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ON A TWO-POINT BOUNDARY VALUE PROBLEM FOR SECOND
ORDER FUNCTIONAL DIFFERENTIAL EQUATIONS

(Reported on November 13 and 20, 1995)

Let R be the set of real numbers, Ri™ = [0, +oo[, Rt =]0,+c0[, a,b € Rt, p > 1.
Ly([a, b]) is the space of functions f :]a,b[ — R such that |f(z)|P is integrable on [a, b],
b
1fllz, = [ 1f(s)[Pds.
Cp([a,b]) is the space of functions u : [a,b] — R such that ' € Ly([a,b]), ”“”5 =
P
lu(@)] + [lv'l|L, -
C(I,R) is the space of continuous functions u : I — R, ||ul|c = sup{|u(t)|: t € I}.

5]’0([a, b)) is the set of functions u € 51([a,b]) such that u’ € Cp([a,b])-
Consider the boundary value problem

u'(t) = H(u,u' ,u'")(t), t€E [a,b] (1)
u(a) =0, wu(b) =0, (2

where H : C([a,b]) X C([a,b]) X Lp([a,b]) = Ly([a,d]) is a compact operator, i.e., H is
continuous and H(B) is precompact for any bounded B C C([a, b]) X C([a, b]) X Ly([a, b]).
Under a solution of equation (1) we mean a function u € 5p([a, b]) satisfying a.e.
equation (1).
Below two theorems on the solvability of the problem (1), (2) are given.

Theorem 1. Let the inequality
—g(t) < H(z,7',2)(t) - signz(t), tEJa,b], (z,2)¢€ 51',([0,, b]) X Lp([a,b]) (3)

be fulfilled, where g € Lp([a,b]). Moreover, let for any r > 0 there exist v,,ar € Rt and
fr € C(RT,RY) such that

IH (2,2, < ar- fr(l2llz,) Jor lelle <7 llell,, > %

and
liminf
p—+oo fr(p)
Then the problem (1), (2) is solvable.

> ap.

Theorem 2. Let the condition (3) be fulfilled. Moreover, let for any r € RT, a €
10,(b — a)r[ and B €]0,a] there exist vr,cr € RY, Ir, fr, 95 € C’(R(')*',Rg') and hg(t) €
Ly([a,b]) such that

hg(t) >0 for té€[a,b], [-(0)=0,
|H(w,a',2)||e, <ie(ll2lle) - fr(I2ll, ) + e for ol < a
le'lle <m llzllz, >
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|H(z,a',2)| > ha(t) - 95 (Il2ll,,) for llzlle >, [l2'llc <7,

lell,, > te{telabl: 2] > 8},

and

liminf >0, limsupgg(p) = +oo.
p—+oo fr ﬂ) p—+o0

Then the problem (1), (2) is solvable.

Let us give some examples.

Let
G € Ly ([a,b] x [a,biRY),  K(2,9)(¢) - signa(t) > —g(t), ¢ € [a,b],
where
K : C([a,b]) x C([a,b]) = Lp([a,b]), q,9 € Lp([a,b]), k€N, (4)
0< G2(t7 3) < gl(t)7 (ta 3) € [aab] X [aa b]a g1 € LP([a7b])' (5)

Consider the equation

b b
u’ (t) :u2k+1(t)/G’1(t,s)(1+|u’(s)|°‘) [/G2(s,7) ' () [Pdr “as 4
+ K (u,u')(8) + q(t), (6)

where a € Rg‘, p, A < 1. Then according to Theorem 2, the problem (6), (2) is solvable.
Analogously, the equations

b

lulle+e
w10 =0 (1 0R) | [ s wera]
+ K (u,u')(t) +q(t), for a €RY, €< 1117
and
b
u" (1) = ()| || [/Gg(t,s) u(s)|Ielleteds| 4 K (u,u')(t) + q(t),
where

b
p>(b—a) / lg(s)| + la(s)lds +¢&, >0
a
have solutions satisfying the boundary conditions (2).
Suppose now that the conditions (4) are fulfilled, and

0 < Ga(t,s) <gi(t), (ts) € [a,b] x [a,b], g1 € Lp([a,b]),
A<l, AX<p, >0, 0<a<p, go€ Lp([a,b]).
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Then by Theorem 1, the equations

b b

W (1) = w1 (1) / Ga(t,9)- (5] | / Gals,) - Ju()I? - " (1) Mar g
+ K(u,u')(t) +q(t),
b
W(8) = 2 0) (o) n 1+ / Galt, u(r)|? - " (DI dr ) + K (u,0)(0) +a(0)

have solutions satisfying the boundary conditions (2).
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