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ON OSCILLATORY PROPERTIES OF THE n-TH ORDER SYSTEM OF
DIFFERENTIAL EQUATIONS WITH DEVIATING ARGUMENTS

(Reported on November 27, 1995)

Consider the system

(1) = fi (L2101 (1), Tn (Gin (D)), (i=1,...,m), )

where n > 2, the vector function (f;)_, : Ry X R — R"™ satisfies the local Caratheodory
conditions, d;; : R4 — R are nondecreasing and

lim &;;(t) = +oo (3,5 =1,...,n), &iit1 € C'(R4,R) (i=1,...,n—1).

t— 400
Define 0 : R+ — R4 by

a(t):inf{s:sER+,52t,6ij(§)Zt, for £ € [s,+00[ (i,j:l,...,n)}.

Definition 1. A continuous vector function X = (X;)I'_, : [to, +oo[— R™ with to €
R4 is said to be a proper solution of the system (1) if it is locally absolutely continuous
on [o(to), +0oo[, almost everywhere on this interval the equality (1) is fulfilled, and

sup {||:1:(s)|| 1S € [t,oo[} >0, for tE€ [to,+oo]

Definition 2. A proper solution of the system (1) is said to be oscillatory if every
component of this solution has a sequence of zeroes tending to +oco. Otherwise the
solution is said to be nonoscillatory.

Definition 3. We say that the system (1) has the property A provided its every
proper solution is oscillatory if n is even, and either is oscillatory or satisfies

lz:(8)] 4 0, for tt+oo, (i=1,...,n), (2)
if n is odd.

Definition 4. We say that the system (1) has the property B provided its every
proper solution either is oscillatory or satisfies either (2) or

|z;(t)] * 400, for tt 400, (1=1,...,n) (3)
if n is even, and either is oscillatory or satisfies (3) if n is odd.
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We will assume that there exist v; € {0;1} such that

(=D fi(t,x1,y .. xn)signzirr > pi(t)|®ita],
(=) fu(t,z1,...,xn)signz1 > g(t, |21]), for t€ Ry; x1,...,%n € R,

(4)
where the function g € Kj,.(R+ X Ry; R4) is nondecreasing in the second argument,
Pi € Lipe(R+, Ry) and

+oco

/pi(t)dt:+oo (i=1,...,n—1). (5)

0

Besides, introduce the notation

n
v=3u
i=1
Ti(t) =6;—1,:(t) (1=2,...,n), T1(t) = Tat1(t) = dn1(t).
(1) = mi(rio1( (i ®)..), i 1<i<j<n+1,
7 t, if i=j (i=1,...,n),
Vii(t) =inf {s:5 € Ry, 75(s) >t (k=1i,...,5)} (1<i<j<n),
10:17 Ij(s7t;pi+j—17'--7pi):
:/pi+j*1(TiJrj*l,i(6))(Ti*+j71,i(§)lj71(gat;pi+j72a--~7pi)d€a

t
t

Jo=1, JI(t,8pis....Pigj—1) = /Pi(ﬁ)Jj_l(Ti+1(€),Ti+1(8);pi+1,-~-,Pi+j71d§),
S

Gi=1,....,n—1; j=1,...,n—1).

Note that the functions 77; : R — Ry are increasing,
Yri(t) 27 (1<i<j<k<n),
7)) >t (1<i<j<n), for t€R,

and the expressions I/ (s, t; pitj—1,-..,p;) and J7 (¢, 8;pi,...,pit;j—1) have the meaning
iff t,s 27:4-]‘—1,1‘(0) (i=1,...,n—1;7=1,...,n —1).

Theorem -1. Suppose that the conditions (4) and (5) are fulfilled, v is odd and for
every l € {1,...,n — 1} such that l + n is odd, the equation

V() = 1" () tats a1y 20) 9 (150 (B 20 (T 1 (1)) T (8), (6)

Tt (0)3p1, .-, 1)

J' (1], (£), 05p1)
the case where n is odd, let, moreover,

with z(t) = , tar =, ,(0), has no positive proper solution. In
+oo
/ I (67,1 (021,00 ) 9 (71 (), €) 721 (§)dE = +o0, for e> 0. (7)
v54.(0)

Then the system (1) has the property A.
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Theorem 0. Suppose that the conditions (4) and (5) are fulfilled, v is even and for
every l € {1,...,n — 2} such that | + n is even, the equation (6) has no positive proper
solution. Let, moreover,

+o0
/ gt e N1 (8), 751 (0);p1, -, Pn—1) ) dE = +o0. (8)
7(0)

for any ¢ > 0, and, in the case where n is even, the condition (7) be fulfilled. Then the
system (1) has the property B.

Consider now the case where the inequalities
(=D fi(tyz1,. .. zn)signzipr > pi(t)|zitr] (E=1,...,nCnt1=2,) (9)
are fulfilled, where p; € Lioe(R+,R+) (i =1,...,n) and (5) holds.
Theorem 1. Suppose that (12) is fulfilled, v is odd and for everyi € {1,...,n — 1}

such that i + n is odd, the inequalites
: I" (b, teiy Pr1,- - -, Pi)
lim sup -
t— 400 Jn—i—1 (Ti+1(t)7 Tit1 (t*i);pn,h . ,pi+1)
+o0o
X / 1= (741 (5), Tig 1 (Bei )i Prmt, -, Pig1 ) X
t
T (7701 (8), 75 (0)5p1, -, i)
J! (Ti*1(72+1(5))10§17i)

X

(75 (8)) i (5)ds > 1 (10)

X

and
71 (Tat1,i(8) > ¢, textfor ¢ > ~(0) (11)
hold, where t.; = 'y;_l,i(O). In the case where n is odd, let, moreover,
+o0
(67 1100 Pa—t1,- - p1) P (11(6)) Tin (€)dE = +o00 (12)
v, (0)
Then the system (1) has the property A.
Theorem 2. Suppose that (12) is fulfilled and for every i € {1,...,n — 1} such that

i+ n is even, the inequalities (13) and (14) are fulfilled. Let. moreover,
+o0
/ g1 ('r1 (t), 7;71,1(0);1)1, e :Pn—l)pn(t)dt — fo0,

v(0)

and, in the case where n is odd, (15) hold. Then the system (1) has the property B.
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