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Zaza Sokhadze

ON THE CAUCHY–NICOLETTI WEIGHTED PROBLEM
FOR HIGHER ORDER NONLINEAR FUNCTIONAL

DIFFERENTIAL EQUATIONS

Abstract. The unimprovable in a certain sense conditions are estab-
lished which, respectively, ensure the solvability and well-posedness of the
weighted Cauchy–Nicoletti problem for higher order nonlinear singular dif-
ferential equations.

îâäæñéâ. áŽáàâêæèæŽ àŽîçãâñèæ Žäîæå ŽîŽàŽñéþëĲâïâĲŽáæ ìæ-
îëĲâĲæ, îëéèâĲæù, ïŽåŽêŽáëá, ñäîñêãâèõëòâê çëöæ{êæçëèâðæï
ûëêæŽêæ ŽéëùŽêæï ŽéëýïêŽáëĲŽïŽ áŽ çëîâóðñèëĲŽï éŽôŽèæ îæàæï
ŽîŽûîòæãæ ïæêàñèŽîñèæ òñêóùæëêŽèñî-áæòâîâêùæŽèñîæ àŽêðëèâ-
ĲâĲæïŽåãæï.
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Let −∞ < a < b < +∞, n ≥ 2 be a natural number and f be an operator
defined on some set D(f) ⊂ Cn−1([a, b]) and mapping D(f) onto L([a, b]).
We consider the functional differential equation

u(n)(t) = f(u)(t) (1)

with the Cauchy–Nicoletti weighted conditions

lim sup
t→ti

( |u(i−1)(t)|
ρi(t)

)
< +∞ (i = 1, . . . , n). (2)

Here ti ∈ [a, b] (i = 1, . . . , n) and ρi : [a, b] → [0;+∞[ (i = 1, . . . , n) are
continuous functions such that

ρn(tn) = 0, ρn(t) > 0 for t 6= tn, ρi(ti) = 0,

∣∣∣∣
t∫

ti

ρi+1(s) ds

∣∣∣∣ ≤ ρi(t) for a ≤ t ≤ b (i = 1, . . . , n− 1).

By Cn−1
ρ1,...,ρn

([a, b]) we denote a set of functions u ∈ Cn−1([a, b]) such that

µ(u) = max
{
µ1(u), . . . , µn(u)

}
< +∞,
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where

µi(u) = sup
{ |u(i−1)(t)|

ρi(t)
: a ≤ t ≤ b, t 6= ti

}
.

For an arbitrary x > 0, assume

Cn−1
ρ1,...,ρn;x([a, b]) =

{
u ∈ Cρ1,...,ρn([a, b]) : µ(u) ≤ x

}
,

f∗(ρ1, . . . , ρn; x)(t) = sup
{
|f(u)(t)| : u ∈ Cn−1

ρ1,...,ρn;x([a, b])
}

.

We investigate the problem (1), (2) in the case, where

Cn−1
ρ1,...,ρn

([a, b]) ⊂ D(f) (3)

and for any x > 0 the conditions

f : Cn−1
ρ1,...,ρn;x([a, b]) −→ L([a, b]) is continuous (4)

and
b∫

a

f∗(ρ1, . . . , ρn; x)(t) dt < +∞

are fulfilled.
Of special interest is the case, where

D(f) 6= Cn−1([a, b]).

In this sense the equation (1) is singular one.
In the case, where f is the Nemytski’s operator, i.e., when

f(u)(t) ≡ f0

(
t, u(t), . . . , u(n−1)(t)

)
,

where f : (]a, b[ \{t1, . . . , tn})× Rn → R is the function satisfying the local
Carathéodory conditions, the problems of the type (1), (2) are investigated
thoroughly (see [1]–[6] and references therein). The problem (1), (2) is also
investigated in the case, where

f(u)(t) ≡ f0

(
t, u(τ1(t)), . . . , u(n−1)(τn(t))

)
;

t1 = · · · = tn and ρi+1(t) = ρ′i(t) (i = 1, . . . , n)

(see [7]–[9]).
However, the problem mentioned above remains still little studied in a

general case. Just this case we consider in the present paper.
The function u ∈ D(f) with an absolutely continuous (n−1)th derivative

is said to be a solution of the equation (1) if it almost everywhere on ]a, b[
satisfies this equation.

A solution of the equation (1) satisfying the boundary conditions (2) is
called a solution of the problem (1), (2).
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Theorem 1. Let the conditions (3) and (4) be fulfilled, and there exist
constants α ∈ ]0, 1[ and x0 > 0 such that

∣∣∣∣
t∫

tn

f∗(ρ1, . . . , ρn; x)(s) ds

∣∣∣∣ ≤ αρn(x) for a ≤ t ≤ b, x ≥ x0. (5)

Then the problem (1), (2) has at least one solution.

Corollary 1. Let there exist integrable functions p and q : [a, b] →
[0;+∞[ such that

sup
{∣∣∣

t∫

tn

p(s) ds
∣∣∣/ρn(t) : a ≤ t ≤ b, t 6= tn

}
< 1, (6)

sup
{∣∣∣

t∫

tn

q(s) ds
∣∣∣/ρn(t) : a ≤ t ≤ b, t 6= tn

}
< +∞ (7)

and for any u ∈ Cn−1
ρ1,...,ρn

([a, b]) almost everywhere on ]a, b[ the condition
∣∣f(u)(t)

∣∣ ≤ ρ(t)µ(u) + q(t)

is fulfilled. Then the problem (1), (2) has at least one solution.

Along with the problem (1), (2) we consider the perturbed problem

v(n)(t) = f(v)(t) + h(t), (8)

lim sup
t→ti

( |v(i−1)(t)|
ρi(t)

)
< +∞ (i = 1, . . . , n), (9)

where h : ]a, b[→ R is the integrable function such that

µ0(h) = sup
{∣∣∣

t∫

tn

h(s) ds
∣∣∣/ρn(t) : a ≤ t ≤ b, t 6= tn

}
< +∞. (10)

Definition 1. The problem (1), (2) is said to be well-posed if for any
integrable function h : ]a, b[→ R satisfying the condition (10), the problem
(8), (9) is uniquely solvable, and there exists an independent of h positive
constant r such that

µ(u− v) ≤ rµ0(h),
where u and v are, respectively, the solutions of the problems (1), (2) and
(8), (9).

Theorem 2. Let there exist an integrable function p : [a, b] → [0, +∞[
satisfying the inequality (6) such that for any u and v ∈ Cn−1

ρ1,...,ρn
([a, b])

almost everywhere on ]a, b[ the condition∣∣f(u)(t)− f(v)(t)
∣∣ ≤ p(t)µ(u− v)

is fulfilled. If, moreover, the inequality (7), where q(t) ≡ |f(0)(t)|, is ful-
filled, then the problem (1), (2) is well-posed.
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Note that the condition (5) in Theorem 1, where α ∈ ]0, 1[ , is unimprov-
able and it cannot be replaced by the condition

∣∣∣∣
t∫

tn

f∗(ρ1, . . . , ρn; x)(s) ds

∣∣∣∣ ≤ ρn(t)x for a ≤ t ≤ b, x ≥ x0.

Similarly, in Corollary 1 and in Theorem 2, the strict inequality (6) can-
not be replaced by the nonstrict inequality

sup
{∣∣∣

t∫

tn

p(s) ds
∣∣∣/ρn(t) : a ≤ t ≤ b, t 6= tn

}
≤ 1.

Acknowledgement

This work is supported by the Shota Rustaveli National Science Founda-
tion (Project # GNSF/ST09 175 3-101).

References

1. R. P. Agarwal and I. Kiguradze, Two-point boundary value problems for higher-
order linear differential equations with strong singularities. Bound. Value Probl.
2006, Art. ID 83910, 32 pp.

2. I. T. Kiguradze, On a singular problem of Cauchy–Nicoletti. Ann. Mat. Pura Appl.
(4) 104 (1975), 151–175.

3. I. T. Kiguradze, On the modified problem of Cauchy–Nicoletti. Ann. Mat. Pura
Appl. (4) 104 (1975), 177–186.

4. I. T. Kiguradze, Some singular boundary value problems for ordinary differential
equations. (Russian) Tbilisi University Press, Tbilisi, 1975.

5. T. I. Kiguradze, Estimates for the Cauchy function of linear singular differential
equations and some of their applications. (Russian) Differ. Uravn. 46 (2010), No. 1,
29–46; English transl.: Differ. Equ. 46 (2010), No. 1, 30–47

6. T. I. Kiguradze, On conditions for the well-posedness of linear singular boundary
value problems. (Russian) Differ. Uravn. 46 (2010), No. 2, 183–190; English transl.:
Differ. Equ. 46 (2010), No. 2, 187–194.

7. Z. Sokhadze, On the solvability of the weighted initial value problem for high or-
der evolution singular functional differential equations. Mem. Differential Equations
Math. Phys. 15 (1998), 145–149.

8. Z. Sokhadze, The weighted Cauchy problem for linear functional differential equa-
tions with strong singularities, Georgian Math. J. 18 (2011), No. 3, 577–586.
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