therein). In the present paper new sufficient conditions of
existence and nonexistence of so called blow-up solutions to the problem (1),(2) are given.

To formulate the main results, we need to introduce the following notation and defi-
nitions.

z = (z;)7_, € R™ is a vector with components z1,...,2n, and |/z|| is its Euclidean
norm.

v - w is the scalar product of the vectors v and w € R™.

Qo(a1,b1) ={(z,y):0<ax<a;, 0<y<blU{(z,y):0<z<a, 0<y<bi}.

ﬁo(al, b1) is the closure of the set Qo(a1,b1), i.e.,

ﬁo(ahbl) = ([0,0,1] X [O,b]) @] ([07 a] X [0, bl]).*

Definition 1. A vector function u : Qo(a1,b1) — R" (u :wo(a1,b1) — R”) is called
a solution of the system (1) defined on Qg(a1,b1) — R™ (defined on Qo(a1,b1) — R™),
if it has continuous partial derivatives uz, uy, uzy and satisfies the system (1) at every
point of the mentioned set. A solution of the system (1) satisfying the initial conditions
(2) will be called a solution of the problem (1),(2).

Definition 2. A solution u of the problem (1),(2) is called continuable, if it is defined
on Qo(a1,b1) and either of the following three conditions hold:
(¢) a1 = a, b1 < b and the problem (1),(2) has a solution u defined on Q such that

u(z,y) = u(z,y) for (z,y) € Qolar,b1); ®3)
(4t) a1 < a, by = b and the problem (1),(2) has a solution @ defined on Q and satisfying

the equality (3);
(4i1) a1 < a, by < b and there exist numbers ag € [a1,al], bp € [b1,b] such that ag + by >
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Tt is clear that Qg(a,b1) = Q for 0 < by < b, and Qo(a1,b) = Q for 0 < a1 < a.
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a1 + b1 and the problem (1),(2) has a solution u defined on ¢(ag, bo) and satisfying the
equality (3).

Definition 3. A solution u of the problem (1),(2) is called non-continuable, if either
it is defined on €, or it is defined on Qq(a1,b1), where 0 < a1 < a, 0 < b1 < b and all of
the three conditions (4), (¢¢) and (i4¢) of Definition 2 are violated.

Definition 4. A solution u of the problem (1),(2) defined on Qg (a1,b1) is called a
blow-up solution, if

max{|lu(z,y)|| : 0 <y < b} = +oo for =z — a1—

and

max{[|u(z,y)|| : 0 <z <a} — 400 for y— b —.

Let ag > 0, bp > 0, g : [0,a0] X [0,bo] — R4 be a Lebesgue integrable function, and
h : [0,400) — (0,400) be a continuous nondecreasing function.

Lemma 1. Let there exist a nonnegative number ro such that

ag bo
Jim ho(t) >//9(J»‘7y)dfcdy,
00
where
t d
s
ho(t) = .
R T
o

Then an arbitrary continuous function v : [0,a0) X [0,bo) — R4 satisfying the integral
inequality
Ty

v(z,y) <ro+ / /g(s,t)h(v(s,t)) dsdt for (x,y) €[0,a0) X [0,bo)
0 0

admits the estimate
z y

v(z,y) < hal(//g(s,t) dsdt) for (z,y) € 0,a0) X [0,bo),
00

where hal is the function inverse to hg.

Along with the system (1) consider the hyperbolic system depending on a parameter
Ae[0,1]

Ugy = Af(xvghu) (4)

Theorem 1. Let there exist numbers a1 € (0,a], b1 € (0,b] and r > 0 such that for
any X € [0,1] an arbitrary solution u of the problem (4), (2) defined on Qg (a1, b1) admits
the estimate

lu(@, )l < for (z,y) € Qo(ar,b1).
Then the problem (1), (2) has at least one solution defined on Qo(a1,b1).

Set
y
c(z) =ci1(z) + / ca(t) dt.
0

According to Lemma 1, Theorem 1 yields
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Corollary 1. Let there exist numbers a1 € (0,a], b1 € (0,b], r1 < 0, 72 > 0,
an integrable function g : Qo(a1,b1) — R4 and a continuous nondecreasing function
h:R4+ — (0,400) such that

£z, 9, 2)I < gl@,)h(llzl) for (x,y) € Qo(a1,b1), z € R
eyl <1 for (z,y) €[0,a1] x [0,8]; le(@,y)| <r2 for (z,y) €[0,a] x [0,b1]

and
“+oo d a1 b —+o00 d a by
S S
dz d — dx dy.
/ 7s) >/ g(z,y) dz dy, / 7s) >//g(fc7y) x dy
T1 0 0 T2 0 0

Then the problem (1), (2) has at least one solution defined on Qo(a1,b1), and has no
blow-up solutions defined on Qo(a1,b1).

On the basis of Corollary 1 one can prove

Theorem 2. The problem (1), (2) has at least one non-continuable solution. Besides,
an arbitrary non-continuable solution of this problem is either defined on §2, or is a blow-
up solution.

Theorem 2'. If f(x,y,z) is locally Lipschitz continuous in z, then the problem
(1), (2) has a unique non-continuable solution which is either defined on Q0 or is a blow-
up solution.

Theorem 3. Let there exist a positive number ro, a nonzero vector I and a nonde-
creasing continuous function ¢ : [0, +00) — (0, +00) such that

lf(x7y7z)2(p(|lz‘) fOT‘ (xvy)€Q7Z€RnallZ|2rO

and

—+oo
ds
< 400 for t>ro,
t

where

1
P(t) = (/go(s) ds) 2 for t>ro.
ro
Then there exists a number r > 1o such that every mon-continuable solution of the
problem (1), (2) is a blow-up solution provided that

l-cl@,y) >r for (z,y)€Q
As an example consider the problem
n
Uizy = Z pik(zv y)luk‘uik(zyy> + q’i(zv y) (2 = 17 ce 7”)’ (5)

k=1
ui(z,0) =c1i(z) for 0 <z <a, uiy(0,y) =co(y) for 0<y<b (t=1,...,n), (6)

where pir 2 Q — R, pi, : @ > R, ¢ : @ = R, ¢2; : [0,0] — R (4, k = 1,...,n) are
continuous, and ci; : [0,a] — R (i =1,...,n) are continuously differentiable functions.
Theorems 2’ and 3 imply

Corollary 2. Let the inequalities

pua(z,y) > 1, pelz,y) 21 (Gk=1,...,n),
pll(x7y)>07 plk(x7y)20 (k:277n)
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hold on the rectangle 2. Then there exists a positive number r such that the problem
(5), (6) has a unique non-continuable solution which is a blow-up solution provided that

Y
c11(z) +/ co1(t)dt > r for (z,y) € Q.
0
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