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Short Communication

MALKHAZ ASHORDIA, GODERDZI EKHVAIA AND NESTAN KEKELIA

ON THE WELL-POSSEDNESS OF GENERAL NONLINEAR
BOUNDARY VALUE PROBLEMS FOR SYSTEMS OF
DIFFERENTIAL EQUATIONS WITH FINITE AND
FIXED POINTS OF IMPULSES

Abstract. The general nonlocal boundary value problems are considered
for systems of differential equations with finite and fixed points of im-
pulses. The sufficient conditions, among which are effective spectral ones,
are established for the well-posedness of these problems.
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1. STATEMENT OF THE PROBLEM AND BASIC NOTATION

In the present paper, we consider the system of nonlinear impulsive equa-
tions with a finite number of impulses points

dx

i f(t,z) almost everywhere on [a,b] \ {71,..., Tmg }» (1.1)
z(n+) —x(n—) =L(z(n)) (=1,...,m) (1.2)

with the general boundary value problem
h(z) =0, (1.3)
where a < 71 < -+ < Ty < b (we will assume 79 = a and T,y41 = b,

if necessary), —oco < a < b < 400, mg is a natural number, f = (f;)i,
belongs to Carathéodory class Car([a,b] x R",R"), I; = (I};)1~, : R* - R"
(I =1,...,mgp) are continuous operators, and h : C([a, b], R™;71,...,Tm,) —
R™ is a continuous, nonlinear in general, vector-functional.

Let z¢ be a solution of the problem (1.1),(1.2); (1.3).
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Consider a sequence of vector-functions fx € Car([a,b] x R*,R") (k =
1,2,...), the sequences of continuous operators I; : R* - R" (k=1,2,...;
Il =1,...,mp), the sequences 7, (k = 1,2,...; 1 = 1,...,myp) of points
a < Tk < < Tmek < band the sequence of continuous vector-functionals
hi 2 C([a, b, R™; T1gy e ooy Tior) = R™ (K =1,2,...).

In this paper the sufficient conditions are given guaranteing both the
solvability of the impulsive boundary value problems

Z—j = fr(t,x) almost everywhere on [a,b] \ {T1k,---, Tmok}, (1.1)
x(mﬁ—) —J}(le—) ZIlk(.’L‘(le)) (l = 1,...,m0); (I.Qk)
hi(z) =0 (1.3x)

(k=1,2,...) for any sufficient large k and the convergence of its solutions
to a solution of the problem (1.1),(1.2);(1.3) as k — +oc.

As is known, the question of the well-possedness for the nonlinear impul-
sive boundary value problems was not investigated in earlier works. So the
statement of the problems under consideration is actual.

The obtained results are analogous to ones given in [12] (see also the
references therein) for the general nonlinear boundary value problems for
systems of ordinary differential equations. Some results obtained in the pa-
per are more general than already known ones even for ordinary differential
case.

The analogous question is investigated in [4], [8] for linear boundary
value problems for systems with impulses, and in [1-3], [12-15] for linear
and nonlinear boundary value problems for systems of ordinary differential
equations. Notice that the necessary and sufficient conditions are obtained
for the well-possedness of the linear boundary value problem in [8] for im-
pulsive, and in [1]-[3] for ordinary differential systems.

Quite a number of issues of the theory of systems of differential equa-
tions with impulsive effect (both linear and nonlinear) have been studied
sufficiently well (for a survey of the results on impulsive systems see, e.g.,
[5]-[7], [9]-[11], [16], [17] and the references therein).

Throughout the paper, the following notation and definitions will be used.

R =] —o00,+00[, Ry =[0,4+00[; [a,b] (a,b € R) is a closed segment.
R™*™ is the space of all real n x m-matrices X = (2;);j, with the
norms

X+ X
=0
Rixm: {(.TU)Z’JZI Tij >0(i=1,...,n; j= 1,...,m)};

R(AXM)Xm _ pnxn o ROX7N (m-times).

X[ = (i Diy"s X+
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R™ = R™*! is the space of all real column n-vectors z = (z;)/_; R} =
RnX1.

If X € R™" then X! det X and r(X) are, respectively, the matrix
inverse to X, the determinant of X and the spectral radius of X; I, «,, is
the identity n x n-matrix.

b
V(X) is the total variation of the matrix-function X : [a,b] — R™*™,
i.e.,, the sum of total variations of the latters’ components; V(X)(t) =
t
(v(@ij) (1)), where v(zi;)(a) = 0, v(z;;)(t) = \/(acij) for a <t < b;

t);,

X (t—) and X (t+) are the left and the right hmlt of the matrix-function

: [a,b] = R™™ at the point t (we will assume X (t) = X(a) for t < a
)=

and X(t) = X(b) for t > b, if necessary);

1X1ls = sup {|I X (t)[| = ¢ € [a, 0]}
V([a, b], R"*™) is the set of all matrix-functions of bounded variation

b
X :[a,b] = R™™ (i.e., such that V(X) < +00);

C([a,b],D), where D C R™ ™, is the set of all continuous matrix-
functions X : [a,b] — D;

C(la,b], D;T1,...,Tm,) is the set of all matrix-functions X : [a,b] —
D, having the one-mded limits X(n—) (I = 1,...,mp) and X(n+) (I =
1,...,mg), whose restrictions to an arbitrary closed mterval [¢, d] from [a, b]\

{71, Tmey } belong to C(]c,d], D);

Cs([a, b], R™™™: 11, ..., T, ) is the Banach space of all X € C([a, b], R"*™;
Tly -+« Tmo) With the norm || X||s.

If y € Cs([a,b],R; 71, ..., T, ) and r €]0, +00[, then

Ulyir) = {o € Colla b, R 71, o 7mg) ¢ 2 —ylls <7}

D(y,r) is the set of all € R™ such that inf{||z — y(¢)|| : ¢ € [a,d]} < 7.
C([a,b], D), where D C R™ ™ is the set of all absolutely continuous
matrix-functions X : [a,b] = D;

C(la,b], D;71,...,Tm,) is the set of all matrix-functions X : [a,b] —
D, having the one—81ded limits X(n—) (I = 1,...,mp) and X(n+) (I =
1,...,mg), whose restrictions to an arbitrary closed 1nterva1 [e, d] from [a, b]\

{7}, belong to C([¢, d], D).

If By and By are the normed spaces, then an operator g : By — Bsg
(nonlinear, in general) is positive homogeneous if g(A\x) = Ag(x) for every
A€ Ry and z € By.

An operator ¢ : C([a, b], Tl .y Tmg) — R™ is called nondecreasing
if for every z,y € C([a,b],R"*™; 71,...,Tm0) such that z(t) < y(t) for
t € [a,b] the inequality p(z)(t) < gp( )(t) holds for ¢ € [a, b].

A matrix-function is said to be continuous, nondecreasing, integrable,
etc., if each of its components is such.

RTLXT!L
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L([a,b], D), where D C R™ "™ _ is the set of all measurable and integrable
matrix-functions X : [a,b] — D.

If Dy C R™ and Dy C R™*™, then Car([a,b] x D1, Ds) is the Carathé-
odory class, i.e., the set of all mappings F' = (fi;),j~, : [a,b] x D1 — D>
such that for each i € {1,...,{}, j € {l,...,m}and k € {1,...,n}:

(a) the function fi;(-,) : [a,b] — D5 is measurable for every x € Dy;

(b) the function fy;(¢,-) : D1 — Dy is continuous for almost every
t € [a,b], and

sup {|fi;(-,2)| : @ € Do} € L([a,b], R; g;1,) for every compact Dy C D.

Car®([a,b] x Dy, Dy) is the set of all mappings F = (frj)iimy + la,b] %
Dy — Dy such that the functions fi;(-,z(-)) (¢ =1,...,5; k=1,...,n)
are measurable for every vector-function z : [a,b] — R™ with the bounded
total variation.

M (Ja,b] x Ry, Ry) is the set of all functions w € Car([a,b] x R4, Ry)
such that the function w(¢, -) is nondecreasing, and w(t,0) = 0.

By a solution of the impulsive system (1.1),(1.2) we understand a con-
tinuous from the left vector-function @ € C([a, b], R 71, ..., Tm,) satisfying
both the system (1.1) for a.e. on [a,b] \ {71 ..., Tm, } and the relation (1.2)
for every k € {1,...,mp}.

Definition 1.1. Let [ : Cs([a,b],R™;71,...,Tm,) — R™ be a linear con-
tinuous operator, and let Iy : Cs([a,b],R"; 71,...,Tm,) — R} be a positive
homogeneous operator. We say that a pair (P, {J;};"%), consisting of a
matrix-function P € Car([a, b] x R™,R"*™) and a finite sequence of contin-
uous operators J; = (J;)"; : R — R™ (I = 1,...,myg), satisfy the Opial
condition with respect to the pair (I,1p) if:

(a) there exist a matrix-function ® € L([a,b],R"}) and constant matri-

ces Uy € R™*™ (I =1,...,myp) such that

|P(t,z)| < ®(t) a.e. on [a,b], z € R"
and

[Ji(z)| < ¥, for z e R™ (I=1,...,mp);

det(Inxn +G)) #0 (I=1,...,mp) (1.4)

and the problem
Z—? = A(t)z a.e. on [a,b] \ {71, Tmo }+ (1.5)
z(n+) —xz(n—) =Guz(n) (I=1,...,mo); (1.6)

[[(@)] < lo(2) (1.7)
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has only the trivial solution for every matrix-function A €

L([a,b],R™*™) and constant matrices G; (I = 1,...,mg) for which
there exists a sequence yi € C([a,b],R™; 71, ..., 7Tm,) (k=1,2,...)
such that

¢ ¢
lim /P(T, ye(7))dr = /A(T)dT uniformly on [a, b]

k—+oo
a

and
lim Ji(ye(m)) =G (I=1,...,mp).
k—4o00

Remark 1.1. In particular, the condition (1.4) holds if
Wl <1 (=1,...,m).

Below, we will assume that f = (f;)"_, € Car([a,b] x R",R"*") and, in
addition, f(m,x) is arbitrary for z € R™ (I =1,...,mg).

Let 2° be a solution of the problem (1.1), (1.2); (1.3), and 7 be a positive
number. Let us introduce the following definition.

Definition 1.2. The solution z° is said to be strongly isolated in the radius
r if there exist, respectively, the matrix— and the vector-functions P €
Car([a,b] x R",R"*") and ¢ € Car([a,b] x R" R™), a finite sequence of

continuous operators J; : R" - R" (I =1,...,mg) and h; : R* - R" (I =
1,...,mg), a linear continuous operator [ : Cs([a,b], R™; 71, ..., Tm,) = R”,
a positive homogeneous operator Iy : Cs([a,b],R™; T1,...,7nm,) — R}, and
a continuous operator [ : Cy([a, b, R™; 4, .. 2 Tmo) — R™ such that

(a) the equalities

f(t,z) = P(t,x)x +q(t,x) for t € [a, D)\ {71, .., Tmo}, |z —2(t)| <t,
Ii(z) = Jy(x)x + hy(x) for ||z —2%n)| <t I=1,...,mp);
and
h(z) = I(z) + 1(z) for z € U(z%r)

are valid;

(b) the functions

alt,p) = max {|la(t,2)] : =] < p},
Bi(p) = max {lmu(@)]| : o]l < p} (1 =1,...,mo)

and

Y(p) = sup { [[{(@)| ~ to(@)], + llalls < p}
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satisfy the condition

limsup = (wp) + /b alt, p) di + fmp)) <1

p—+oo P =1

(c) the problem

CC% = P(t,x)x + q(t,x) a.e. on [a,b]\ {71, ., Tmg}s
r(n+) —x(n—) = Ji(z(n)) + h(z(n) (=1,...,mo);
I(z) +1(z) =0
has no solution different from x°.

(d) the pair (P, {J;};") satisfy the Opial condition with respect to the
pair (I,1p).

Definition 1.3. We say that a sequence (fi,{lix};"%:hx) (B = 1,2,...)
belongs to the set W,.(f, {I;}]29, h; 2°) if

(a) the equalities

¢ ¢
lim /fk(T,if)T:/f(ﬂ x)dr uniformly on [a, b]

k—+o0

and

lim Ijp(z) =IL(z) (I=1,...,mg)

k— oo

are valid for every x € D(2%;r);

(b)

lim hy(x) = h(x) uniformly on U(z%;7);

k——+oo

(c) there exist a sequence of functions wy, € M([a,b] x Ry, Ry) (B =
1,2,...) and sequences of nondecreasing functions wy, € C(Ry,R4),



wik(0) =0, (k=1,2,...;1=1,...,mp) such that

b
sup{/wk(t,r)dt: k:l,?,...}<—|—oo, (1.8)
mo
sup{ wik(r) : k:1727...} < 4005 (1.9)
=1
b
Sl_l)r(r)1+sup{/wk(t,s)dt: k:172,...} =0, (1.10)
mo
Jim sup { > wnls): k=1,2, } =0; (1.11)

and
| fe(t,2) = fu(t,y)|| < wilt, |z —yll)
for t € [a,b] \ {71, -, Tme}, =,y € D7) (k=1,2,...),
ik () = T (y) || < wir (= — yll)
for z,y € D(z%7r) (I1=1,...,mg; k=1,2,...).

Remark 1.2. If for every natural m there exists a positive number v, such
that

wi(t,md) < vpmwi(t,9)
for § >0, t€la,b\ {71, ..,Tme} (k=1,2,...),
then the estimate (1.8) follows from the condition (1.10); analogously, if
wik(mdé) < vpwig(d) for 6 >0 (I=1,...,mg; k=1,2,...),

then the estimate (1.9) follows from the condition (1.11). In particular, the
sequences of the functions

wnlt, ) =max { | fet,2)~ fult, )| - 7.y €UO, 2% +7), oyl <6}
for t € [a,b)\ {m1,...,Tmo} (k=1,2,...)
and
wn(8) = max {|[Tn(@) = ()| + 2y € UO, |2 +7), o~ yl <6}
(I=1,...,mo; k=1,2,...)
have, respectively, the latters’ properties.

Definition 1.4. The problem (1.1), (1.2); (1.3) is said to be (2°;r)-correct
if for every e €0, r[ and ((fx, {Lix}]2%; hk))Z:i € Wo(f, {Li};29, h; 2°) there
exists a natural number kg such that the problem (1, 1), (1.2x); (1.3%) has

at least a solution contained in U (2% r) and any such solution belongs to
the ball U(z;) for every k > k.
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Definition 1.5. The problem (1.1), (1.2); (1.3) is said to be correct if it has
the unique solution 2° and it is (x°;r)-correct for every r > 0.

Theorem 1.1. If the problem (1.1),(1.2);(1.3) has a solution z°, strongly

isolated in the radius r > 0, then it is (z%;r)-correct.

Theorem 1.2. Let the conditions
Hf(t,x) — P(t,x)x“ < a(t, ||x||)

a.e. on [a, b\ {71, ..., Tme}, x€R", (1.12)
HI;(J:) — Jg(x)a:H < Bi(llzl]) for z € R™ (I=1,...,mp) (1.13)

and
|h(z) — U(z)] < lo(z) + 11 (||z]s) for @ € BV([a,b],R") (1.14)

hold, where £ : Cs([a, b, R™; 71, ..., Tmy) = R™ and £y : Cs([a,b],R™;71,...,
Tmo) — R} are, respectively, linear continuous and positive homogeneous
continuous operators, the pair (P, {J;}2%) satisfies the Opial condition with
respect to the pair (£,4); a € Car([a,b] x Ry, Ry) s a function nonde-
creasing in the second variable, and B, € C([a,b],Ry) (I =1,...,mp) and
41 € C(R,RY) are, respectively, nondecreasing functions and vector-function
such that
b

1 mo
limsup —( [l1(p)|| + [ alt,p)dt+ > Bi(p) | < 1. (1.15)
p ( p a/ p ; 1(p )

p—+oo P

Then one-valued solvability of the problem (1.1),(1.2);(1.3) guarantees its
correctness.

Theorem 1.3. Let the conditions (1.12)—(1.14),
Pi(t) < P(t,x) < Pa(t) a.e. on [a,b]\ {71, ., Tmg}» = €R",
and
Ju <Ip(x) < Jy for xeR™ (I=1,...,mp)

hold, where P € Car’([a, b)) xR™, R "), P; € L([a,b],R"*™) (i = 1,2), Jy €
R™ ™ (4 =1,2;1=1,...,mg), L : Cs([a,b], R"*™:1q,...,Tmm,) = R™ andly :
Cs([a, b, R 11, Timy) — R} are, respectively, the linear continuous
and the positive homogeneous continuous operators; a € Car([a,b] xRy, R,)
is a function nondecreasing in the second variable, and 8, € C([a,b],Ry)
(I=1,...,mg) and {y € C(R,RY) are, respectively, nondecreasing functions
and vector-function such that the condition (1.15) holds. Let, moreover, the
condition (1.4) hold and the problem (1.5),(1.6);(1.7) have only the trivial
solution for every matriz-function A € L([a,b],R™*™) and the constant
matrices Gy € R**"™(I =1,...,myg) such that

Pi(t) < A(t) < Py(t) a.e. on [a,b)\{71,...,Tmo}, ® €R"



and
Ju <G < Jy for x € R (l:L...,mO).

Then one-valued solvability of the problem (1.1),(1.2);(1.3) guarantees its
correctness.

Remark 1.3. Theorem 1.3 is interesting only in the case where P ¢ Car([a, b] x
R™ R™ ™) because the theorem immediately follows from Theorem 1.2 in
the case where P € Car([a, b] x R", R™*™).

Theorem 1.4. Let the conditions (1.14),
‘f(t,a:) — Po(t)ac‘ < Q(t)|x| + q(t7 ||a:H) a.e. on [a, b))\ {71, ., Tmo}>
x €R",
and
’Il(x) — Jozac‘ < Hjlz| + hl(HxH) for z eR™ (I=1,...,mp)

hold, where Py € L([a,b],R™*™), Q € L([a,b],R*™), Jo and H; € R"*"
(I=1,...,mp) are constant matrices, 1 : Cs([a,b],R"™"™; 71, ..., Tp,) — R”
and lo : Cy([a, b], R"*™; 71, . .., Tmy) — R} are, respectively, the linear con-
tinuous and positive homogeneous continuous operators; q¢ € Car([a,b] X
Ry ,R%) is a wvector-function nondecreasing in the second variable, and
hy € C([a,b],Ry) (I =1,...,mg) and ¢y € C(R,R%) are, respectively, the
nondecreasing functions and vector-function such that the condition (1.15)
holds. Let, moreover, the conditions

det(Lysn +Jor) #0 (I=1,...,mp) (1.16)
and
VH - |[(Znsen + Jo) M| <1 (=125 1=1,...,mp) (1.17)
hold, and the system of impulsive inequalities
d
d—f - Po(t)a:‘ < Qt)x a.e. on [a,b]\ {71, ., Tmo} (1.18)
\z(n4) — 2(n—) — Jux(n)| < Hix(n) ((=1,...,mq) (1.19)

have only the trivial solution under the condition (1.7). Then one-valued
solvability of the problem (1.1),(1.2);(1.3) guarantees its correctness.

Corollary 1.1. Let the conditions (1.16)
|f(t,2)—Po(t)z|<q(t, |z]) a.e. on [a,b]\{T1,.. . ,Tm,}, TER™, (1.20)
and
|1i(x) — Joz| < hi(l|lz]l) for x €R™ (I=1,...,my) (1.21)
hold, where Py € L([a,b],R"*™), Jo € R™*™ (I = 1,...,mq) are the con-
stant matrices, £ : Cs([a,b],R™;71,...,Tmy) — R™ and {y: Cs([a, b], R™>*™;

Ty .-+ Tmo) — RY are, respectively, the linear continuous and positive homo-
geneous continuous operators; q € Car([a,b] x Ry, R%) is a vector-function
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nondecreasing in the second variable, and h; € C([a,b],Ry) (I=1,...,mq)
and £1 € C(R,R%) are, respectively, the nondecreasing functions and a
vector-function such that the condition (1.15) holds. Let, moreover,

\h(z) — ()| < b (||z]|s) for @ € BV([a,b],R") (1.22)
and the impulsive system
% = Po(t)z a.e. on [a,b]\ {71, .-, Tmg}s

z(n+) —xz(n—) = Joz(n) ((=1,...,mp)

have only the trivial solution under the condition (1.7). Then one-valued
solvability of the problem (1.1),(1.2);(1.3) guarantees its correctness.

For every matrix-function X € L([a, b], R™*™) and a sequence of constant
matrices Y, € R"*™ (k =1,...,mg) we introduce the operators

[(X,Y1,..., Vi )(1)], = In for a<t<b,
[(X’Y17 ) mo)(a)] =Opxn (i=1,2,...),
(XY, Yo ) )]y / (X, Y1, Yo ) (7)] dr+

+ ) Y (XY, Y ) ()], for a <t <b (i=1,2,...). (1.23)

a<t <t

Corollary 1.2. Let the conditions (1.16), (1.20)~(1.22) hold, where

b
z) = / dL(t) - 2(t)

Py € L([a,b],R™™™), Jo € R™™ (I = 1,...,mg) are constant matrices,
L € L([a,b],R™™™), £y : Cs([a,b],R™;71,...,Tm,) — R are the positive
homogeneous continuous operators; q € Car([a,b] x Ry, R") is a vector-
function nondecreasing in the second variable, and hy € C([a,b],Ry) (I =
1,...,mqg) and {; € C(R,R%) are, respectively, the nondecreasing functions
and a vector-function such that the condition (1.15) holds. Let, moreover,
there exist natural numbers k and m such that the matrix

k-1

My — Z/dL(t) (P0G, G ()],

i=0"

is nonsingular and

T(Mkm) < ].7

)
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where the operators [(Po,G1,...,Gmy)()]i (i = 0,1,...) are defined by
(1.23), and

M = [(IPo, G, |G ) ()] +
m—1
+ 3 [(BLIGA]- - |G ) ()]
=0

b

N T ORI ONCARN IO

Then one-valued solvability of the problem (1.1),(1.2);(1.3) guarantees its
correctness.

Theorem 1.5. Let the conditions (1.16), (1.17),
|f(t,(E) - f(ta y) - PO(t)('r - y)| < Q(t)|$ - y|

a.e. on [a, b\ {71,...,Tmo}, ®,y €R",
\Li(2) = Ii(y) = Jou - (z —y)| < Hy - |z — |
for x,y e R™ (k=1,...,mp)
and
() = h(y) — Uz —y)| < Lo(x —y) for z,y € BV([a,b],R")

hold, where Py € L([a,b],R™*"), Q € L([a,b],R}*"™), Jor and H, € R"*"
(I =1,...,mg) are the constant matrices, £ : Cs([a,b], R™;71,...,Tmy) —
R™ and £y : Cs([a, b], R™; 71, ..., Tm,) — R} are, respectively, linear contin-
uous and positive homogeneous continuous operators. Let, moreover, the
system of impulsive inequalities (1.18), (1.19) have only the trivial solution
under the condition (1.7). Then the problem (1.1),(1.2);(1.3) is correct.

Corollary 1.3. Let the system (1.1),(1.2);(1.3) have a unique solution

20 defined on the whole closed interval [a,b], where h(x) = z(to) — co,
and ty € [a,b] and ¢y € R™ are such that Il(co) =0 if tg = 7, for some
le{l,...,mo}. Let, moreover,

i sup (int {le+ L - el 2 . ol = p}) > 1oL, (129
for every l € {1,...,mo} such that 7, > tg. Then the problem (1.1),(1.2);
(1.24) is correct.

Remark 1.4. Tt is evident that the condition (1.24) is valid if I;(y) = 0 for
every | € {1,...,mg} such that 7; > to. If the last condition is not fulfilled,
i.e., Ij(y) # 0 for some [ € {1,...,mp}, then the strict inequality (1.24)
cannot be replaced by a non-strict one for this [. Below, we will give the
corresponding example.
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Example. Let n = 1, mg > 2 be an arbitrary natural number, 7; €]a, b|
(I =1,...,mg), h(z) = z(to) — co, to = b, co = 0; hw) = x(tx) — e (k=
1,2,...), tx > b (k= +00) and ¢ — ¢o (k — +00); f(t,z) = fr(t,z) =0
(k=1,2,...); II(x) =I(z)=0(1=1,...,mp—L; k=1,2,...);

Lo (2) 0 for x <0,
mo\L) =
’ (I+cy1—c)i—x)—i—¢ for ze€li,i+1] (i=0,1,...)
and
Tym (2) =
Iy, () for x €] — o0,k —1[U]k + 1, +o0],

1—cp1—cp)k—a)+cp—k for xelk—1Fk,
1+cppr+ep)k—x)+cep—k for x ek k+1]
(k=1,2,...).

(
(

Then z%(t) = 0, ((fk,{Ilk}?;‘)l;hk))::; € W.(f,{Li}]29, h; 2°). Moreover,

the problem (1.1;), (1.2%); (1.3%) has the unique solution

¢ for a <t <7,

t:
ze(t) k  for 7,, <t<b

for every natural k. As to the condition (1.24), it is transformed into the
equality for ¢t = 7,,, only.
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