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Abstract. We investigate the three-dimensional interior and exterior
Neumann-type boundary-value problems of statics of the thermo-electro-
magneto-elasticity theory. We construct explicitly the fundamental matrix
of the corresponding strongly elliptic non-self-adjoint 6 x 6 matrix differen-
tial operator and study their properties near the origin and at infinity. We
apply the potential method and reduce the corresponding boundary-value
problems to the equivalent system of boundary integral equations. We have
found efficient asymptotic conditions at infinity which ensure the unique-
ness of solutions in the space of bounded vector functions. We analyze
the solvability of the resulting boundary integral equations in the Holder
and Sobolev-Slobodetski spaces and prove the corresponding existence the-
orems. The necessary and sufficient conditions of solvability of the interior
Neumann-type boundary-value problem are written explicitly.
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1. INTRODUCTION

Modern industrial and technological processes apply widely, on the one
hand, composite materials with complex microstructure and, on the other
hand, complex composed structures consisting of materials having essen-
tially different physical properties (for example, piezoelectric, piezomag-
netic, hemitropic materials, two- and multi-component mixtures, nano-
materials, bio-materials, and solid structures constructed by composition of
these materials, such as, e.g., Smart Materials and other meta-materials).
Therefore the investigation and analysis of mathematical models describing
the mechanical, thermal, electric, magnetic and other physical properties of
such materials have a crucial importance for both fundamental research and
practical applications. In particular, the investigation of correctness of cor-
responding mathematical models (namely, existence, uniqueness, smooth-
ness, asymptotic properties and stability of solutions) and construction of
appropriate adequate numerical algorithms have a crucial role for funda-
mental research.

In the study of active material systems, there is significant interest in the
coupling effects between elastic, electric, magnetic and thermal fields. The
mathematical model of statics of the thermo-electro-magneto-elasticity the-
ory is described by the non-self-adjoint 6 x 6 system of second order partial
differential equations with appropriate boundary conditions. The problem
is to determine three components of the elastic displacement vector, the
electric and magnetic scalar potential functions and the temperature dis-
tribution. Other field characteristics (e.g., mechanical stresses, electric and
magnetic fields, electric displacement vector, magnetic induction vector, and
heat flux vector) can be then determined by the gradient and constitutive
equations (for details see [2], [3], [4], [5], [6], [16], [21], [24], [27]).

For the equations of dynamics the uniqueness theorems of solutions for
some initial-boundary-value problems are well studied. In particular, in the
reference [16] the uniqueness theorem is proved without making restrictions
on the positive definiteness on the elastic moduli, while the uniqueness theo-
rems for the basic boundary-value problems (BVP) of statics of the thermo-
electro-magneto-elasticity theory are proved in [20]. Existence theorems for
the Dirichlet-type boundary-value problems are established in [19]. To the
best of our knowledge, the existence of solutions to the Neumann-type BVPs
of statics are not treated in the scientific literature.

In this paper, with the help of the potential method we reduce the three-
dimensional interior and exterior Neumann-type boundary-value problems
of the thermo-electro-magneto-elasticity theory to the equivalent 6 x 6 sys-
tems of integral equations and analyze their solvability in the Holder and
Sobolev-Slobodetski spaces and prove the corresponding uniqueness and ex-
istence theorems.

Essential difficulties arise in the study of exterior BVPs for unbounded
domains. The case is that one has to consider the problem in a class of
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vector functions which are bounded at infinity. This complicates the proof
of uniqueness and existence theorems since Green’s formulas do not hold
for such vector functions and analysis of null spaces of the corresponding
integral operators needs special consideration. We have found efficient and
natural asymptotic conditions at infinity which ensure the uniqueness of so-
lutions in the space of bounded vector functions. Moreover, for the interior
Neumann-type boundary-value problem, the complete system of linearly
independent solutions of the corresponding homogeneous adjoint integral
equation is constructed in polynomials and the necessary and sufficient con-
ditions of solvability of the problem are written explicitly.

2. FORMULATION OF PROBLEMS

Here we collect the basic field equations of the thermo-electro-magneto-
elasticity theory and formulate the interior and exterior Neumann-type
boundary-value problems of statics.

2.1. Field equations. Throughout the paper = (u1, us,u3) ' denotes the
displacement vector, o;; is the mechanical stress tensor, e; = 2’1(3kuj +
djuy) is the strain tensor, the vectors E = (Ei,Fs, E3)' and H =
(Hy, Hy, H3) T are electric and magnetic fields respectively, D= (Dy,D3,D3) "
is the electric displacement vector and B = (Bi, Bo, B3)' is the mag-
netic induction vector, ¢ and 1 stand for the electric and magnetic po-
tentials and E = —grad ¢, H = — grad, ¢ is the temperature increment,
q=(q1,q2, qg)T is the heat flux vector, and S is the entropy density.

We employ also the notation 0 = 0, = (01,02,03), 9; = 0/0x;, Oy =
0/0t; the superscript (-) T denotes transposition operation. In what follows
the summation over the repeated indices is meant from 1 to 3, unless stated
otherwise.

In this subsection we collect the field equations of the linear theory of
thermo-electro-magneto-elasticity for a general anisotropic case and intro-
duce the corresponding matrix partial differential operators. To this end,
we recall here the basic relations of the theory:

Constitutive relations:

Orj = Ojr = Crjki€rl — €irj B — qurjHy — Arjd, 1,5 =1,2,3, (2.1)
Dj = ejpien + 2B +a; Hy +pi0d, j=1,2,3, (2.2)
Bj = gjrigm + aj By + pjHp +myd, j=1,2,3, (2.3)

S = M\piegr + peEx + mgHy + 9. (2.4)

Fourier Law:

FEquations of motion:

000 + X, = Q@fur, r=1,2,3. (2.6)
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Quasi-static equations for electro-magnetic fields where the rate of magnetic
field is small (electric field is curl free) and there is no electric current
(magnetic field is curl free):

8ij = Qe, 8ij =0. (27)
Linearized equation of the entropy balance:
150:S — Q = —0;4;- (2.8)

Here o is the mass density, . is the electric density, ¢, are the elastic
constants, ej; are the piezoelectric constants, g;i; are the piezomagnetic
constants, szj; are the dielectric (permittivity) constants, ;i are the mag-
netic permeability constants, a;r are the coupling coefficients connecting
electric and magnetic fields, p; and m; are constants characterizing the re-
lation between thermodynamic processes and electromagnetic effects, \jy
are the thermal strain constants, 7, are the heat conductivity coefficients,
v = QCTO_1 is the thermal constant, Ty is the initial reference tempera-
ture, that is the temperature in the natural state in the absence of de-
formation and electromagnetic fields, c¢ is the specific heat per unit mass,
X = (X1, X5, X3)" is a mass force density, @ is a heat source intensity.
The constants involved in these equations satisfy the symmetry condi-
tions:
Crjkl = Cjrkl = Cklrj, €klj = €kjl,
Qrij = Qkjis Hkj = #jk, Mej = Nk, 1,5, k,0=1,2,3. (2.9)
Hkj = Hjks Mkj = Njk, Okj = Qjk,
From physical considerations it follows that (see, e.g., [16], [27]):
Crintrin > colmbnts ri&ns > cilél?
tki€ly > cal€l?, miénéy > eslél?, (2.10)
for all &; = &, € R and for all € = (&,6,&) € R?,

where cg, c1, co, and cg are positive constants.
It is easy to see that due to the symmetry conditions (2.9)

rjnibri&in = coluns sni&nés > a1l€)?,
pei€r€s > eal€?, mei&n€s > eslél?,
for all &; = &1, € C and for all € = (&,&,8&) € CP.

More careful analysis related to the positive definiteness of the potential
energy and thermodynamical laws insure that for arbitrary ¢/, ¢ € C? and
f € C there is a positive constant dy depending on the material constants
such that (cf. [27])

515 ChCh + ang (GRS + CLCy) + mi Gr ¢l £ 2R[0(p; G + my))] + 161> >
> 8o (I¢']> + 1S 7 +10]%)- (2.11)
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This condition is equivalent to positive definiteness of the matrix
[%kj]3x3 [akj]3><3 [pj]3><1
E:= |larslaxs  [prjlsxs  [mylaxi
[pj]1><3 [mj]1><3 0 X7

In particular, it follows that the matrix

A= (2.12)

[kj)3x3 [akj]SXS]
[akj]3x3 [Mkj]SxS 6x6
is positive definite, i.e.,
= ST = 2 2
221§ GGl + ang (CCT + CGuti) + g GG > K¢+ 1¢717)
with some positive constant x depending on the material parameters in-

volved in (2.12). A sufficient condition for the quadratic form in the left
hand side of (2.11) to be positive definite then reads as v* < % with

v = max {|p1], [pa|, [ps|, [ma|, [mal, [ms| }.
With the help of the symmetry conditions (2.9) we can rewrite the con-
stitutive relations (2.1)—(2.4) as follows
Orj = CrjllOluk + €O + qurjOh — Ay, 1,5 =1,2,3,
Dj = ejpdiu — 301 — a oy +p;j9, j=1,2,3,
Bj = qjkl('“)luk — ajlal(p — ,ujlanp =+ mjﬁ, 7=1,2,3,
S = A Qiug, — p0jp — mpoi + 0.
In the theory of thermo-electro-magneto-elasticity the components of the
three-dimensional mechanical stress vector acting on a surface element with
a unit normal vector n = (n1,n2,n3) have the form
OrjNj = CrjkanOuk + e1rjn;01p + quriniOY — Apjngd, r=1,2,3,
while the normal components of the electric displacement vector, magnetic
induction vector and heat flux vector read as
Djnj = ejrun;Oiuy — »;n;0ip — ayn;opy + pin;d,
Bjnj = qjklnjaluk - ajmj&(p — uﬂn]@lw + mjnjﬁ,
anj = 777]‘[%]'8[19.
For convenience we introduce the following matrix differential operator

T(9,n) = [Zpg(0,1)]

[CrikimiOilaxs [eirimiOlsx1 [@riniOlax1 [—Arjnjlax1

6x6 "

[=ejmniOlys  #un;0 a;in ;o —Pin;

- . (2.13)
[=qimn;Ol, 5 ajn;o 1m0 —m;n;
0] 3 0 0 n;1m;0;

6Xx6
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Evidently, for a six vector U := (u, @, ,9) we have
T(B, TL)U = (O’ljnj, 025Mj5,03515, —Djnj, —Bj’I’Lj, —anj)T. (214)

The components of the vector 7U given by (2.14) have the following physical
sense: the first three components correspond to the mechanical stress vector
in the theory of thermo-electro-magneto-elasticity, the forth, fifth and sixth
ones are respectively the normal components of the electric displacement
vector, magnetic induction vector and heat flux vector with opposite sign.

As we see, all the thermo-mechanical and electro-magnetic characteristics
can be determined by the six functions: the three displacement components
uj, j = 1,2, 3, temperature distribution 9, and the electric and magnetic
potentials ¢ and . Therefore, all the above field relations and the cor-
responding boundary-value problems we reformulate in terms of these six
functions.

First of all from the equations (2.1)—(2.8) we derive the basic linear sys-
tem of dynamics of the theory of thermo-electro-magneto-elasticity:

erklajaluk (z, t) + el,«jajaﬁp(aﬁ, t) + qlrﬁjé)lw(a:, t) — )\mﬁjﬂ(m, t)—
7gatzur(xa t) - *Xr(xa t)a r=1,2,3,

—e;k1001uk (2, t)+25,0;010(x, t) +a;0;00(x, t) —p; 0;9(x, t) = —pe (2, T),
—qjr0j0rui(z,t) + aj0;01p(x, ) + pjd; 0 (x, t) — m;0;9(x,t) = 0,
—ToMuOrOruk(z,t) + Topi0rdip(x,t) + Tomu 001 (x, t) + 0 0;0,0(x, t) —
—Tov0id(z,t) = —Q(x, t).

If all the functions involved in these equations are harmonic time dependent,
that is they can be represented as the product of a function of the spatial
variables (z1, z2, x3) and the multiplier exp{7t}, where 7 = o +iw is a com-
plex parameter, we have then the pseudo-oscillation equations of the theory
of thermo-electro-magneto-elasticity. Note that the pseudo-oscillation equa-
tions can be obtained from the corresponding dynamical equations by the
Laplace transform. If 7 is a pure imaginary number, 7 = iw with the so

called frequency parameter w € R, we obtain the steady state oscillation
equations. Finally, if 7 = 0 we get the equations of statics:

Crik10;01ur () + €1rj0;010(x) + qir; 05010 (1) — A 050 () =
=—-X,(z), r=1,2,3,
—ejk10;01uk(x) + 2,0;01p(x) + a0;000(x) — p;0;9(x) = —oe(x), (2.15)
—qjk1050ruk () + a;j10;01p(x) + 11001 (x) —m;0;9(x) = 0,
nj10;009(z) = —Q(x).
In matrix form these equations can be written as
A(O)U (z) = @(x),
where

U = (uy,ug, uz, us, us, ug) | = (u,0,9,9)",
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O =(01,...,P)" = (—X1,— X2, —X3,—0c,0,-Q) ",
and A(0) is the matrix differential operator generated by equations (2.15),
A(9) = [Apg(9)]oxe =
[Crjn10;01]3x3 [erj0;01)3x1 [qirj0i0]3x1 [—ArjOjl3x1

_ [—€jki0j0l1x3  210;0 a;10;0, —p;0;  (216)
[—qjki0j0l1x3 ;050 151050 —m;0;
[0]1x3 0 0 n;10;01

6Xx6

2.2. Formulation of the boundary-value problems. Let Q" be a boun-
ded domain in R? with a smooth boundary S = 9Q*+, Qf = Qt U S, and
Q™ :=R3\ QF. Assume that the domains QF are filled by an anisotropic
homogeneous material with thermo-electro-magneto-elastic properties.

Throughout the paper n = (n1, ne,n3) stands for the outward unit nor-
mal vector with respect to Q1 at the point x € 9OT.

Neumann-type problems (N)*: Find a regular solution vector U =
(upp0) T € [CHAN)PN[CHQY)] (resp. U € [CHQ)I°N[C*(Q7)]%), to
the system of equations

AU =@ in OF,
satisfying the Neumann-type boundary conditions
{TU }i =f on S,

where A(0) is a nonselfadjoint strongly elliptic matrix partial differential op-
erator generated by the equations of statics of the theory of thermo-electro-
magneto-elasticity defined in (2.16), while 7(0,n) is the matrix boundary
operator defined in (2.13). The symbols {-}* denote the one sided limits
(the trace operators) on 9QF from QF.

In our analysis we need special asymptotic conditions at infinity in the
case of unbounded domains [20].

Definition 2.1. We say that a continuous vector U = (u,¢,%,9)" =
(Uy,---,Us)" in the domain Q~ has the property Z(Q7) if the following
conditions are satisfied
U(z) = (u(z), p(z), ¥(x)) " = O(1),
Us(z) = 0(z) = O(|z| ™),

. 1 S
ngnoom/Uk(l’)dER:O, k:1,5,
XRr

as |x| — oo,

where X g is a sphere centered at the origin and radius R.

In what follows we always assume that in the case of exterior boundary-
value problem a solution possesses Z(€2~) property.



Einvestigation of Interior and Exterior Neumann-Type 107

2.3. Potentials and their properties. Denote by I'(x) = [I'x;(2)]6xe the
matrix of fundamental solutions of the operator A(9), A(0)I'(x) = Is d(x),
where §(-) is the Dirac’s delta distribution and Is stands for the unit 6 x 6
matrix. Applying the generalized Fourier transform technique, the funda-
mental matrix can be constructed explicitly,

I(z) =F. 1 [A~Y(=i¢)], (2.17)

E—x

where F~! is the generalized inverse Fourier transform and A=!(—i¢) is
the matrix inverse to A(—i&). The properties of the fundamental matrix
near the origin and at infinity are established in [23]. The entries of the
fundamental matrix I'(z) are homogeneous functions in  and at the origin
and at infinity the following asymptotic relations hold

Ol lsws [O1)]5
Ohxs— Oal™) o

Moreover, the columns of the matrix I'(x) possess the property Z(R3\ {0}).
With the help of the fundamental matrix we construct the generalized single
and double layer potentials, and the Newton-type volume potentials,

V(h) (@) = / Iz —y)h(y)dS,, = €R®\S,
S

I(z) =

W (h)(x) = / [P@y )T (@ — )] hy)dS,, =R\ S,
S

Nox (g)(z) = /F(w —y)g(y)dy, x€R?,

(9=
where S = 90F € C™* with integer m > 1 and 0 < kK < 1; h =
(hy,...,hg)T and g = (g1,--- ,96) " are density vector-functions defined re-

spectively on S and in QF; the so called generalized stress operator P(0,n),
associated with the adjoint differential operator A*(9) = AT (—9), reads as

PD,n) = [qu(a, n)}

6x6
[CrjuinjOllaxs  [—€wrjniOlaxt  [—@rinjOi]ax1  [0]3x1
e-kln-al %-m-(‘?l a-m-c?l 0
_ [ J J ]1><3 gLty JLteg . (218)
G5 O1] 5 a;in;o, 151150, 0
[0]; 3 0 0 n;1m;0p

The following properties of layer potentials immediately follow from their
definition.

Theorem 2.2. The generalized single and double layer potentials solve
the homogeneous differential equation A(9)U = 0 in R3\ S and possess the
property Z(Q27).
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In what follows by L, W7, Hy, and By, (withr >0,s€eR, 1 <p< oo,
1 < ¢ < o0) we denote the well-known Lebesgue, Sobolev—Slobodetski,
Bessel potential, and Besov function spaces, respectively (see, e.g., [29]).
Recall that H5 = W§ = B5,, Hs = B3,, Wi = Bl , and HY = W}, for
any r > 0, for any s € R, for any positive and non-integer ¢, and for any
non-negative integer k.

With the help of Green’s formulas, one can derive general integral repre-
sentations of solutions to the homogeneous equation A(9)U = 0 in QF. In

particular, the following theorems hold.

Theorem 2.3. Let S = 90T € C1* with 0 < k < 1 and U be a
regular solution to the homogeneous equation A(0)U = 0 in QF of the class
[CH(QF)]5N[C?(27)]°. Then there holds the integral representation formula

U(z) for z€QF,

WU @) = VATUR) @) = {0 e

Theorem 2.4. Let S = 9Q~ be C1*-smooth with 0 < k < 1 and let U
be a regular solution to the homogeneous equation A(J)U = 0in Q~ of the
class [C(Q7)]8 N [C%(Q27)]% having the property Z(Q27). Then there holds
the integral representation formula

0 for z € QF,

_W({U}i)(x) + V({TU}i)(x) = {U(l‘) for € Q.

By standard limiting procedure, these formulas can be extended to Lip-
schitz domains and to solution vectors from the spaces [W,(Q)]° and
(W 10e(27)]°N Z(Q7) with 1 < p < oo (cf,, [12], [17], [25]).

The qualitative and mapping properties of the layer potentials are de-

scribed by the following theorems (cf. [7], [9], [15], [17], [23]).

Theorem 2.5. Let S = 9QF € C™* with integers m > 1 and k <
m — 1, and 0 < k¥’ < k < 1. Then the operators

Vi [CRF(S) = [ @), WO (S))° = (0P (@) (2.19)

are continuous.
For any g € [C%" (9)]%, h € [CY*(9)]%, and any = € S we have the
following jump relations:

{V(9)(@)}* = V(9)(x) = Hy(x), (2.20)
{T (00, n()V (9) >}i (27 + K]g(2), (2.21)
{(W(g)(@)}* = [£27 Iy + Ng(a), (2.22)

(T (s, n(@)W(h)(2)} =
= {T(0y,n(2))W (h)(2)}~ = Lh(z), m >2, (2.23)
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where H is a weakly singular integral operator, K and N are singular integral
operators, and L is a singular integro-differential operator,

Ho() == / I'(z — y)g(y) dS,,

)= / T (@0.n(x)T(x — ) 9(y) dS,,

(2.24)
Ny@)i= [ PO, n)1T (x ~ )]) o0)ds,,
S
£hia) =, im _ T(0..n(@)) [ [P, ()T ()] Thiy) dS,.

S

Theorem 2.6. Let S be a Lipschitz surface. The operators V and W
can be extended to the continuous mappings

Vi [Hy 2 (S)])° — [HAQD, V& [Hy 2 (S)]° — [HL,,. () N Z(07),
W [HE (S))° — [HAQD), W« [HE (S)]S — [HE (7)) N Z(Q).

The jump relations (2.20)—(2.23) on S remain valid for the extended oper-
ators in the corresponding function spaces.

Theorem 2.7. Let S, m, k, ¥’ and k be as in Theorem 2.5. Then the
operators

H: [CFF(9)]8 — [CFF(9)]5, m > 1, (2.25
H, 29— [HF (9, m =1, (226
K [CPR(9)]° — [CF(9)]°, m > 1, (2.27
[Hy 2(S)]° — [Hy 2(S)]°, m > 1, (2.28
N [CFF(9))° — [P (9))°, m > 1, (
(S) (2.
(S) (2.

)
)
)
2.28)
2.29)
)
)
)

[H2(S)]° — [Hy 2(9))°, m > 2, (2.32

are continuous. The operators (2.26), (2.28), (2.30), and (2.32) are bounded
if S is a Lipschitz surface.

Proofs of the above formulated theorems are word for word proofs of the
similar theorems in [8], [10], [11], [13], [14], [15], [22], [26].

The next assertion is a consequence of the general theory of elliptic pseu-
dodifferential operators on smooth manifolds without boundary (see, e.g.,
[1], [5], [9], [12], [28], and the references therein).
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Theorem 2.8. Let V, W, H, K, N and L be as in Theorems 2.5 and
let seR, 1 <p<oo,1<qg< o0, e C® The layer potential opera-
tors (2.19) and the boundary integral (pseudodifferential) operators (2.25)—
(2.32) can be extended to the following continuous operators

" (Q
€+1+

s+1+ )
vV [B;p(s)]ﬁ - [Hp loc ( )

V(B3 (9)]° — [H, 15 W:[B;, () — [H, )N°,

) gk

W B3, () = [H) (@)
M [Hy(9))° — [Hy(S)°, K [Hy(S)])° — [H ( )]6,
N [Hy () — [Hy(9)]°, L2 [HyFH(9))° — [Hy(9)]°.

The jump relations (2.20)-(2.23) remain valid for arbitrary g € [B5 ,(5)]°

with s € R if the limiting values (traces) on S are understood in the sense
described in [28].

Remark 2.9. Let either ® € [L,(Q7)]% or ® € [Ly comp(Q7)]% p > 1.
Then the Newtonian volume potentials Ng+ (®) possess the following prop-
erties (see, e.g., [18]):

]\/VQJr (Q) € [W5<Q+>]6a NQ ( ) [WQloc(Q_)]67
A(D)Nq+ (®) = ® almost everywhere in Q.
Therefore, without loss of generality, we can assume that in the formu-

lation of the Neumann-type problems the right hand side function in the
differential equations vanishes, ®(z) = 0 in Q*.

3. INVESTIGATION OF THE EXTERIOR NEUMANN BVP

Let us consider the exterior Neumann-type BVP for the domain Q™ :
AO)U(z) =0, z€Q, (3.1)
{T(O,n)U(x)} =F(z), z€8. (3.2)
We assume that S € 1% and F € CO% (S) with 0 < &’ < k < 1. We inves-
tigate this problem in the space of regular vector functions [Cl"‘/(Q*)]6 N
[C2(Q27)]°NZ(Q7). In [20] it is shown that the homogeneous version of the
exterior Neumann-type problem possesses only the trivial solution.

To prove the existence result, we look for a solution of the problem (3.1)—
(3.2) as the single layer potential

U(z) = V(h)(x) = / Iz — y)h(y) dS,, (3.3)

where I is defined by (2.17) and b = (hy,...,he)T € [C%%(S)]6 is unknown
density. By Theorem 2.5 and in view of the boundary condition (3.2), we
get the following integral equation for the density vector h

27 +KJh=F on S, (3.4)



Einvestigation of Interior and Exterior Neumann-Type 111

where I is a singular integral operator defined by (2.24). Note that the
operator 271 I + K has the following mapping properties

27 g + K 1 [COF(9)]5 — [CO(9))°,
[L2(9)]® — [La(S))°. (3.6)

These operators are compact perturbations of their counterpart operators
associated with the pseudo-oscillation equations which are studied in [23].
Applying the results obtained in [23] one can show that 27115 + K is a
singular integral operator of normal type (i.e., its principal homogeneous
symbol matrix is non-degenerate) and its index equals to zero.

Let us show that the operators (3.5) and (3.6) have trivial null spaces. To
this end, it suffices to prove that the corresponding homogeneous integral
equation

275+ K]h =0 on S, (3.7)

has only the trivial solution in the appropriate space. Let h(®) € [Lo(S9)]°
be a solution to equation (3.7). By the embedding theorems (see, e.g., [15],
Ch.4), we actually have that h(®) € [C%"'(S)]5. Now we construct the
single layer potential Up(z) = V(h(®)(z). Evidently, Uy € [CY (F)]6 N
[C2(QF)]5 N Z(Q7) and the equation A(9)Uy = 0 in QF is automatically
satisfied. Since h(?) solves equation (3.7), we have {7(9,n)Up}~ = 27 Is+
K]h(® =0 on S. Therefore Uy is a solution to the homogeneous exterior
Neumann problem satisfying the property Z(27). Consequently, due to the
uniqueness theorem [20], Uy = 0 in Q7. Applying the continuity property of
the single layer potential we find: 0 = {Up}~ = {Up}™ on S, yielding that
the vector Uy = V(h(?)) represents a solution to the homogeneous interior
Dirichlet problem. Now by the uniqueness theorem for the Dirichlet problem
[20], we deduce that Uy = 0 in Q. Thus Uy = 0 in QF. By virtue of the
jump formula

(TO,n)Uo} " = {T@,n)Us} = —h® =0 on &,

whence it follows that the null space of the operator 2715 + K is trivial
and the operators (3.5) and (3.6) are invertible. As a ready consequence,
we finally conclude that the non-homogeneous integral equation (3.4) is
solvable for arbitrary right hand side vector F € [C%*(S)]®, which implies
the following existence result.

Theorem 3.1. Let m > 0 be a nonnegative integer and 0 < ' <
< 1. Further, let S € C™tL% and F e [C™*(S)]5. Then the exterior
Neumann-type BVP (3.1)—(3.2) is uniquely solvable in the space of regular
vector functions, [C™F1% (Q=)]8 N [C2(Q27)]® N Z(227), and the solution is
representable by the single layer potential U(x) = V' (h)(x) with the density
h = (hi,...,hg)T € [C™"(S)] being a unique solution of the integral
equation (3.4).
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Remark 3.2. Let S be Lipschitz and F € [Hfl/Z(S)}G. Then by the
same approach as in the reference [17], the following propositions can be
established:

(i) the integral equation (3.4) is uniquely solvable in the space
[H~12(8))°;

(ii) the exterior Neumann-type BVP (3.1)—(3.2) is uniquely solvable in
the space [Hj,,.(27)]° N Z(2~) and the solution is representable
by the single layer potential (3.3), where the density vector h €
[H~1/2(8)]® solves the integral equation (3.4).

4. INVESTIGATION OF THE INTERIOR NEUMANN BVP

Before we go over to the interior Neumann problem we prove some pre-
liminary assertions needed in our analysis.

4.1. Some auxiliary results. Let us consider the adjoint operator A*(9)
to the operator A(0)

A*(9) =
[ckjr0i0)3xs  [—€ki0i03x1  [—qiki0i0]3x1  [Olsx1
_ le1rj0;01]1x3 10,0, a;j10;0, 0 @
[9irj0;01]1x3 a;10;0, w1050, 0
[ArjOjlixs ;0; m;0; 0119501 ] 4. 6

The corresponding matrix of fundamental solutions I'*(z —y) = [['(y — )] "
has the following property at infinity

Ol Dsxs 05
OWls O]

as |z| — co. With the help of the fundamental matrix I'*(z —y) we construct
the single and double layer potentials, and the Newtonian volume potentials

Ma—y) =T"(y—z):=

V*(h*)(x) = /r*(g; —y)h*(y)dS,, =€ R*\S, (4.2)
S
W (h")(z) = / (7@, n@)[*(x — )] h*(y) dS,, = €R3\S, (4.3)
S
Niw(9)@) = [ T~ 0)g" (0) dy, @ < R,
O+

where the density vector h* = (h},...,h)" is defined on S, while g* =
(g5, 98) " is defined in QF. We assume that in the case of the domain Q~
the vector ¢g* has a compact support.
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It can be shown that the layer potentials V* and W* possess exactly the
same mapping properties and jump relations as the potentials V and W
(see Theorems 2.5-2.8). In particular,

{VA(h)} T ={V"(h")}~ =H"h",
(W* ()} = £27 " + KR, (4.4)
{(PV*(h)}" =527 0" + N1, (4.5)

where H* is a weakly singular integral operator, while * and N* are sin-
gular integral operators,

R (@) = [ (= () dS,,

K*h* (x) -

[T, @)@ =))W W) dS,,  (4)

‘:I)\CIJ\OI

N0 (@) i= [ [P (O, n(2))I™ (& — y)]h" (y) dS,-

Now we introduce a special class of vector functions which is a counterpart
of the class Z(Q27).

Definition 4.1. We say that a continuous vector function U* =
(u*,¢*,9*,9*) " has the property Z*(2~) in the domain Q~, if the fol-
lowing conditions are satisfied

U* () = (u(2), 9" (2),9"(2)) = O(|a| ™) as |a| — oo,
9 (x) = O(1) as |z| — oo,

where ¥ is a sphere centered at the origin and radius R.
As in the case of usual layer potentials here we have the following

Theorem 4.2. The generalized single and double layer potentials, de-
fined by (4.2) and (4.3), solve the homogeneous differential equation
A*(0)U* =0 in R?\ S and possess the property Z*(Q27).

For an arbitrary regular solution to the equation A*(9)U*(z) =0 in QF
one can derive the following integral representation formula

U*(z) for x € QF,

_ (4.7)
0 for x € Q.

WU ) (@) =V ({PU"}T) (2) = {



114 M. Mrevlishvili and D. Natroshwvili

Similar representation formula holds also for an arbitrary regular solution to
the equation A*(9)U*(z) = 0 in Q= which possesses the property Z*(£27):
U*(z), z€Q,

0, z€Qt. (48)

W) @) 4V (PUS) (@) = {

To derive this representation we denote Q7 := B(0, R)\QT, where B(0, R)
is a ball centered at the origin and radius R. Then in view of (4.7) we have

U*(x) = =W5({U"}5)(2) + V5 ({PU*}5) (2) + PR(x), =€ Qp,  (4.9)
0=-Wg ({U*}g)(:z:) + Vg ({PU*}E)(&’) + ®5(x), z€QF, (4.10)

where
Pp(z) =Wy, (U)(x) — Vs, (PU) (2). (4.11)

Here V3, and W}, denote the single and double layer potential operators
with integration surface M. Evidently

A*(0)PR(x) =0, |z| <R. (4.12)
In turn, from (4.9) and (4.10) we get
Ph(z) =U*(2) + Ws({U*}g)(z) — Vs ({PU*}5)(2), = € Qp,
P (r) = Wi({U"}5) (@) = Vs ({PU}5) (2), @ €,

whence the equality ®% (v) = @3 (z) follows for [z| < R; < Rs. We
assume that R; and R, are sufficiently large numbers. Therefore, for an
arbitrary fixed point z € R3 the following limit exists

@' () 1= lim i) =
_ {U*m W) (@) = VE((PU ) @), we @
Wi({U*}5)(z) = VE({PU*}5) (o), reQr,
and A*(9)®*(z) =0 for all x € QT UQ~. On the other hand, for arbitrary

fixed point # € R? and a number Ry, such that |z| < Ry and QF C B(0, Ry),
from (4.13) we have

(4.13)

@' (2) = Jim Bi(r) = P, (2).
Now from (4.11)—(4.12) we deduce
A*(0)®*(z) =0 Va € R3. (4.15)
Since U*, W*, V* € Z*(Q27) we conclude from (4.14) that ®*(z) € Z*(R?).

In particular, we have

lim

YR

Our goal is to show that
d*(z) =0 Vo e R
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Applying the generalized Fourier transform to equation (4.15) we get
A*(—i€)D*(€) = 0, ¢ e R?,

where ®*(¢) is the Fourier transform of ®*. Taking into account that
det A*(—i€) # 0 for all £ € R3\ {0}, we conclude that the support of
the generalized functional ®*(&) is the origin and consequently

(&) = D cad(9),
laj<M

where « is a multi-index, ¢, are arbitrary constant vectors and M is some
nonnegative integer. Then it follows that ®*(x) is polynomial in 2 and due
to the inclusion ®* € Z*(Q~), ®*(z) is bounded at infinity, i.e., ®*(z) =
const in R3. Therefore (4.16) implies that ®*(x) vanishes identically in R3.
This proves that the formula (4.8) holds.

Theorem 4.3. Let S € C%* and h € [C’l’”’l (S)]6 with 0 < k' < Kk < 1.
Then for the double layer potential W* defined by (4.3) there holds the
following formula (generalized Lyapunov—Tauber relation)

{(PW*(h)}" = {PW*(h)}™ on S, (4.17)
where the operator P is given by (2.18).
For h € [H}(S)]° the relation (4.17) also holds in the space [H, ?(S)]°.

Proof. Since h € [CM¥(S)]°, evidently U* := W*(h) € [C (QF)]S.
It is clear that the vector U* is a solution of the homogeneous equation
A*(O)U*(z) =0 in QT UQ~, where the operator A*(9) is defined by (4.1).
With the help of (4.7) and (4.8), for the vector function U* we derive the
following representation formula

U*(z) = W*([U*]s)(z) — V*([PU"]s)(z), z€QTUQ, (4.18)
where
[U*]s = {U*}" —{U*}™ and [PU*]s = {PU*}* —{PU*}~ on S.
In view of the equality U* = W*(h), from (4.18) we get
W*(h)(z) = W (W™ (W)]s) (@) — V* (PW*(B)]s)(x), =€+ ua.
Using the jump relation (4.4), we find
[U*]s = W (h)]s = {W*(h)}" —{W"(h)}~ =h.
Therefore
W*(h)(x) = W*(h)(z) = V*([PW*(h)]s)(z), =€ QT UQ,
Le., V¥(@*)(z) =0in QT UQ~, where ®* := [PW*(h)]s. With the help of
the jump relation (4.5) finally we arrive at the equation
0={PV* (@)} —{PV*(®")}" =
=" = [PW*(h)]s = {PW*(h)}* — {PW*(h)}~
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on S, which completes the proof for the regular case.
The second part of the theorem can be proved by standard limiting pro-
cedure. 0

Let us consider the interior and exterior homogeneous Dirichlet BVPs
for the adjoint operator A*(9)

A*(Q)U* =0 in QF, (4.19)

{U}* =0 on S. (4.20)

In the case of the interior problem, we assume that either U* is a regular

vector of the class [C1% (Q1)]¢ or U* € [W3(Q1)]%, while in the case of

the exterior problem, we assume that either U* € [C1% (Q=)]5NZ*(Q7) or
U* e [I/I/Ql,loc(gz_)]6 N Z*(Q_)

Theorem 4.4. The interior and exterior homogeneous Dirichlet type
BVPs (4.19)—(4.20) have only the trivial solution in the appropriate spaces.

Proof. First we treat the exterior Dirichlet problem. In view of the structure

of the operator A*(9), it is easy to see that we can consider separately the

BVP for the vector function U* = (u*,*,9*) T, constructed by the first
five components of the solution vector U*,

A(0)U* () =0, z€Q, (4.21)

{U*(z)}" =0, z€8, (4.22)

where A*(9) is the 5 x 5 matrix differential operator, obtained from A*(9)
by deleting the sixth column and the sixth row,

[cjri0i01)3x3  [—€jr0;0]3x1  [—qjx10;0)3x1
A*(a) = | [e1r;0;0]1x3 #410;0) a;10;0, . (4.23)
(91505 O1)1x3 a;10;0, 10,0, o

With the help of Green’s identity in Q = B(0, R)\QT, we have

/ [0 A+ @)0 + E(0*.0)) dx =

Qg
_ —/{ﬁ*}—.{ﬁ(a,n)ﬁ*}— ds+/z7*.13(a,n)z7* iSp (424)
S 2R
where
[Crjkin;Otlsxs  [—ewrn;Olsx1  [—qriniOi)sx1
ﬁ((“),n) = | [ejun;O)ixs 2jm;0, a; im0 , (4.25)
[@jk1101])1x3 a;im;0; im0 .

and
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g(f]*, [7*) = crjklﬁlu,’gﬁju’; + %jlalgo*aj<p*+
+ aji (O™ 059" + 00" O™ ) + 0™ 05", (4.26)

Due to the fact that U* has the property Z*(Q27), it follows that U* =
O(Jz|7') and 0;U* = O(|z|72) as |z| — oo, j = 1,2,3. Therefore,

’/ﬁ*~15(87n)ﬁ*d213 <
3R

< %dzR:%z;wR?:%—maSR—mo. (4.27)
2R

Taking into account that g(f]*,ﬁ*) > 0, applying the relations (4.21),
(4.22), and (4.27), from (4.24) we conclude that (U*,U*) = 0. Hence
in view of (2.10)-(2.11) it follows that U* = (a x x4 b, by, b5), where a and b
are arbitrary constant vectors, and by and bs are arbitrary scalar constants.
Here the symbol x denotes the cross product operation. Due to the bound-
ary condition (4.22) we get then a = b =0 and by = b5 = 0, from which we
derive that U* = 0. Since U* vanishes in Q, from (4.19)—(4.20) we arrive
at the following boundary-value problem for 9%,

nkjﬁkajﬂ* =0 in Q7,

{9*}7 =0 on S. (4.28)

From boundedness of ¥* at infinity and from (4.28) one can derive that
9*(z) = C + O(Jz|~1), where C is an arbitrary constant. In view of U* €
Z*(9Q7) we have C' = 0 and 9*(z) = O(|z|™!), 9;9*(z) = O(|z|7?), j =
1,2,3. Therefore we can apply Green’s formula

/ [19* Niej O 00" + M O™ 0j19*} dr =

Qr

= —/{ﬁ*}‘{nkjnkﬁjﬂ*}_dSJr /19* M0 dSR.
S Sk

Passing to the limit as R — oo, we get

/ nkjﬁkﬂ*ﬁjﬁ* dxr = 0.

o
Using the fact that the matrix [n;]3x3 is positive definite, we conclude that
¥* = C1 = const and since 9*(z) = O(|z|™1) as |z| — oo, finally we get
that * = 0 in Q. Thus U* = 0 in Q= which completes the proof for the

exterior problem.
The interior problem can be treated quite similarly. O
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4.2. Investigation of the interior Neumann BVP. First let us treat
the uniqueness question. To this end we consider the homogeneous interior
Neumann-type BVP

A@)U(z) =0, z€Qt, (4.29)
{TO,U@) =0, ze5=080%. (4.30)

It can be shown that a general solution to the problem (4.29)-(4.30) can be
represented in the form (for details see [20])

9
U=> CU® in QF, (4.31)
k=1

where Cj; are arbitrary scalar constants and {U (k)}izl is the basis in the
space of solution vectors of the homogeneous problem (4.29)—(4.30). They
can be constructed explicitly and read as

R = (T®.0)", k=T35, U®=(V®1)", (4.32)
where U®) — (u(k)7<p(k)7w(k)’ﬁ(k))—r’ V) — (u(k)7¢(k)7¢(/€))'|"
VO = (0, —23,22,0,0), V® = (23,0, —21,0,0)7,
VO = (—22,21,0,0,0)T, VW =(1,0,0,0,0)7,
V) =(0,1,0,0,00T, V© =(0,0,1,0,0)7,
V(™ =(0,0,0,1,0)7, V® =(0,0,0,0,1)7,
and V) is defined as
VO = @, 0O pONT 0y = b, k=1,2,3,
o = cpr,, O =dya,,

with the twelve coefficients byy = bgi, ¢ and dg, k,q = 1,2, 3, defined by
the uniquely solvable linear algebraic system of equations

Crjktbrl + errjcr + quridi = Ay, 1,5 =1,2,3,
—ejpibr + e +ajd; =pj, j=1,2,3,
—qjkibr + ajicr + pjdp = my, j=1,2,3.
From (4.31) it follows that U can be alternatively written as
U=(V,00" +bs(V®,1)"

with V = (a Xz +b,by,b5) T, where a = (a1,a2,a3)" and b = (by, by, b3)"
are arbitrary constant vectors and by, bs, bg are arbitrary scalar constants.

Now, we start the investigation of the non-homogeneous interior Neu-
mann-type BVP

AOVWU(x) =0, z€QF, (4.33)
{7, n)U(x)}+ =F(z), €S8, (4.34)



Einvestigation of Interior and Exterior Neumann-Type 119

where U € [C% (QF)]5N[C2(Q1)]6 is a sought for vector and F e [CO(S)]6
is a given vector-function. It is clear that if the problem (4.33)-(4.34) is
solvable, then a solution is defined within a summand vector of type (4.31).

We look for a solution to the problem (4.33)-(4.34) in the form of the
single layer potential,

Ulz) = V(h)(z), ze€Qt, (4.35)

where h = (hi,...,hg)T € [C%%(S)]® is an unknown density. From the
boundary condition (4.34) and by virtue of the jump relation (2.21) (see
Theorem 2.5) we get the following integral equation for the density vector h

[-27' g+ KJh=F on S, (4.36)

where K is a singular integral operator defined by (2.24). Note that —2~I5+
K is a singular integral operator of normal type with index zero (cf. [23]).
Now we investigate the null space Ker(—27115+K). To this end, we consider
the homogeneous equation

[~27' I+ K]h=0 on S (4.37)

and assume that a vector 2(%) is a solution to (4.37), i.e., h(®) € Ker(—2" I+
). Since h(®) e [CO+'(S)]6, it is evident that the corresponding single layer
potential Up(z) = V(h(?))(x) belongs to the space of regular vector func-
tions and solves the homogeneous equation A(9)Uy(z) = 0in QF. Moreover,
{T(0,n)Up(x)}T = —27'h0) + Kr(® = 0 on S due to (4.37), i.e., Up(x)
solves the homogeneous interior Neumann problem. Therefore, in accor-

9
dance to the above results, we can write Up(z) = Y. CRLU® (z) in QF,
k=1

where Cj, k = 1,9, are some constants, and the vectors U *) (x) are defined
by (4.32). Hence we have

V(hO)(z chw ), zeQt.
If we take into account the jump relation (2.20), we derive that
9
V() (@)} = HAO) (@) = U (@), ve s (4.38)

The operators

M [H2(9))° — [H?(9)]°,

OO () — [V (9))°
are invertible ([19], [23]). Therefore from (4.38) we obtain

9
R = Z Ceh®(2), z €8,
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with
hR) =Y UW), k=T,9. (4.39)

Further we show that the system of vectors {h(k)}z:1 is linearly indepen-
dent. Let us assume the opposite. Then there exist constants c;, k = 1,9,

9
such that > |cx| # 0 and the following equation
k=1

9
chh(k) =0 on S

k=1

9
holds, i.e., 3" cxH 1 (U®)) =0 on S. Hence we get
k=1

H1<ickU(k)) =0 on S,

k=1
and, consequently,

9
Y aUM(@)=0, z€s. (4.40)
k=1
Now consider the vector

9
U*(z) = chU(k)(x), recQt.
k=1

Since the vectors U*) are solutions of the homogeneous equation (4.33), in
view of (4.40) we have

AQ)U*(z) =0, x€QT,

9 +
ey = {Lar®w} -0 ces
k=1

That is, U* is a solution of the homogeneous interior Dirichlet problem and
in accordance with the uniqueness theorem for the interior Dirichlet BVP
we conclude U*(x) =0 in Q7 i.e.,

9
chU(k)(sc) =0, z€Q.
k=1

This contradicts to linear independence of the system {U(*)}9_ . Thus, the
system of the vectors {h(*)}?_, is linearly independent which implies that
dim Ker(—271I + K) > 9.
Next we show that

dim Ker(—27"I + K) < 9.
Let the equation (=2~ "I+ )h = 0 have a solution A9 which is not repre-
sentable in the form of a linear combination of the system {h(*)}?_,. Then
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the system {h 1 is linearly independent. It is easy to show that the
system of the correspondmg single layer potentials V*)(z) := V(h(®)(x),
k = 1,10, x € Q7, is linearly independent as well. Indeed, let us assume
the opposite. Then there are constants ag, such that

10
x) = ZakV(k)(x) =0, z€Qt, (4.41)

with Z lag| # 0. From (4.41) we then derive that {U(z)}T =0, z € S.
Therefore

(U} = Zak{V Zak’H hk)) (Zakh )zO on S.

Whence, due to the 1nvert1b1hty of the operator H, we get

10
Zakh(k) =0 on S.
k=1
which contradicts to the linear independence of the system {h(®)}10 .
Thus the system {V(h(*))(2)}12, is linearly independent.
On the other hand, we have

A@)WVHE (z) =0, zeQ,
TV = (w27 s + O™ =0, z €8,

since h*)| k = T,10, are solutions to the homogeneous equation (4.37).
Therefore, the vectors V*) k = T,10, are solutions to the homogeneous
interior Neumann-type BVP and they can be expressed by linear combi-
nations of the vectors UV, j = 1,9, defined in (4.32). Whence it fol-
lows that the system {V(k)}}coz1 is linearly dependent and so is the system
{R)}10 | for an arbitrary solution h(!?) of the equation (4.37). Conse-
quently, dim Ker(—27175+ K) < 9 implying that dim Ker(—271I5+K) = 9.
We can consider the system () ... h(") defined in (4.39) as basis vectors
of the null space of the operator —271I 4+ K. If hg is a particular solution
to the nonhomogeneous integral equation (4.36), then a general solution of
the same equation is represented as

9
h=hg+ chh(k),

k=1
where ¢ are arbitrary constants.
For our further analysis we need also to study the homogeneous interior
Neumann-type BVP for the adjoint operator A*(9), which reads as follows
A*(Q)U* =0 in QF, (4.42)
{PU*}* =0 on S =0Q7; (4.43)
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here the adjoint operator A*(9) and the boundary operator P are defined
by (4.1) and (2.18) respectively.

Note that in the case of the problem (4.42)—(4.43) we get also two sepa-
rated problems:

a) For the vector function U* = (u*, o*, )T,
A*(O)U* =0 in QF, (4.44)
{(PU}" =0 on S, (4.45)
where A* and P are defined by (4.23) and (4.25) respectively, and
b) For the function Ug = ¥*
ATjﬁju: +pj8jg0* + mjﬁjl//* + njlajal’ﬂ* =0 in Q+, (4.46)
nun; 0 =0 on S. (4.47)

For a regular solution vector U* of the problem (4.44)—(4.45) we can write
the following Green’s identity

/[ﬁ*.ﬁ*(a)ﬁwé(ﬁ*,ﬁ*)] dz = /{ﬁ*}+.{75(a,n)ﬁ*}+ds, (4.48)
Q+ ont

where € is given by (4.26). If we take into account the conditions (4.44)-
(4.45), from (4.48) we get

/aﬁ*mczx:o.
o+

Hence we have that 0;0* =0, 0;v* =0, j = 1,2,3, and Jyuj, + 9;u; =0
in QF. Therefore, u*(x) = a X x + b is a rigid displacement vector, p* = by
and ¢* = by are arbitrary constants in Q. It is evident that

Mgyt = 5 Ay O+ Byi5) = 0
and p;0;¢0* = m;0;4* = 0. Then from (4.46)—(4.47) we get the following
BVP for the scalar function ¥*,

n;10;00* =0 in QF,

nun; 0" =0 on S.

Using the following Green’s identity

/szajalﬁ* V" da = —/77313519* 0;9* dx + /{lenjalﬁ*}+{3jﬂ*}+ ds,
Qr Q+ oQ+
we find
/ njl8ﬂ9* 8j19* dr = 0,
O+
and by the positive definiteness of the matrix [n;]3x3 we get 0;0* = 0,
j = 1,3, in QF, ie., 9 = bg = const in QT. Consequently, a general
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solution U* = (u*, p*,¢*,9*)" of the adjoint homogeneous BVP (4.42)—
(4.43) can be represented as

9
U*(x) = ZCkU*(k)(m), reqQt,
k=1

where C}, are arbitrary scalar constants, while
U*® = (0, —x3,22,0,0,0) ", U*? = (3,0, -x1,0,0,0)",
U*®) = (—29,21,0,0,0,0)", U*® =(1,0,0,0,0,0)7,
U*®) =(0,1,0,0,0,0)", U*©® =(0,0,1,0,0,0)", (4.49)
U*(™M =(0,0,0,1,0,0)", U*® =(0,0,0,0,1,0)",
U*® =(0,0,0,0,0,1)".
As we see, U*#) = U*) | = 1,8, where U k = 1,8, is given in (4.32).

One can easily check that the system {U *(k)}2:1 is linearly independent.
As a result we get the following

Proposition 4.5. The space of solutions of the adjoint homogeneous BVP
(4.42)—(4.43) is nine dimensional and an arbitrary solution can be repre-

sented as a linear combination of the vectors {U*(k)}i:p i.e., the system

{U*(M}9_ is a basis in the space of solutions to the homogeneous BVP
(4.42)~(4.43).

Now, we return to equation (4.36) and consider the corresponding homo-
geneous adjoint equation

(=27 + K*)h* =0 on S,
where K* is the adjoint operator to IC defined by the duality relation,
(Khy h) Loy = (h, K*h*) y(s), Vhy B € [La(5)]°.

It is easy to show that the operator I* is the same as the operator given
by (4.6). In what follows we prove that dim Ker (— 3 Is +K*) =9

Indeed, in accordance with Proposition 4.5 we have that A*(9)U**) =0
in QF and {PU**)}+ =0 on S. Therefore from (4.7) we have

U™ (z) = W ({U®} ) (2), = €. (4.50)
By the jump relations (4.4) we get
R = 9=t p*k) 4 o pk) on S,
where
R = (N k=19, (4.51)
Whence it follows that
(—27" I+ K )n*®) =0, k=T,9.
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By Theorem 4.4 and the relations (4.50) and (4.51) we conclude that the
system {h*(k)}zzl is linearly independent, and therefore

dimKer (— 27" I +K*) > 9

Now, let h*(® € Ker (— 271 I + K*), ie., (—27' I + K*)h*(® = 0. The
corresponding double layer potential Ug (z) := W*(h*(®))(x) is a solution to
the homogeneous equation A*(9)Us = 0 in QF. Moreover, {W*(h*(0)}~ =
—27 10 4 K*h*®) = 0 on S. Consequently, Uj is a solution of the
homogeneous exterior Dirichlet BVP possessing the property Z*(27). With
the help of the uniqueness Theorem 4.4 we conclude that W*(h*(o)) =0 in

Q. Further, {PVI/'*(h*(U))}Jr = {PW*(h*(®)}~ = 0 due to Theorem 4.3,
and for the vector function Uj we arrive at the following BVP,

A*(O)UF =0 in QF,

{’PUS‘}Jr =0 on S.

Using Proposition 4.5 we can write
Ug () = W™ (h*©)( chU* ), weQ,

where ¢, are some constants. The jump relation for the double layer poten-
tial then gives

{W (@) (@)} = (W (R O)(@)}
9

9
=0 O2) =3 {U (@)} =3 b ®(2), zes,
k=1

k=1

which implies that the system {h*(k) }2:1 represents a basis of the null space
Ker ( — 271 I+ IC*). Whence it follows that dim Ker ( — 27 [+ /C*) =9.

Now we can formulate the following basic existence theorem for the in-
tegral equation (4.36) and the interior Neumann-type BVP.

Theorem 4.6. Let m > 0 be a nonnegative integer and 0 < k' < k < 1.
Further, let S € C™*1% and F e [C™* (S)]6. The necessary and sufficient
conditions for the integral equation (4.36) and the interior Neumann-type
BVP (4.33)—(4.34) to be solvable read as

/F(x) E () dS =0, k=T,9, (4.52)
S
where the system {h*(*)}?_ is defined explicitly by (4.51) and (4.49).
If these conditions are satisfied, then a solution vector to the interior
Neumann-type BVP is representable by the single layer potential (4.35),

where the density vector h € [C™" (S)]% is defined by the integral equa-
tion (4.36).
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A solution vector function U € [C™ 1% (QF)]6 is defined modulo a linear

combination of the vector functions {U®)})_, given by (4.32).

Remark 4.7. Similar to the exterior problem, if S is a Lipschitz surface,

F e [H-/2(9)]°, and the conditions (4.52) is fulfilled, then

(i) the integral equation (4.36) is solvable in the space [H~1/2 (S)]6;
(ii) the interior Neumann-type BVP (4.33)-(4.34) is solvable in the
space [HQI(Q"’)] % and solutions are representable by the single layer

potential (4.35), where the density vector h € [H’l/z(S)]6 solves
the integral equation (4.36);

(iii) A solution U € [H%(Q*)]6 to the interior Neumann-type BVP
(4.33)-(4.34) is defined modulo a linear combination of the vector

functions {U(’“)}Z:1 given by (4.32).
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