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Abstract. We consider Wiener-Hopf, Wiener-Hopf plus Hankel, and
Wiener—Hopf minus Hankel operators on weighted Lebesgue spaces and hav-
ing piecewise almost periodic Fourier symbols. The main results concern
conditions to ensure the Fredholm property and the lateral invertibility of
these operators. In addition, under the Fredholm property, conclusions
about the Fredholm index of those operators are also discussed.
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1. INTRODUCTION

Wiener—Hopf and Hankel operators are known to be very important ob-
jects in the modeling of a great variety of applied problems. In fact, since
their first appearance in the first half of the twentieth century, advances on
the knowledge of their theory, consequent generalizations and their use have
been continuously increasing. This circumstance is not indifferent of the in-
terplay between these operators and singular integral operators — which can
be identified in different monographs on the subject (cf., e.g., [3], [10], [17],
[18]). Additionally, certain combinations of Wiener—Hopf and Hankel op-
erators have also proved to be quite useful in the applications (and several
examples of this can be seen e.g. in some wave diffraction problems when
analysed by an operator theory approach [15], [16], [22]). A great part of
the study in this kind of operators is concentrated in the description of their
Fredholm and invertibility properties. In particular, for several classes of the
so-called Fourier symbols of the operators, their Fredholm and invertibility
properties are already characterized (see e.g. [1]-[5], [7]-[14], [19]-[21] and
the references given there). Despite these advances, for some other classes
of Fourier symbols and more general spaces, a complete description of the
Fredholm and invertibility properties is still missing.

Within this scope, in the present paper we would like to consider Wiener—
Hopf, Wiener-Hopf plus Hankel and Wiener—Hopf minus Hankel operators
on weighted Lebesgue spaces and having piecewise-almost periodic Fourier
symbols (i.e., a certain combination of piecewise continuous elements with
almost periodic elements). The main efforts will be devoted to obtain in-
vertibility and Fredholm descriptions of these operators. In view of stating
the formal definitions of the operators under study, we will now introduce
some preliminary notation.

Let E be a connected subspace of R. A (Lebesgue) measurable function
w: E — [0,00] is called a weight if w=!({0,00}) has (Lebesgue) measure
zero. For 1 < p < oo, we denote by L?(R, w) the usual Lebesgue space with

the norm )
1 Fllpsw = ( JCe dx)‘”.
R

Additionally, A,(R) will denote the set of all weights w on R for which the
Cauchy singular integral operator Sg given by

1 f(t)
(SRf)(CL')—gl_I% p / t—xdt’ z €R,
R\(z—e,z+¢€)

is bounded on the space LP(R,w). The weights w € A,(R) are called
Muckenhoupt weights.

Let F denote the Fourier transformation. A function ¢ € L*(R) is a
Fourier multiplier on LP(R,w) if the map f — F~'¢ - Ff maps L*(R) N
LP(R,w) into itself and extends to a bounded operator on LP(R, w) (notice
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that L?(R) N LP(R,w) is dense in LP(R,w) whenever w belongs to A,(R)).
We let M, ., stand for the set of all Fourier multipliers on L”(R, w). We will
denote by A9(R) the set of all weights w € A,(R) for which the functions
e : « — e belong to M, for all X € R. Let J be the reflection operator
given by the rule Jo(z) = p(z) = ¢(—z), » € R. We denote by A7 (R)
the subspace of all weights w € A,(R) for which Jw = w. Additionally, let
ASO(R) := AJ(R) N AS(R).

We shall use L% (R, w) to denote the subspace of LP(R,w) formed by all
the functions supported in the closure of Ry = (0, 4+00).

In what follows we will consider Wiener—Hopf operators defined by

W¢ = T+'7:71¢ “F L;i(Raw) - LP(R-Hw)v

and so-called Wiener—-Hopf-Hankel operators [5], [14], [16], [22] (i.e., Wie-
ner—Hopf plus Hankel and Wiener-Hopf minus Hankel operators) of the
form
W¢:|:H¢ : Lﬁ_(R,w) —>LP(R+,U)) (11)
with Hy being the Hankel operator defined by
Hy=r,F '¢-FlJ.

Here, r4 represents the operator of restriction from LP (R, w) into LP (R, w),
w € Ap(R) and ¢ € M, ,, is the so-called Fourier symbol. For such Fourier
symbol and weight, the operators in (1.1) are bounded.

2. AUXILIARY MATERIAL

2.1. The algebra of piecewise-almost periodic elements. In this sub-
section we will introduce the piecewise almost periodic elements (which will
take the role of Fourier symbols of our main operators), and consider already
some of their characteristics.

The smallest closed subalgebra of L>°(R) that contains all functions ey :=
e (r € R) is denoted by AP and called the algebra of almost periodic
functions.

For ¢ € AP, there exists a number

which is called the (Bohr) mean value of ¢.
Let GB denote the group of all invertible elements of a Banach algebra B.

Theorem 2.1 (Bohr). If ¢ € GAP, then there exists a real number k()
and a function ¢ € AP such that

o(x) = e* D2V @) for all € R.
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The number k(¢) is uniquely determined and it is called the mean motion

of ¢. Considering ¢ € GAP, the mean motion of ¢ can be obtained by
_ (arg ¢)(T) — (arg ¢)(0)
1) = i (BB

where arg ¢ is any continuous argument of ¢. The geometric mean value of
the function ¢ is defined by d(¢) = eM®),

For R = R U {oo}, we denote by PC or PC(R) the algebra of all func-
tions ¢ € L*°(R) for which the one-sided limits p(zo — 0) = mizrgl 04,0(3:),

(2.2)

p(xo +0) = gc_1>igcr0n_~_0 o(x) exist for each =y € R, and by C(R) the set of all

(bounded and) continuous functions ¢ on the real line for which the two
limits p(—00) := lim_¢(z), p(+00) := lirll () exist and coincide. Let

C(R) := C(R)NPC(R) and PCy := {¢ € PC : p(£00) = 0}. We denote by
Cp.w(R) (PC, ., (R)) the closure in M, ,, of the set of all functions ¢ € C(R)
(resp. ¢ € PC(R)) with finite total variation.

We define AP, ,, as the closure of the set of all almost periodic functions
in My, . Let SAP,,, denote the smallest closed subalgebra of M, ,, that
contains C, ,(R) and AP, ,, and denote by PAP,, the smallest closed
subalgebra of M, ,, that contains PC) ., and AP, ..

2.2. Operator relations. In order to relate operators and to transfer cer-
tain operator properties between different operators, we will be also using
some known operator relations.

Definition 2.2. Consider two bounded linear operators T : X1 — X5
and S : Y7 — Y5 acting between Banach spaces. We say that T and S are
equivalent, and denote this by T' ~ S| if there are two boundedly invertible
linear operators, F : Yo — X5 and F : X7 — Y7, such that

T=ESF (2.3)

If two operators are equivalent, then they belong to the same invertibil-
ity class. More precisely, one of these operators is invertible, left-invertible,
right-invertible or only generalized invertible, if and only if the other oper-
ator enjoys the same property.

Definition 2.3 ([6]). Let 7' : X; — X and S : Y1 — Y3 be bounded
linear operators. We say that T is A—related after extension to S if there is
a bounded linear operator acting between Banach spaces Ta : X1ao — Xona
and invertible bounded linear operators E and F such that

E ZEH:EB IOZ] 7 (2.4)

where Z is an additional Banach space and Iz represents the identity op-
erator in Z. In the particular case when Th : Xiao — Xoa = Xja is the
identity operator, we say that the operators T" and S are equivalent after
extension and in such a case we will use the notation 7'~ S.
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In the following result, we describe a relation between Wiener-Hopf plus
Hankel operators and Wiener—Hopf operators within the present framework.
This result is well-known for non-weighted spaces (cf., e.g., [7, Theorem 2.1])
and the corresponding proof in the present case runs in a similar way. Any-
way, we choose to present here a complete proof of it for the reader conve-
nience.

Theorem 2.4. Let ¢ € GM,,,, with w € AS(R) and 1 < p < oo. The

Wiener—Hopf plus Hankel operator
Wg+ Hy : L5 (R,w) — LP (R4, w)

is A-related after extension to the Wiener—Hopf operator
W, LY (R,w) — LP(Ry,w).
Proof. We shall use the characteristic functions x, to the positive/negative
half-line.

Extending Wy + H, on the left by the zero extension operator, ¢y :
LP(R4,w) — LE (R, w), we obtain

Wy + Hy ~ lo(Wy + Hy) : LY (R,w) — L% (R, w).
After this we will extend
bo(Wy+ Hy) =X, F o+ ) Fix, Lr®ow)

to the full LP(R,w) space by using the identity in L? (R, w). Next, we will
extend the obtained operator to [LP(R,w)]? with the help of an auxiliary
paired operator:

Ly=FY¢—oJ)Fx, +x_: LP(R,w) — LP(R,w).
Altogether, we have

Co(Wy + Hy) 0 0
0 Ix_LP(Kw) 0| =FEWsF
0 0 Ly
with
1 ILp(]R w) J
) D — )
P2 [ILPGR,w) —J]’
o Tre®w) Toe@uw)| [Toe@w) — X_F o — dJ)Fx, 0
L —J 0 Ire®ouw) |’
“LgF 0] 1 FloF
We = 3 + [0 f_l(;]_-] X =

(F7'UFx, +x.) =

O FFX +x0) (Tipr @z + X F BFY),
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where the operators x, and x_ are here defined on [LP(R, w)]?* and
_bh—1
v |0 T
1 o1

I[Lp(R,w)]2 + Xﬁf_l\ll}—‘XJr : [LP(R, w)]2 — [LP(R,w)]Q

The paired operator

is an invertible operator with inverse given by
Iy — X F 1OFx, : [LP(Rw)]? — [LP(R, w)]?.
Thus, we have demonstrated that Wy + Hy is A-related after extension with
Wy =y FHF : [LE (R, w)]? — [LP(Ry,w))?.

Furthermore, we have

Wie= 0 }:
0 e, w)

H—1
= W@Z0T+.7‘-_1 |:¢

-1 (1)] Fly : [LP(Ry, w)]* — [LP(Ry, w)]?

which shows an explicit equivalence after extension relation between W P!

and Wy. This, together with the A-relation after extension between Wy +
Hyg and Wy, concludes the proof. ([l

Remark 2.5. From the proof of the last theorem we can also realize the
last result as an equivalence after extension between the diagonal matrix
operator diag[Wy, + Hy, Wy — Hy| and W, =

3. WIENER-HOPF OPERATORS ON WEIGHTED LEBESGUE SPACES

3.1. Fredholm theory for Wiener—Hopf operators with piecewise
continuous symbols on weighted Lebesgue spaces. In the present
subsection we will recall a Fredholm characterization of Wiener—Hopf op-
erators with piecewise continuous Fourier symbols on weighted Lebesgue
spaces (which we will use later on).

Let v € (0,1). The set {€2™(@+%) . 1 € R} is a ray starting at the origin
and making the angle 27rv € (0,27) with the positive real half-line. For
21, zo € C, the Mo6bius transform

29¢ — 21

Mzhzz (C) = C 1

maps 0 to z; and oo to z3. Thus,

A(z1, 205v) == { M., ., (¥ @)y g e R} U {21, 22}
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is a circular arc between z; and zo (which contains its endpoints z1, z2).
Finally, given 0 < v; < vy < 1, we put

H(z1, 22501, v2) 1= U A(z1, 205 v),
vE(v1,va]

and refer to H(z1, z9;v1,2) as the horn between z; and 2 determined by
v1 and vs.
Let 1 < p < 0o and w € A,(R). Then, each of the sets

Lpw) = {AeR: |(€ —2)/(E+ D) w(é) € AR)}, z R,
Io(p,w) == {AeR: [£+i]  Mw(é) € 4,(R)}
is an open interval of length no grater than 1 which contains the origin:
L(p,w) = (—v; (p,w),1 = v} (p,w)), = €R, (3.6)
with 0 < v (p,w) < vl (p,w) < 1.

Theorem 3.1 ([3, Theorem 17.7]). Let 1 < p < oo, w € A,(R), and let
vE(p,w) be defined by (3.5)~(3.6). If v» € PC,,, then the operator Wy, is
Fredholm on the space LP(Ry,w) if and only if

(3.5)

0¢ ¢ (R) = ( U (v - 0>,w<x+o>;uoo<p,w>,u;<p,w>)>u
z€R
U ((+00), B(—00); 5 (b, w), 1 (b, ).
If Wy, is Fredholm on the space LP(R4,w), then
Ind W, = — wind,,.,1), (3.7)

where wind,, ,,% is the winding number about the origin of the naturally
oriented curve

S,w(R) = < U A(z/J(:E —0),9(z + 0); 2% (p, w)))u

z€R
U A (o), (—00): 1 (p,w)),

with
v, (p,w) + vif (p,w)

2(p,w) := 5 . (3.8)

Suppose that i € PC,, has only finitely many jumps at the points
Ay C R and possibly at co. If 0 ¢ w#w(R), then the Cauchy index ind,
of ¢ with respect to p and w is defined by

indy ) == Y indj+ Y <— Vg(p,w)Jr{ug(p,w)Jr% arg ngrg% }>7
1 €Ay

where [ ranges over the connected components of R \ Ay, {¢} denotes the
fractional part of the real number ¢ and ind;y stands for the increment of
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% arg1 on [, with argy being any continuous argument of ¢ on [. Addi-
tionally, we have that

wind, ¥ = ind ¥ + < — z/go(p, w) + {ugo(p, w) + % arg ZEI_E; })

Thus, we can also write (3.7) in the form

IndW,, = — Z ind;y+
l

1 P(z +0)
+ we/\%{m} (Vg(]% w) — {Vg(p, w) + 5 W18 M}), (3.9)

where ¢(co £ 0) := ¢(Fo0).

3.2. Wiener—Hopf operators with semi-almost periodic symbols on
weighted Lebesgue spaces.

3.2.1. Representation of semi-almost periodic functions. The following the-
orem is an analogue of the corresponding classic Sarason’s result.

Theorem 3.2 ([13, Theorem 3.1.]). Let 1 < p < oo, w € A)(R) and
let u be a monotonically increasing real-valued function in C(R) such that
u(—o0) = 0 and u(+o0) = 1. Then, every function ¢ € SAP,,, can be
uniquely represented in the form:

¢ =(1—u)de + udy + do,

where ¢y, ¢ € AP, w, ¢o € C’p7w(R) and ¢o(c0) = 0. The maps ¢ — ¢y
and ¢ — ¢, are (continuous) Banach algebra homomorphisms of SAP, .,
onto AP, ., of norm 1, where ||¢|lp.w = |F 10 - Fll 2L ®w))-

3.2.2. Fredholm theory for Wiener—Hopf operators with semi-almost peri-
odic symbols on weighted Lebesgue spaces. Let us recall an analogue of
Duduchava—Saginashvili Theorem for weighted Lebesgue spaces LP (R, w)
with Muckenhoupt weights w € AJ(R).

Theorem 3.3 ([13, Proposition 4.7]). Let ¢ € SAP, ., \ {0}, with 1 <
p < oo and w € AY(R).
(a) If ¢ ¢ GSAP, then Wy is not semi-Fredholm on L% (R, w).
(b) If € GSAP and k(¢e)k(dr) < 0, then Wy is not semi-Fredholm
on L (R,w).
(c) If € GSAP, k(po)k(or

properly n-normal on Lp

(A) If ¢ € GSAP, k(po)k(e,

properly d-normal on Lp
(e) If € GSAP, k(¢s) = k( 0 and

0 ¢ H(d(¢r), d(ee); v (p,w), v (p,w)),
then Wy is Fredholm on LY (R, w).

0 and k(¢pe) + k(¢r) > 0, then Wy is
,w) and left-invertible.

0 and k(¢¢) + k(¢r) < 0, then Wy is
R, w) and right-invertible.

/—\v,—\v

2
R
>
) =0
e)
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() If 6 € GSAP, k(d0) = k(6,) = 0 and
0 € H(d(¢r),d(90); vy (p,w), vy (pw)),
then Wy is not semi-Fredholm on LE (R, w).

We would like to point out that although in [13, Proposition 4.7] do
not appear the above left and right-invertibility conclusions (here added in
propositions (¢) and (d)), these lateral invertibility properties arise directly
from the use of Coburn-Simonenko Theorem (since we are considering scalar
Wiener—Hopf operators).

Lemma 3.4 ([3, Lemma 3.12]). Let A C (0,00) be an unbounded set
and consider {Io}taca = {(Ta,Ya)} aca to be a family of intervals such
that o > 0 and |Iy| = Yo — o — 00 as @ — 0. If ¢ € GSAP is such
that k(¢e) = k(@) = 0 and arg ¢ is any continuous argument of ¢, then the
limit

2T a—oo

L1
lim |Ia|l/((arg¢)(m) — (arg¢)(—x)) dx (3.10)

exists, is finite and is independent of the particular choices of {(Za, Ya) taca
and arg ¢.

For ¢ € GSAP such that k(¢¢) = k(¢r) = 0, the value (3.10) is denoted
by ind ¢ and called the Cauchy indez of ¢. Following [19, Section 4.3] we
can generalize this notion of Cauchy index for SAP functions with k(¢¢) +

k(¢r) =0.
The following theorem provides a formula for the Fredholm index of
Wiener—Hopf operators with semi-almost periodic symbols on LP(R,, w).

Theorem 3.5 ([13, Theorem 4.8)). If ¢ € GSAP, ., k(¢¢) = k(¢,) =0
and

0 ¢ H<d(¢7“)? d(¢€)7 V()_(p7 ’LU), Vg_(pa w))7
then the operator Wy is Fredholm and

nd Wy = —indo + 18 (p. w) — {1(p.w) + 5 g GO0

2 a1

where
vy (p,w) + vy (p,w)

5 .
3.3. Wiener—Hopf operators with piecewise-almost periodic sym-
bols on weighted Lebesgue spaces. Motivated by the material in the
previous subsections, the main purpose of the present subsection will be
to establish an analogue invertibility and Fredholm description for Wiener—
Hopf operators acting between LP spaces (1 < p < oo) with Muckenhoupt
weights w € AS(R), and with PAP, ,, Fourier symbols.

v (p, w) =
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3.3.1. Representation of PAP, ., piecewise-almost periodic functions.

Theorem 3.6. Let w € Ag(R), and let u be a monotonically increasing
real-valued function in C(R) such that u(—oo) = 0 and u(+o0) = 1.

(i) If ¢ € PAP, ., then there are uniquely determined functions o,
@1 € AP, and ¢ € PCY, such that

¢ = (1 —u)pe + up, + ¢o. (3.12)

(i) If ¢ € GPAP, ., then there exists ¢ € GSAP, ., and p € GPCy 4,
satisfying ¥(—o0) = P(4+00) =1, such that ¢ = pyp and

Wy = W, Wy + Ky = WyW, + Ko, (3.13)

with compact operators K; and Ks.

(iii) In addition, the @y and ¢, elements used in (i) coincide with the
local representatives of p € GSAP, ., used in (ii) and their unique
ezistence is ensured by Theorem 3.2.

Proof. Part (i) is an immediate consequence of Theorem 3.2.

To prove part (ii), suppose that ¢ is in GPAP,,, and put f = (1 —
)@y + up, where the elements u, ¢, and ¢, have the properties described
in (3.12). Then, ¢ = f + ¢o (with ¢g € PCJ ). From the hypothesis
there is a constant C' € (0,00) such that |f(x)| is bounded away from zero
for |z| > C, and therefore, we can find a function fy € Cgﬁw(R) such that
¢:=f+ fo € GSAP, .. Consequently, we have

d=p+¢0— fo=p(l+9 oo — fo)) = ¢,
and it is clear that ¢ = ¢~ 1¢ € GPC,,, and ¥(—o00) = 1(+00) = 1. Since
¢ is continuous on R and 4 is continuous at oo, we deduce that (3.13) holds
with compact operators Ky and K.

The proposition (iii) follows immediately from the construction performed
for (ii). O

3.3.2. Fredholm theory of Wiener—Hopf operators with piecewise-almost pe-
riodic functions on weighted Lebesque spaces. We are now in condition to
derive a Fredholm characterization for Wiener-Hopf operators with PAP, ,,
Fourier symbols on weighted Lebesgue spaces.

Theorem 3.7. Consider w € A)(R) and ¢ € PAP, ,, such that ¢ is not
identically zero.

(a) If € GPAP, ., k(¢¢) = k(¢r) =0 and

0 ¢ off o, (R) UH(d(¢r), d(d0); vy (pyw), v (p,w)),
then Wy is Fredholm on LP(Ry,w).
(b) If 6 € GPAPyu, Kéok(6,) = 0, k(o) + k(6,) > 0 and 0 ¢
gbz;%w(R), then Wy is properly n-normal and left-invertible.
(©) If & € GPAP, . k(on)k(d) > 0, k() + k(dy) < 0 and 0 ¢

(bﬁw(R), then Wy, is properly d-normal and right-invertible.
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(d) In all other cases, Wy is not normally solvable.

Proof. If ¢ ¢ GPAP,,,, we see from [3, Corollary 2.8], that W, is not
normally solvable.

So, let us now assume that ¢ € GPAP, ,,. Then, we can write ¢ = @1,
¢ € GSAP, ,, and ¥ € GPC, ,, (satisfying ¢(—o0) = ¢(4+00) = 1). Taking
into account (3.13), we see that W, is Fredholm if and only if both operators
W, and Wy, are Fredholm —which by Theorem 3.1 and Theorem 3.3 happens
if conditions stated in part (a) are satisfied.

Having in mind (3.13) and since Wy, is Fredholm under the conditions
of parts (b) and (c) (cf. Theorem 3.1), we deduce that Wy is properly n-
normal (resp. properly d-normal) if and only if so is W,,. Therefore, we
obtain part (b) (resp. part (c)) from Theorem 3.3 and Coburn—Simonenko
Theorem.

To complete the proof, we use the following fact: considering linear and
bounded operators A and B acting between Banach spaces (such that AB
can be computed), if AB is n-normal (resp. d-normal) then B is n-normal
(resp. A is d-normal). This, [3, Theorem 2.2] and (3.13) show that Wy is
n-normal (resp. d-normal) if and only if so are both W, and Wy, and hence
we get part (d) for ¢ € GPAP as a consequence of Coburn—Simonenko
Theorem and Theorems 3.1 and 3.3. ]

Corollary 3.8. Let ¢ € GPAP, .,. If Wy is a Fredholm operator, then

IndWy = IndW,, + IndWy, = — ) " ind;¢p — indep+
l

Py (yg@,w)—{vﬁz(p,w)—largM})+

€Ny U{co} 2 ’(/)(CE + 0)
d
o) = {uBow) + 5 e TET Y, (319

where ¢ = Py is a corresponding factorization in the sense of Theorem 3.6
(ii).

Proof. This is obtained by jointing together Theorem 3.6(ii) and formulas
(3.9) and (3.11). O

3.3.3. Example of an invertible Wiener—Hopf operator with a piecewise-al-
most periodic Fourier symbol on weighted Lebesgue spaces. Let p = 2 and
choose the weight function w(z) = |z|3. We will consider the function ¢
(see Figure 1), given by
eim 6—27',71: g e
8(z) = (1~ u@)3e”” g(@) + u(z)e’ " g(a) + 42
where u is the real-valued function

1 1
u(z) = 3 + - tanh(zx)

, (3.15)
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FIGURE 1. The range of ¢(x) for x between -100 and 100.

em"‘lv 1f1’<0
and g(x):{em”i if >0

FIGURE 2. The range of ¢(z) for = between -100 and 100.

It is clear that ¢ admits a factorization ¢ = 1) in the sense of Theo-
rem 3.6 (ii) with

iz —2ix 1
—(1— 3e° e
pl@) = (1= u(@)3e’” +ula)e™ +

and (z) = g(z).
The function ¢ (cf. Figure 2) is invertible and we have ¢ € GSAP, ,,.
The element v is also an invertible function (see Figure 3). Moreover,
P(—00) = ¢(+00) = 1. Observing that ¢ and 1 are invertible, one obtains
that ¢ is invertible.

, (3.16)
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FIGURE 3. The range of ¢(z) for x between -100 and 100.

From Theorem 3.6 (iii), we have that the almost periodic representatives
of ¢ € GPAP,,, coincide with the almost periodic representatives of ¢ &
GSAP, ,,. From the definition of k(¢), it results that k(¢¢) = k(¢,) = 0.

We have that

B ol = {ue ks | [ It e mm | -
fpen: denslel)-
e
whence vy (2, |z|7) = v (2, |z|7) = 3. In the same way, we obtain
Ve (@ Jol) = vE2 et =

Consequently, and observing that the only discontinuity point of ¢ is 0, we
have

07 (R) = H(6(0 = 0), 6(0 + 0); v (2, [l ¥), v (2, o] ) U
UH(#(+00), (=00 v (2]l ), v (2, |af1)) =
11 33
_ 3, 2.4 2 .99
= H(2e+1,2¢% + ¢ ,4,4>UH(1,3,4,4)
, 1 3
_ 3 2, L2
7,4(26+1,26 te ,4)UA(1,3,4).
Since d(¢,) = 1 and d(¢¢) = 3, it also results that

H(d(qﬁr),d(gbg);ua@, lz]%), v (2, |x|%)) - H(1,3; %, Z) = A(1,3; Z)
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Therefore, we have to consider the arcs A(2e+1, 2e3+e?; %) and A(1, 3; %)
(see Figure 4).

FIGURE 4. The arcs A(2e + 1,2¢% + €2; 1) and A(1,3; 2).

Since these arcs do not contain the origin, the operator
1 1
W L2 (R |oft) — L2(Ry,[2]¥)

is a Fredholm operator (cf. Theorem 3.7 (a)).
Let us now compute the Fredholm index of this operator.
From the definition of ¢ (z), we have that if < 0 then argt = 0, and if
x >0 then argey = —22- . Thus, ind;7) = 0 and consequently 3 ind;y) = 0.
1

x24+1 "
The only point of discontinuity of v is zero and

b @) e et 3
A2, ot = 2 s =z

Additionally, arg :ﬁg;fgg = arg § =0.

On the other hand, we have that indy = 0 and

d(pr)
arg = arg(3) = 0.
d(er)
Using these results and substituting on formula (3.14), we obtain that
IndW, = 0.

Consequently, putting together this information with Coburn—Simonenko
Theorem, we conclude that the Wiener—Hopf operator of this example is
invertible.
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4. FREDHOLM AND LATERAL INVERTIBILITY OF
WIENER—-HOPF-HANKEL OPERATORS WITH PIECEWISE-ALMOST
PERIODIC FUNCTIONS ON WEIGHTED LEBESGUE SPACES

We will turn now to Wiener—-Hopf—Hankel operators with piecewise-al-
most periodic symbols on Lebesgue spaces with Muckenhoupt weights w e
Ag’e(R). Here, we are also looking for corresponding possible invertibility
and Fredholm properties. In fact, we will be able to identify conditions
under which the Wiener—Hopf plus/minus Hankel operators are left or right-
invertible (and not Fredholm) or have the Fredholm property.

4.1. Fredholm theory of Wiener—Hopf-Hankel operators with pie-
cewise-almost periodic functions on L?(R,,w). We will now identify
conditions to ensure the Fredholm and lateral invertibility of our Wiener—
Hopf plus/minus Hankel operators.

Theorem 4.1. Let w € AS(R) and ¢ € GPAP,,, (1 <p < o).
(a) If k(¢e) + k(d,) = 0 and
— . d(¢,) d _
0 ¢ (007 a8 U (S G005 ). )
then Wy + Hy and Wy — Hy are Fredholm operators.

(b) If k(¢e) + k(ér) > 0 and 0 ¢ ((bg—/l)ﬁw(R), then both operators
Wy + Hy and Wy — Hy are left-invertible (and at least one of the
operators We + Hy and Wy — Hy is properly n-normal).

(c) If k(¢¢) + k(ér) < 0 and 0 ¢ ((bgjl)ﬁw(R), then both operators
We + Hy and Wy — Hy are right-invertible (and at least one of the
operators We + Hy and Wy — Hy is properly d-normal).

(d) If k(o) + k(6,) = 0 and

0€ (¢o~1)F, (R) U HGEZ; gng;

then at least one of the operators Wy 4+ Hy and Wy — Hy is not
normally solvable on LY (R, w).

v (p,w), v (p, w))’

Proof. From the definition of PAP, ,,, we have the following representation
of ¢:
¢ = (1 —u)de + udr + do,

where ¢y, ¢, € AP, ., ¢po € PC ,w(R), ¢o(00) = 0 and u is a monoton-
ically increasing real-valued function in C(R) satisfying u(—oo) = 0 and
u(4o00)=1.

Taking into consideration Bohr’s theorem and the definition of the geo-
metric mean value, it follows that

be = epg)d(dr)e™”,
Or = ek((br)d((br)ewTa
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with we, w, € AP, , M(w¢) = M(w,) =0 (and d(¢¢)d(¢,) # 0). Thus,
¢ = (1 —u)d(Pe)ers,)e”" + ud(dr)ers, e + do. (4.17)

Due to the transfer of regularity properties from the Wiener—Hopf operator
w s3-1 O the Wiener-Hopf plus and minus Hankel operators Wy, + Hy, we
will study the regularity properties of the Wiener—Hopf operator W sa-1 "
LY (R,w) — LP(Ry,w). In view of this, we obtain

pp—1 = (1 —w)d(dr)erse™ + ud(gr)ers, )€ + bo
(1 —w)d(¢e)e_p(p, €™ + ud(dr)e_(p, )€™ + do

(4.18)

being the almost periodic representatives of gbngﬁ\;l given by

( 4 we— Wy

(1) = () e +k(en)E ;

o1 d T W, — Wy
(pp~1)r = dif;g; Ch(pe)+h(pr) €

From this, taking into account that wy, w, € AP, ,, are such that M (w,) =
M (w,) = 0 (which additionally implies that M (w;) = M (w,) = 0), we have

k((0=1)0) = k(6o 1)) = k(de) + k(o,), (4.19)
a((00) = §55 . dle) =G0 @)

Applying now Theorem 3.7 to the Wiener—Hopf operator W e and having
in mind (4.19)—(4.20), it follows that:

(a) If k(¢r) + k(¢pr) <0 and 0 ¢ (gzﬁgjl);%w(R), then Wd)q;‘:l is properly
d-normal and right-invertible on L% (R, w);

(b) If k(¢e) + k(¢r) > 0 and 0 ¢ (pp~1)#,,(R), then W, is properly
n-normal and left-invertible on L% (R, w);

(¢) It k(de) + k(r) = 0 and
d(¢r) d(¢r)

0¢ (@0 R UR(GES, 5% w) g w),  (421)

then WM:1 is a Fredholm operator on L% (R, w);
(d) If k(de) + k(ér) = 0 and

0€ (00 U (G5 05 i ().

then W, = is not normally solvable on LY (R, w).

To arrive at the final assertion, we can interpret the A-relation after
extension between the Wiener—Hopf plus Hankel operator W, + Hy and the
Wiener-Hopf operator W 51 @S an equivalence after extension between

diag[Wy + Hg, W, — Hy] and W, = (cf. Remark 2.5).
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In this way, we get in cases (a) and (b) that diag{Wy + Hg, Wy — Hy)
is properly d-normal and right-invertible or properly n-normal and left-
invertible, respectively. This implies that — in the case (a) — at least one
of the operators Wy + Hy and Wy — Hy is properly d-normal and both are
right-invertible; in the case (b), at least one of the operators Wy + Hy and
Wg — Hy is properly n-normal and both operators are right-invertible.

The case (c) leads to the Fredholm property for both Wy &+ Hy.

In case (d), we have that diag[W,+Hg, Wy —Hy] is not normally solvable,
which implies that at least one of the operators Wy, + Hy and Wy — Hy is
not normally solvable. O

4.2. A formula for the sum of the indices of Fredholm Wiener—
Hopf plus and minus Hankel operators.

Theorem 4.2. Let ¢ € GPAP,,,. If Wy + Hy and Wy — Hy are both
Fredholm operators, then

Ind[Wy+ Hy|+Ind[Wy+ Hy| =IndWy+Ind W, = — Z ind;¢ —ind6+
1

+ xGACZU:{OO} (Vﬁ?(p,w) - {Vg(nw) - % arg EH}>+

1 d(b)

+ 3 (p,w) — {yg(p, w) + 5 418 a0, }, (4.22)

where (bq;jl = (0 is a corresponding factorization in the sense of Theo-
rem 3.6 (ii).

Proof. Let ¢ € GPAP, ,, such that Wy + Hy, and Wy — Hy are both Fred-
holm.

Recalling that diag[W,+ Hg, Wy, — Hy| is equivalent after extension with
W51 (cf. Remark 2.5), it holds that

®
Inquﬁq;j1 =Ind(Wy + Hg) + Ind(Wy, — Hy). (4.23)

From the Fredholm index formula for the Wiener—Hopf operators with
PAP, ,, Fourier symbols presented in Corollary 3.8, we have

IndWM)j'l = IndWpy + IndW¢, (4.24)
where (;55:1 = (0. Thus, combining (4.23) and (4.24), it follows

Ind[Wy+Hy|+Ind[Wy+ Hy| =IndWy+IndWe =— Z ind;¢ —indé+
1
1 ¢z —0)
0 _f.0 _ sz —U)
+ Z (Vm(p,w) {Vz(p,w) 5 A18 C@+0) })-i—

xeAcU{oco}
1 d(6,
+ Vg(p,w) - {I/g(p,w) + o arg dE@ ;}
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We would like to remark that due to the method here used we are not
able to separate the Fredholm indices of both Wiener—Hopf plus and minus
Hankel operators. In view of this, we have the above dependence of both
symbols by means of the sum of the corresponding Fredholm indices.

FIGURE 5. The range of ¢(x) defined in (4.25) (for  be-
tween -50 and 50).

4.3. An example within the Wiener—Hopf-Hankel framework. Let
p=2 wx)= |x|% and consider the function ¢ (see Figure 5) given by

o(x) = (1 — u(x))g(@)e” ™ + u(z) 2i g(z)e"™, (4.25)
where
1
1 1 1+ -, >0
u(x) = = + — arctan(z) and g(x) = T —1&— i .
2o 1+ -, <0
T —1

It is clear that ¢ admits a factorization ¢ = 1 in sense of Theorem 3.6
(ii), with
o(x) = (1 —u(z))e™ ™ 4+ u(x) 2i '™,
U(z) = g(x).
We observe that ¢ is an invertible function (¢ € GSAP, ), cf. Figure 6,
and it is clear that ® is also an invertible function (b € GPCy,); see

Figure 7. Moreover, 1¥(£o0) = 1. It therefore follows that ¢ is invertible.
From the definition of mean motion, we have that k(¢¢) + k(¢,) = 0.
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FIGURE 7. The range of ¢(x) (for x between -50 and 50).

Since ¢ = 1), it results that ¢<Z—v1 = @ﬁwzﬁ, with

x4 26 2 <0
. 2 —2cx+2’
YYHx) =41, r=0.
x? —2i
x>0

2 -2z +2’
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Recalling that p = 2 and w(z) = |z|5, we have

E |* 1
Io(x){ueR: ‘@‘ HE eAZ(R)}
1 1 1
= R: —— - = -
{ue 2<,u+5<2}
7 7
- R: —_ 11—
{”E TR 10}

Thus, v, (2, |lz|5) = vy (2, lz|5) = 15 . In the same way,

_ 1 1 3
VOO(2,|CL"5) = y;"O(Q’ |‘T|5) = TO .

The only discontinuity point of ¢ and qbg—/l is 0. Then, we have
(66~ (B) 1= H (6070 = 0,607 (0 + 0); v (2, o] F), v (2, | $) ) U

UH (69 (+00), 66~ (=00 v (2 |2[3), 15 (2, ]a]) ) =

2

15

FIGURE 8. The arcs A(i, —i; £5) and A(2i, —3i; 15).
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Additionally, since §E¢Tg = 2¢ and ggifg = —% i, we obtain

é)) -

:H(%’ i 170 170) A<2i’_1i;1lo)'

Figure 8 shows the arcs A(i, —i; 1) and A(2i, —3i; 15 ). Since these arcs
do not contain the origin, the operators

Wyt Hy : L3(R,|2]5) — L*(Ry, |2]5)

have the Fredholm property.
Let us calculate their Fredholm index sum
If z < 0, we have arg(y1)~—1) = arctan(% ), if # > 0, then

-1) = —_ — = — i
arg(yy—!) = arctan ( 1’2) arctan <x2>
and for x = 0, arg(z/)wN*l) = (. Therefore,
S indeg—t = 0.

14

dpr) 60 o8 o
(S a2

Additionally, arng = arg%z. = 0. On the other hand, we have

indpp~ o1 =0 and
d((pe~)s) d(¢e) 2 1
agi—arg =arg|—-) =0.
d((ep=1),) ((d((pﬁ) ) (4)
Finally, using this data in the formula (4.22), we obtain
Ind[W¢ + H¢] + Ind[W¢ + Hd?} =0.
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