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Abstract. The problem on the stability of second order linear homoge-
neous differential equation

y' +pt)y +aq(t)y =0
is investigated in the case where the roots A;(t) (i = 1, 2) of the characteristic
equation
A+ p(t)A+q(t) =0
are such that
+oo

)\i(t) < 0 for t > to, / )\i(t)dt:—oo (22172)
to

and there exist finite or infinite limits lim A;(¢) (i = 1,2).
t—4o00

2010 Mathematics Subject Classification. 34D05, 34E10.
Key words and phrases. Second order differential equation, linear,
stability, characteristic equation.

6)3%0'333. Bodmggmgamos dgmmg @oaols fOgogo gomygemmgsbo wo-
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y" +pt)y +q(t)y =0
da®smdol bogombo 0d Jgdmbgggsdo, dm@Es dobolosmgdgemo gob@m-

ool
A+ p(H)A+q(t) =0
39Lggol A;(t) (i = 1,2) asobbosm Lob®gmo b glsldgmem bmgmgdo,
OmEs t — 400, s3sbmsb
+o0
)\z(t) <0, (4)(')(30 t > to, / )\Z(t)dt:—OO (121,2)

to
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1. INTRODUCTION

In the theory of stability of linear homogeneous on-line systems (LHS)
of ordinary differential equations

%;szﬂﬁtGHm+W):L

where P(t) is, in general, complex matrix, the interest is focused on the
investigation of stability of LHS depending on the roots A;(¢) (i = 1,n) of
the characteristic equation
det(P(t) — AE) = 0.
L. Cesaro [1] considered a system of n-th order differential equations
day
i [A+ B(t) + C(1)]Y,

where A is a constant matrix, the roots \; (i = 1,n) of characteristic equa-
tion are different and satisfy the condition

Re); <0 (i =1,n);

“+o0
dB(t
B(t) -0 as t — +o0, / H%Hdt<+oo;
to

+oo
/Hcmmu<+m;
to

the roots of characteristic equation of the matrix A+ B(t) have nonpositive
real parts.

C. P. Persidsky’s article [2] deals with the case, where elements of the
matrix P(t) are the functions with weak variation, that is, each such function
can be represented as

f(@) = f1(t) + f2(t),
where f1(t) € Cr and there exists il}rﬁ fi(t) € R, but fa(t) is such that

t li ') =
sup|fo(t)| < oo, T (1) =0,

and the condition Re \;(t) < a € R_ (i = 1,n) is fulfilled.
N. Y. Lyashchenko [3] considered a case Re\;(t) < a € R_ (i = 1,n),
tel,

sup [|[A"(1)]| < e.
tel

The case n = 2 is thoroughly studied by N. I. Izobov.
I. K. Hale [4] studied the asymptotic behavior of LHS comparing the
roots of the characteristic equation with exponential functions

Re\i(t) < —gt?, g>0, B> —1 (i=T1,n).
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Then there exist the constants K > 0 and 0 < p < 1 such that for solving
the system
dy
— = A(t
o = Aty
the estimate
_pa 4148
ly@)[] < Kem 1557 ly(0)]
is fulfilled.
The present paper considers the problem of stability of a second order
real linear homogeneous differential equation (LHDE)
y'+pt)y +at)y=0 (t€) (1)
provided that the roots A;(¢) (i = 1,2) of the characteristic equation
N+ pt)A+q(t)=0
are such that
“+oo
M) <0 (te ), /)\i(t)dt:—oo (i=1,2) @)
to
and there are finite or infinite limits . 1i$1 Ai(t) (i = 1,2). We have not
—+oo
encountered with such a statement of the problem even in the well-known
works. The case where at least one of the roots satisfies the condition

0< / INi(8)]dt < o0 (i=1,2)

should be considered separately.
Under the term “almost triangular LHS” we understand each LHS

dy; .
y szk Yk Z = 1777’)7 (3)

where p;(t) € Cr (i,k = 1,n), which differs little from a linear triangular
system

dyz :
szk yk Z = 17”)7 (4)

and the conditions of either Theorem 0.1 or Theorem 0.2 due to A. V. Kostin
[5] are fulfilled.
Theorem 1. Let the following conditions hold:

1) LHS (4) is stable fort e I;

2) for a particular solution o;(t) (i = 1,n) of a linear inhomogeneous
tm’angular system

dal

Z |sz | +pu Jz Z |p2k ‘Uk (Z = ]-7 n) (5)

k=i+1
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with the initial conditions o;(tg) = 0 (i = 1,n) the estimate of the
form

0<oit)<1—v (i=1,n), v=const, v€(0,1)
holds for allt € I.

Then the zero solution of the system (3) is a fortiori stable fort € I.
Theorem 2. Suppose the system (3) satisfies all conditions of Theorem 1
and, moreover,

1) the triangular linear system (4) is asymptotically stable fort € I;

2) t£+mmai(t) =0(i=1n).
Then the zero solution of the system (3) is asymptotically stable for t € I.
Theorem 3. Suppose the system (3) satisfies all conditions of Theorem 1
and, moreover,

1) none of the functions

i—1
Pi(t) = Z lpik(t)] (1=2,n)#£0 for tel,
k=1

2) lim o;(t) =0 (i=1,n).

t——+oo

Then the zero solution of the system (3) is stable fort € I.
We will also use the following lemma [5]:

Lemma 1. If the functions p(t),q(t) € Cr, p(t) <0, t € I,

400

/ p(r) dr = —o0,

to

o 9O
t——+o00 Rep(t) ’

then

ftp(T)dT / - jP(Tl)dTl
e'o /q(T)e o dr =o(1), t— +o0.

to

Further, all limits and symbols o, O are assumed to be considered when
t — +o0.

2. THE MAIN RESULTS

2.1. Reduction of equation (1) to the system of the type (5). Con-
sider the real second order LHDE (1)

Y +pt)y +qt)y=0 (tel)
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where p(t),q(t) € C}. Let y = y1, ¥ = yo. We reduce the equation to an
equivalent system

y1=0-y1+1-ys,
{ _ (6)
Yo=—4 Y1 =P Y2.
Consider the characteristic equation of LHS (6):
0—A 1 2
=0 or M+pA+q=0, 7
’ v e /\‘ pPA+q (7)

and assume that % —q>0in I or % — ¢ = 0in I. Then this equation
has two roots: A1(t) and \a(t), \;(t) € C} (i = 1,2), \i(t) are real functions
(i=1,2).

There arises the question on the sufficient conditions for stability of a
trivial solution of system (6).

We write the system (6) in vector form

Y = A(t)Y,

Y= (52) - Al = (Oq 1p> '

To reduce this system to almost triangular form, we use a linear trans-
formation of the form

where

Y = B(t)Z,

s0= (o 1) 7= (20)

where z;(t) are new unknown functions (i = 1,2). We obtain
B'Z+ BZ' = ABZ

or, after obvious transformations,

BAAB:(Q@)? (% z)(hb)? :(ﬁ@ xhﬂ'
1

The system with respect to new unknowns z;(t) (i =
looks as

,2) in scalar form

{%@yzkapdﬂ+@ah (8)

() = =1 ()21 (t) + Az (t)22(2)-

I\
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In accordance with Theorem 1, let us write an auxiliary system of differ-
ential equations:

a1(t) = M(D)a1(t) + o2(t), (9)
ah(t) = M ()] + Ao (t)oa(t)

and consider its particular solution with the initial conditions o;(tg) = 0
(i = 1,2). This solution has the form

j)\Q(T 7]’)\2(7‘1)(17’1
oa(t) = /|X 70 dr,

f/\l(r dr — [ M) dn
a1(t) = e /52(7')6 7o dr.

to

2.2. Various cases of behavior of the roots \;(t) (i = 1,2). Consider
the following cases of behavior of the roots of the characteristic equation,
assuming that the condition (2) is satisfied:

1) Ai(4o0) € R_ (i =1,2);
2) Mi(+00) € R, Aao(t) = o(1);
3) Aift) = o(1) (i = 1,2);
) A1(+00) € R_, Aa(+00) = —o0;
5) A1(t) = o(1), Az(+00) = —o0;
6) Ai(+o0) = —c0 (i =1,2).
Theorems 4-9 correspond to the above-indicated cases 1)-6).

>~

Theorem 4. In case 1), a trivial solution of the equation (1) is asymptot-
ically stable. Here it is sufficient to assume that p(t),q(t) € Cy.

This case is well-known. The validity of this theorem follows from the
results obtained by A. M. Lyapunov.
Theorem 5. Let the condition (2) for i =2 and the conditions
1) )\1(+OO) eR_, )\Q(t) = 0(1),‘
N
2) 3 = o)
be fulfilled. Then a trivial solution of equation (1) is asymptotically stable.

Proof. We apply Theorem 3. Condition 1) of Theorem 3 is obviously sat-
isfied: ®(t) = |Aj(t)] £ 0 for t € I. Therefore, it suffices to show that
condition 2) of Theorem 3 also holds. By assumption 2)

[M(0)]
o (1)

= o(1).
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Therefore, by virtue of Lemma 1, 55(t) = o(1). By condition 1) of this
theorem,

+oo
() _ ), / M (t) dt = —oo,

)\1(t)

and hence 71 (t) = o(1) by Lemma 1. This implies that Theorem 5 is valid
if we take into consideration that the transformation B(¢) is restricted in I.
To obtain the estimate of solutions y;(t) (i = 1,2), we make in the system
(8) the following change:

Sft/\z(r)d‘r
zi(t)=e ' n(t) (1=1,2), 6 €(0,1).

Then the system (8) takes the form

m(t) = (Ar(t) = 62 (8))m(t) + n2(2),
() = =X (E)m () + (1= 0) Az (t)m2(t)

and the system (9) takes the form

{aa (1) = (A (t) — 6Xa(£) oo (£) + ora(2),
L(t) = N (O] + (1= 8)Aa(t)oa(t).

Next, consider a particular solution of this system with the initial conditions
oilto) = 0 (i = 1,2);

B JO=oaryar [ [a-)a(m)dn
Fa(t) = e [acole ar,
to
t

_ - ](A1(T1)75)\2(T1))d71

o1(t) = e oa(T)e ™ dr.

S a(r)=oxa (7)) dr /
to
In our case,
. (A1)
lim — 21\
t5 00 (1 — 0)Aa(t)
Thus, by Lemma 1, 55(t) = o(1). Further,

lim _ o) ®) = lim —&Q(t) = lim 72(t)
t—+o00 )\1(75) — (5)\2(t> t—+oo /\1(t)(1 _ 5??8)) t—+o00 )\1(75)

=0.

=0

N

and hence 71 (t) = o(1), by Lemma 1. Thus the validity of Theorem 5 is not
violated. So,

8 ft Ao (1) dT

() = o(e io ) (i=1,2).
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Taking into account the transformation B(t),

y1(t) = z1(1),
y2(t) = M(t)z1(t) + 22(1);

6ft)\2('r)d7
(o)

j(é)\g(T)-‘r)\ @y ar 5 [ Aa(r)dr
= of Y (L0

t / t
22 (1) (4 5085y dr 5 [ Aa(r)dr
ya(t) o(etO ) —|—o<e fo ),

f)\Q(T)(éJro(l))dT §ft/\2(‘r) dr
y2(t) = o(et0 ) + o(e fo )

yi(t) =o

Therefore,

5f)x2(7')d7'
yi(t):0<e i ) (i=1,2), 5€(0,1). O

Theorem 6. Let the condition (2) and the conditions
1) Ai(t) = o(1) (i =1,2);
N A
2) 3Hi = o(1) (or 335 = o(1)), 32 = O(1)
be fulfilled. Then a trivial solution of equation (1) is asymptotically stable.

Proof. We apply Theorems 3 and 2. We make in the system (8) the following
change:

z1(t) = &i(b), = &a(). (11)

Then
A(t) =&, 25(t) = M) (t) + A ()& (1)
Substituting these expressions into the system (8), we have
€1(t) = M ()€(t) + M(t)€(t),

(0 = -3Hpa + () - 117,

At
To obtain the estimate of solutions y;(t) (i = 1,2) we make in system (12)
the following change:

N (t (12)

5ftA1(T)d
gz(t) =e' 771(75) (Z = 1a2)a de (071)

Then the system (12) takes the form

{fi(t) = (1= )M ()& (t) + M(DE(1),

(0 =347 0+ (ralt) ~ on(0) -
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Let us denote

0=

In accordance with Theorem 1, we write an auxiliary system of differential
equations:

L(5)= (1 - DM Wor(D) + M(Dloa)
{ - 13

()] + (A2(t) = oM (1) — p(t)) o2(t).

Let us consider its particular solution with the initial conditions o;(¢9) = 0
(i=1,2):

ga(t) = e'o dr,

N J Qa(r) =67 () —p(r) dr [ — T Aa(r)=6Ai(r)—u(n)) dry
/ wu(T)le ™

to

- Ja-on(nydr [ = Ja-onm)dn
o1(t) = e /|)\1(7')|02(7')6 o dr.

Condition 1) of Theorem 3 is obviously satisfied:

W(t) = |u(t)| £0 for tel.

In our case,

ety
lim |u(t)] . X2 (%)

im 5 =
R R () B e Rl 5 N

If

A1 (1)

then interchanging the elements A1 (t) and A2 (t), we obtain

bwal , kol

im N T Am o . v =V
ot A1(t) = 0Aa(t) — Aigg t_>+ ,\;( —0 - A28
Consequently, by Lemma 1, 72(t) = o(1). Then
MO~ 02(t)
==t 775=0

li —_
ttee (1— oM (1) 2

Hence o1(t) = o(1), by Lemma 1. This implies that Theorem 6 is valid.
Then, taking into account the change (11), we have

§ j A (7)dT

zl(t)zo(e fo ),
0o ( f(zsAl(r)w(r))dr)

e'o
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t A () t
f)\l(‘r)(6+/\1 - 5 [ A(r)dr

2(t) = 0(6tD i ))dT> = 25(t) = o(e fo )

Then,

8 j Ai(r)dr

ui(t) =ofe ).

U (t) = O<et£(6,\1(r)+u(r)) dr) . 0(€t{j o(Al(T)) dT);

I a6+ ”1(:) 5 [ aa(r)dr

ya(t) = 0(6*0 M ))dT) = yo(t) = o(e ‘0 )

Consequently,

5 ft Ai(7)dr
yi(t) = 0(6 fo ) (:=1,2), 6€(0,1). O
Theorem 7. Let the condition (2) for i =2 and the conditions
].) )\1(4’00) € R_, /\Q(t) — —0Q, )\Q(t) <0 at I,’
2) XN\ (t) is bounded at t — +o00

be fulfilled. Then a trivial solution of the equation (1) is asymptotically
stable.

Proof. In system (8) we make the following change:

t
§ [ A(r)dr
to

zi(t)=e ni(t) (i=1,2), §€(0,1).

Then the system (8) takes the form
mt) = (1= 0) () (t) +n2(t),
() = =M (B (1) + (A2(t) — SA1 () m2(t).

In accordance with Theorem 1, we write an auxiliary system of differential
equations

{oi(t) = (1= )M ()or(t) + oa(t),
ab(t) = M (0] + (a(t) — A (8)) o2 (b).

Its particular solution with the initial conditions o;(tg) = 0 (i = 1,2)
has the form

_ f(AQ(T)—axl(T))dT : —fT(Az(n)—éx\l(n))dn

Falt) = € [icole = ar,
to

N fa-xnmdr [ = [1-8)x(n)dn

o1(t) = e /02(7')6 70 dr.

to



16 Tatiyana Barinova and Alexander Kostin

Since

S V1 I V1) R 1))
t=+oo Ag(t) — OA1(t)  t=+oo Ny (£)(1 — 5%) t—+oo Ag(t)

207

by Lemma 1, 02(t) = o(1). As
aa(t)
2 (1),
—om@ Y
it is obvious that o1 (¢t) = o(1). This implies that Theorem 7 is valid. Thus,
n:(t) = 0o(1) (i =1,2) and

6}A1(T)d'r
zi(t)zo(e i0 ) (i=1,2), 6¢(0,1).

Moreover,
6f;>\1(7') dr
yl(t)zo(e to )7
F M) +a(r) ar 5 M(rydr
=Y 0,
and hence

niy=ofcn Y,

J M@)o+ 3D ar 5 [ 2a(r)dr
ya(t) = 0(6‘0 ! ) —|—0(e to ),

Theorem 8. Let the condition (2) for i =1 and the conditions
1) A(t) = o(1), Aa(+00) = —o0;
A/
) M = o
be fulfilled. Then a trivial solution of the equation (1) is asymptotically
stable.

§€(0,1). O

Proof. In system (8) we make the following change:
M(t)z1(t) = (1), z2(t) = &(1). (14)
Then
_ S@OM(#) =& ()M @) Loy ()

/ t _ / 71 t ,
z5(t) = ().
After such a change, system (8) takes the form

§1(t) = (Ai(t) + p(t)&a(t) + M(t)&2(2), (15)
§a(t) = —p(t)&1(t) + A2(t)&2(t).
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Now we make change in the system (15):

6jt‘>\1(7—)d
ity =e mi(t) (i=1,2), §€(0,1).

After that the system (15) takes the form

)= (1= O+ Lm0 + Moo

(1) = —p()m (t) + (A () O (8))72(1)-

According to Theorem 1, for the obtained system we write an auxiliary
system of differential equations

{Ui(t)((l )M (t) + u(t)) o1 (t) + (A (t)]o2(t),

o3(t) = ()] + (A2(t) = 91 (1))oa ().

Condition 1) of Theorem 3 is obviously satisfied: (t) = |u(t)| £ 0
for t € I. Consider a particular solution of that system with the initial
conditions o;(tp) =0 (i = 1,2):

ft(AZ(T)—(”\l(T))dT t - f(/\z(Tl)—5>\1(Tl))d"’1
/ u(r)

oo(t) = e e ™ dr,

~ (=8 (r)+a( r))dr - f((ké)h(rl)w(n))dn
o1(t) = e /| 1(1)|o2(T)e ™o dr.

According to condition 2) of the above theorem,

pu(t) = o(A1 (1)),
and, all the more,

1) = o(Az(t))-

Then
1
@l MO mm
t=+00 Ag(t) — OA1(t) t—do0 1 _§ ilg? )
2

Consequently, by Lemma 1, 72(t) = o(1). Further, we have

S U] 1 N 1) B
oo (L=0)Aa(t) +p(t)  emoe 51 — 21
1

and thus, o1(¢t) = o(1).
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Then
5 ( ) 6j')\1(7')d'r ( )
. o (7)) . e m(t)
Jm () =l MO () -
 Jenm—arydr [ au(r)(6- 242 ar
= to = i to =
o ()= lim_e )
] 8 ft A1 (7)dr
= to = 1 =
,m e m(t) = lim &()m(t)=0.
This implies that Theorem 8 is valid. Moreover,
10 J (@31 (r)—u(r) dr
(1) = 342, z1(t) = of ),
/\1(t) — t -
— § [ A(r)dr
Z2(t> 52(75) Zz(t) — 0(6 to )
=50
a1(t) = of e ),
— + —
5 [ Ai(r)dr
z9(t) = o(e fo )
é f Ai(r)dr
:>zi(t):o<e i ) i=1,2);
t) = z1(t
yl( ) Zl( )7 —

yi(t) = z1(b),
{y2(t) = A1(t)z1(t) + 22(t) - {yz(t) = &1(t) + 22(t)

6})\1(7’)(17’
:>yi(t):o(e to )

Theorem 9. Let the conditions
1) Xi(+o0) = -0 (1 =1,2);
bV N,
2) S = o(1) (or 3 = o(1)), 323 = O(1)

be fulfilled. Then a trivial solution of the equation (1) is asymptotically
stable.

Proof. The condition (2) is obviously fulfilled. In the system (8) we make
the substitution (14) and obtain the system (15). Next, we make the sub-
stitution
f v(T)dr ]
§i(t) = e ni(t), v(t) =o(Ni(t) (i=1,2).
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Then the system (15) takes the form

{ni(t) = (A 0) = v(®) + p(O)m (0) + M (O)ma(t),
my(t) = —p()m(t) + (Aa(t) — v (t))n2(2).
In accordance with Theorem 1, we write an auxiliary system
{Ui(t) = ((M(t) = v(t) + p(t)) o1 (t) + M (t)o2(t),
o3(t) = [p(®)] + (A2(t) — v(t))o2(2).

According to conditions 1) and 2) of the given theorem,

MOIEYO!
ol Nel%e

t—+o0 )\Q(t) — y(t) t—+oo 1 _ v(t)

A2 (t)

If :\\18 is unbounded as t — +00, then we interchange A1 (¢) and A2(¢) and

get

brol 1501 245
. >\2 t . t 1
lim ———*—— =— lim =0.
t—+o00 \1 (t) — y(t) t—foo 1 _ /\Vl((tt))
Consequently, by Lemma 1, o2(t) = o(1). Further, we have
MOB0 s
oo — S v(t) AL() ’
oo Ma(t) = v(t) + p(t) el - NG T Az(t)

Then o1 (t) = o(1). This implies that Theorem 9 is valid. Moreover,

f 2 ()
&(t) B t{(”(T)—W) dr
21 (t) = )\11(75) . z1(t) = 0(6 t ),
ZQ(t) = fg(t) Zz(t) _ O(et{ v(T) dT) .

t ’
I Al(r)(M—M) dr

T 2+
2 (t) = O<et0 M T ) —

[v(r)dr
— 2(t) = o(efo ) v(t) = o(Ni(t)) (i =1,2);

y1(t) = z1(t),
Y2 (t) = )\1 (t)Zl (t) + z9 (t)

(SR
3
—
<9
3
——
<
~—~
~
~—
I
)
—~
>
<
~—~
~
~
~
—
~
I
—
\Y]
—

= y;(t) =o ¢

Note that the condition ;;((?) = o(1) is fulfilled for a sufficiently wide

+oo
class of functions for which [ A(t) dt = —oc. O
to
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CONCLUSION

The paper reveals the sufficient conditions for asymptotic stability and
gives evaluation of solutions of the homogeneous linear nonautonomous se-
cond order differential equation depending on the behavior of roots of the
corresponding characteristic equation in the case of real roots. The results
of the work allow one to proceed to considering higher order equations and
the questions connected with a simple stability and instability. The case of
complex-conjugate roots has been considered by us and will be published
in a separate article.
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