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1. INTRODUCTION

The purpose of this paper is to prove the existence of mild solutions
defined on the positive semi-infinite real interval .J := [0, +00), for functional
integro-differential equations with state-dependent delay of the form

t

Y () = Ay(t) + f(t,ypu,y,,), [ ettss. ) ds), ae. ted, (1)
0
Yo = ¢ S B7 (2)

where A : D(A) C E — FE is the infinitesimal generator of an analytic
semigroup of bounded linear operators, (T'(t)¢>0) on a Banach space (E, | - |)
and f: JxBxFE—>FE e:JxJxB—FE p:JxB—Rand¢e€ B are
the given function. For any continuous function y defined on (—oo, +00)
and any ¢t > 0, we denote by y; the element of B defined by y:(0) = y(t +0)
for 6 € (—o00,0]. Here y:(-) represents the history of the state from each
time 0 € (—o00,0] up to the present time t. We assume that the histories y;
belong to some abstract phase space B to be specified later.

Integro-differential equations have attracted great interest due to their
applications in characterizing many problems in physics, fluid dynamics,
biological models and chemical kinetics. Qualitative properties such as the
existence, uniqueness and stability for various functional integro-differential
equations have been extensively studied by many researchers (see, for in-
stance, [3,4,7,18,21,23,25]. Likewise, the functional differential equations
with state-dependent delay appear frequently in applications as model of
equations and for this reason the study of this type of equation has received
a significant amount of attention in the last years (we refer to [2,5,6,8,13-15]
and the references therein).

In the literature, the problem (1)—(2) has been studied by several au-
thors without delay or with delay depending only on time. A method to
reduce integro-differential equations with unbounded memory to systems
of functional differential equations with bounded memory without integrals
and analysis of stability of partial functional integro-differential equations on
this basis was presented in [1]. An important study of functional differential
equations with state dependent delay was presented in [11]. Herndndez [12]
has discussed the existence of mild solutions of partial neutral integro-
differential equations with an infinite delay. Ravichandran and Mallika [21]
investigated the fractional problem. Gunasekar et al. [19] have discussed
the existence of mild solutions for an impulsive semilinear neutral func-
tional integro-differential equations with infinite delay in Banach spaces by
using the Hausdorff measure of noncompactness. When A depends on time,
Marcos et al. [22] have discussed the case of the existence of solutions for a
class of impulsive differential equations by using the fixed point theory of
compact and condensing operators. Yan [26] investigated the existence of so-
lutions for semilinear evolution integro-differential equations with nonlocal
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conditions. Recently, Hong-Kun [17] studied the existence of strong solu-
tions of a nonlinear neutral integro-differential problem on an unbounded
interval.

The main purpose of the paper is to establish a global uniqueness of
solutions for the problem (1)—(2). Our approach here is based on a re-
cent Frigon—Granas nonlinear alternative of Leray—Schauder type in Fréchet
spaces [9] combined with the semigroup theory.

2. PRELIMINARIES

We introduce notations, definitions and theorems which are used through-
out this paper.

Let C([0,+0); E) be the space of continuous functions from
[0,400) into E and B(F) be the space of all bounded linear operators from
FE into F, with the usual supremum norm

N € B(E), |N|pm =sup {IN()|: |yl =1}.

A measurable function y : [0, +00) — F is Bochner integrable if and only
if |y| is Lebesgue integrable. For the Bochner integral properties, see the
classical monograph of Yosida [24].

Let L'(]0,+c0), E) denote the Banach space of measurable functions
y : [0,+00) — E which are Bochner integrable normed by

“+o0
Iyl = / ly(®)] dt.
0

In this paper, we will employ an axiomatic definition of the phase space B
introduced by Hale and Kato in [10] and follow the terminology used in [16].
Thus, (B, | - ||g) will be a seminormed linear space of functions mapping
(—00,0] into E, and satisfying the following axioms:

(A1) Ify : (—o0,b) — E,b > 0, is continuous on [0,b] and yg € B, then

for every t € [0,b) the following conditions hold:
(i) w€B;
(ii) there exists a positive constant H such that |y(¢)| < H ||yl 5;
(iii) there exist two functions K(-), M(-): Ry — R, independent
of y with K continuous and M locally bounded such that

lyells < K (t)sup {ly(s)] - 0 <s <t} + M()|yols-
(Az2) For the function y in (A;), y; is a B-valued continuous function on
[0, ].
(A3) The space B is complete.
Denote Kp, = sup{K(t): t € [0,b]} and M, =sup{M(¢t): t € [0,b]}.
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Remark 2.1.
1. (ii) is equivalent to |¢(0)| < H||¢| 5 for every ¢ € B.
2. Since || - |5 is a seminorm, two elements ¢, € B can verify ||¢ —

Y|l = 0 without necessarily ¢(0) = (0) for all § < 0.

3. From the equivalence in the first remark, we can see that for all
¢, € B such that ||¢ — ¢||p = 0: We necessarily have that ¢(0) =

$(0).

We now indicate some examples of phase spaces. For other details we
refer, for instance, to the book due to Hino et al. [16].

Example 2.2. Let:

BC' be the space of bounded continuous functions defined from (—o0, 0]
to E;

BUC' be the space of bounded uniformly continuous functions defined
from (—o0,0] to E;

C™> = {qzﬁ € BC: Olim @(0) exist in E};
——co

0._ . : _
00 = {¢ €BC: lim_9(0) = o},
be endowed with the uniform norm

¢l = sup {|$(0)| - 6 <0}.

We have that the spaces BUC, C* and C° satisfy conditions (A;)—(As3).
However, BC satisfies (A1), (A3) but does not satisfy (Asz).

Example 2.3. The spaces Cy, UC,, Cg° and C’S.
Let g be a positive continuous function on (—oo,0]. We define:

Cy = {QS € C((—00,0], E) : z:((z; is bounded on (—oo,()]};
- oL 00)
endowed with the uniform norm
_ [9(0)] |
ol = SUP{W : < 0}.

Then we have that the spaces Cy and C satisfy conditions (A3). We con-
sider the following condition on the function g.

(91) For all a > 0,
t+60
sup sup{M T oo << —t} < 00.
0<t<a 9(9)

They satisfy conditions (A7) and (Asz) if (g1) holds.
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Example 2.4. The space C,.
For any real positive constant v, we define the functional space C by

o . . . ~0 . .
Cy = {¢ € C((—o0,0], E) : egrzlooe ¢(0) exists in E}
endowed with the norm
)l = sup {e™?l6(0)] - 6 < 0}.
Then in the space C,, the axioms (A4;) — (As) are satisfied.

Definition 2.5. A function f : J x B x E — FE is said to be an L!
-Carathéodory function if it satisfies:

(i) for each t € J, the function f(¢, -, -) : B x E — E is continuous;

(ii) for each (y,z) € B x E, the function f(-,y,z):J — E is measur-
able;

(iii) for every positive integer k, there exists hy, € L'(J;R™) such that

|f(t,y,2’)| < hk(t)
for all ||yllg <k, |z2| <k and almost every t € J.

Let E be a Banach space and B(E) be the Banach space of linear bounded
operators.

Definition 2.6. A one parameter family {T'(¢) | t > 0} C B(F) of bounded
linear operators from E — F is a semigroup of bounded linear operator on
F if satisfying the conditions:

(i) T(t)T(s) =T(t + s), for t,s > 0;

(ii) T(0) = 1.
Definition 2.7. Let T'(t) be a semigroup defined on E. A linear operator
A defined by

D(A) = {:c € E| hlirgl+ % exists in E},
—

and T(h)

) T -

Az) = hlingr — for z € D(A),

is the infinitesimal generator of the semigroup T'(¢t). D(A) is called the

domain of A.

Let X be a Fréchet space with a family of semi-norms {|| - [|5}nen. We
assume that the family of semi-norms {|| - ||,,} verifies:

ol < llalls < Jlalls < -+ for every = € X.
Let Y C X, we say that Y is bounded if for every n € N, there exists

M,, > 0 such that
lylln < M, forall y€Y.
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To X we associate a sequence of Banach spaces {(X™, || - ||»)} as follows:
For every n € N, we consider the equivalence relation ~,, defined by: = ~,, y
if and only if ||z -y, = 0 for 2,y € X. We denote

X" = (X]vs |l In)

the quotient space, the completion of X™ with respect to || « |l,,. To every
Y C X, we associate a sequence {Y"} of subsets Y C X™ as follows: For
every x € X, we denote by [z],, the equivalence class of x of the subset X™
and we define Y™ = {[z],, : = € Y}. We denote by Y™, int,(Y™) and 9, Y™,
respectively, the closure, the interior and the boundary of Y™ with respect
to ||+ ||n in X™.

The following definition is the appropriate concept of contraction in X.
Definition 2.8 (]9]). A function f: X — X is said to be a contraction if
for each n € N there exists k,, € [0,1) such that

1 (@) = FW)lln < knlle = ylln for all z,y € X.

The corresponding nonlinear alternative result is the following

Theorem 2.9 (Nonlinear Alternative of Granas—Frigon, [9]). Let X be a

Fréchet space andY C X a closed subset and let N :' Y — X be a contraction

such that N(Y') is bounded. Then one of the following statements holds:
(C1) N has a unique fized point;

(C2) there exists A € [0,1), n € N and = € 9,Y"™ such that ||z —
AN (2)]] = 0.

3. EXISTENCE RESULTS

3.1. Mild solutions.

Definition 3.1. We say that the function y : (—o00,4+00) — FE is a mild
solution of (1)—(2) if y(t) = ¢(¢) for all t < 0 and y satisfies the following
integral equation:

t

0 = TO60) + [T0-1 (510 el 7 7 ds - @
0 0
for each ¢ > 0.
Set
R(p™) = {p(s.0): (s,0) € T x B, pls,0) <0}.
For each b € (0,00), we assume that p : J x B — (—o0,b] is continuous.

Additionally, we introduce the following hypothesis:

(Hy) The function ¢ — ¢, is continuous from R(p~) into B and there
exists a continuous and bounded function L? : R(p~) — (0,00)
such that

bells < LO(t)]|0||s for every t € R(p™).
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Remark 3.2. The condition (Hy) is frequently verified by the functions
continuous and bounded. For more details, see for instance, [16].

Lemma 3.3 ([15, Lemma 2.4]). Ify: (—o0,b] = E is a function such that
Yo = d)) then

lysllis < (M + L) 6]l + K sup { y(6)] = 0 € [0, max{0, s}]},
sER(p)U,
where L? = sup,ex - Lo(t).
We introduce the following hypotheses:
(H1) There exists a constant M > 1 such that
1T ()| BE) < M for every t > 0.

(Hf) (i) There exist a function p € L}, .(J;Ry) and a continuous non-
decreasing function 1 : [0, 00) — (0, 00) such that:

£t 6.w)] < p(t)96 (18]l + [wll) for every (¢,6,2) € J x B x E.
(ii) For all R > 0, there exists (g € L}, .(J;Ry) such that
(1, 61,w) = 72,6, 05)] < 1a(0) (181~ Balls + s — ]

where (t,0;,w;) € I x Bx E,i=1,2.

(H.) (i) There exist a function m € L, .(J;R;) and a continuous non-
decreasing function Q : Ry — (0, 00) such that:

le(t, s,8)] < m(s)Q([|6]g) for all (t,s,6) € JxJxB.

(ii) There exists a constant C; > 0 such that

t
‘/ (t,s,x) —e(t,s,y)] ds| < Cillz — y||5
0

for (t,s) € J, (x,y) € B.
Consider the space
Bio = {y c:R—=E: yho 7 continuous forT' > 0and yo € B},

where y|[o,7 is the restriction of y to the real compact interval [0, 77.
Let us fix 7 > 1. For every n € N, we define in B, the semi-norms by

9|l := sup {e_T LiOy(t)] : ¢ € [o,n]},

where
t

L;;(t):/zn(s) ds, 1n(t) = (1+ Cy)K, Ml (1)

0
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and [,, is the function from (H)(3).
Then B, is a Fréchet space with this family of semi-norms || - ||,en-

Theorem 3.4. Assume that (H1),(Hy), (He) and (Hy) hold, and suppose
that for n € N,

—+oo n
ds
> [ Y(s)ds. (4)
(/.) Y(s) + Q(s) 0/

Then the problem (1)—(2) has a unique mild solution on (—o0,400).

Proof. We transform the problem (1)—(2) into a fixed-point problem. Con-
sider the operator N : By — By defined by

N(y)(t) =
o(t), if t <0,

t

- T(t)(;ﬁ(O)—i—/T(t—s)f(s7 yp((ws),/e(s, Ty Yp(r,yr)) dT) ds, (5)
0 0
if teJ.

Clearly, fixed points of the operator N are mild solutions of the problem

(1)-(2).
For ¢ € B, we define the function z(-) : (=00, +00) — F by
o), if ¢ <0,
2(t) = {T(t)¢>(0), if teJ

Then xg = ¢. For each function z € B, with zy = 0, we denote by Z the

function defined by
if t<
CORE S
z(t), if teld

If y(-) satisfies (3), we can decompose it as y(t) = Z(t) + «(¢), t > 0, which
implies that y; = Z; + x4, for every ¢t € J and the function z(-) satisfies

t

Z(t) = /T(t - S)f(sv Zp(s,z54Ts) + Lp(s,2s+xs)

0

o,

6(877'7 Zp(r,2r+ar) T gcp(ﬂzrﬂr)) dT) ds for t € J.

Let
Bl ={2€Bix: 2=0¢B}.
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For any z € BY , we have
12l s0 = loolls + sup {2(s)] : 0 < 5 < oo} =
=sup {|z(s)]: 0< s <400},
Thus (BY ., - [[+) is a Banach space. We define the operator F : B} _ —
BE_OO by
t

F(Z)(t) = /T(t - 8)f<87 2p(s,2s4s) + Tp(s,ze+xs)s
0

/6(577', Zp(1,20+ar) +xp(7',zf+:rr)) dT) ds for t € J.

Obviously, the operator N has a fixed point is equivalent to F' has one,
so it turns to prove that F' has a fixed point. Let z € B?roo be such that
z = AF(z) for some X € [0,1). By the hypotheses (H1), (H¢(i)) and (Hc(7)),
for each ¢ € [0, n], we have

f(s, Zp(s,zatwa) T Lp(s,zatas)

/6(37 Ty Zp(T,27+x7) + xl’(TvZT"‘xT)) dT)

0

O < [T = 9)lBm
/

ds <

t
< 37 [ 90600 (Voo ) + Tt I+

0
B) dT) ds <

t
< ﬂ/p(s)w(f{np(sﬂ + (M + L + K, MH) | ¢|| 5+
0

+ /m(T)Q(||zp(sA,zs+ms) + Tp(s,z04as)
0

+/m(T)Q(Kn\z(s)|+(Mn+L¢+KnMH)|\¢>||B) d7> ds.
0
Set

¢n = (M, + K, +L® + K,MH)||¢||5.
Then we have

=) < M / p(sw(mv(sn Fent / () UEnl=(5)] + ) dr) ds.
0 0
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Thus

Kplz(t)| +en <
< Cn—FKnM\/p(S)%/J(KMZ(S)+Cn+/m(T)Q(an(s)|+cn) dT) ds.
0 0

We consider the function u defined by
wu(t) == sup{Kn|z(s)| +cp: 0<s< t}, 0<t< +o0.

Let t* € [0,t] be such that u(t) = K,|z(t*)| + cu||¢|lg. By the previous
inequality, we have

S

u(t) < en + Knﬁ/tp(sm (u(S) + /m(T)Q(u(T)) dT) ds
i 0 for ¢ € [0, n].

Let us take the right-hand side of the above inequality as v(t). Then we
have u(t) < v(t) for all ¢t € [0,n]. This leads us to the following inequality:

o(t) < en + KoM j p(s) <U($) + / m(1)Q(v(r) dr) ds) for t € [0,n],
0 0

whence

o~

V'(t) < M K, p(t)y <v(t) + /tm(T)Q(v(T) dr)).
0

Next, we consider the function

w(t) = v(t) + / m(r)Qv(r)) dr,

0
thus we have that v(0) = w(0) and v(t) < w(t) for all t € [0,n].
Using the nondecreasing character of ¥, we get
w'(t) =v'(t) + p(t)Q2v(t) <
< Z\?Knp(t)w(w(t)) +m(t)Qw(t)) a.e. t€[0,n].
We define the function 9(¢) = max {M\Knp(t), m(t)}, t € [0,n], which im-
plies that
w'(t)
P(w' (1) + Qw(t))

< I(2).
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From condition (4), we have

w(t) t +o00
ds ds
/mw@+9@>§/ﬁ@d“5/nw@+ﬂwr
w(0) 0 w(0)

Thus, for every t € [0,n], there exists a constant A,, such that w(t) < A,
and hence, u(t) < A,,. Since ||z||, < p(t), we have |||, < Ayp.
Set

7 = {z €Bl.: sup |z(t)| <A, +1,Vne N}.

0<t<n

Clearly, Z is a closed subset of BY .
We shall show that F' : Z — Bgoo is a contraction operator. Indeed,
consider z,Z € Z, thus using (H1) and (H3) for each t € [0,n] and n € N,

PO - FEO] < [ 17 = 9] 5
0

f <S7 Zp(s,zs—',-ms) +xp(s,zs+:vs) 7/e (87 T, Zp(T,zT-i-:ET) +(L.p(7—727'+m7')) dT) -
0

X

f<572p(s,zs+zs) t Zp(szotaa)

S

/6(87 7 EP(T1ET+ZET) + :Ep(T,ET+z.,-)) dT>
0

ds <

+

t
S/ J/\Zln(s)<Hzp(szs+IS) _Ep(s,35+a:s) B
0

+Cl”zp(5’zs+935) - EP(57ES+935) B) ds.

Using (Hg) and Lemma 3.3, we obtain
[F(2)(t) = F(2)(t)] <

< O/Mzn(s)(f(n|z(s) —2(5)| + C1 (Kn2(s) —z(s)|)) ds <

t

< /Mzn(s)[l + Cy)Kp|2(s) — 2(s)| ds <

0
t
S;/’
0

[Zn(s) eTL:(s)} {e—rL’;(s”Z(s) _ 5(5)” ds <
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3

t
eTL:L(S) / . 1 . .
g/[ "7 ds e =z <~ @O 3]
0

Therefore,
_ 1 _
1F(z) = E@E)lln < —~ llz = Zlln-

So, the operator F' is a contraction for all n € N. By the choice of Z, there
is no z € 9Z™ such that z = AF(z), A € (0,1). Then the statement (C2)
in Theorem 2.9 does not hold. The nonlinear alternative due to Frigon and
Granas shows that (C1) holds. Thus, we conclude that the operator F' has
a unique fixed-point z*. Then y*(t) = z*(t) + z(t), t € (—o00,+00) is a fixed
point of the operator N, which is the unique mild solution of the problem
(1)—(2). O

4. AN EXAMPLE

To apply our results, we consider the following partial differential equa-
tion:

ov 0%v
GO =5 tO+

+m<t,v(t o(v O/ntsvs o(v (s,O)),§))ds),
€[0,00), §€0,7],

(6)

v(t,0) =v(t,m) =0, ¢ € [0,00),
v(0,8) =v9(6,¢), 0 € (—,0], £€l0,n],

where vg and o € C(R, [0, 00)) are continuous. Take E = L?[0, 7] and define
A:D(A) C E— E by Aw = w"” with the domain

D(A) = {w € E, w,w’ are absolutely continuous,
w” € E, w(0) = w(r) = O}.
Then
Z (w, wp)wy,, w € D(A),

where w,(s) = \/g sinns, n =1,2,..., is the orthogonal set of eigenvalues

of A. Tt is well known (see [20]) that A is the infinitesimal generator of an
analytic semigroup T'(t), ¢ > 0 in E and is given by

w—g e wwnwn,wEE.

Since the analytic semigroup T'(¢ ( ) is compact for ¢ > 0, there exists a con-
stant M > 1 such that | T(¢)|| < M.
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Theorem 4.1. Let B = BUC(R_,E) and ¢ € B. Assume that condition
(Hg) holds. The function m : J x J x [0,7] = [0,7], ¢ : R — R¥,

n:

J x J x [0,7] = [0, 7] are continuous. Then there exists a unique mild

solution of (6).

Proof. From the above assumptions, we have that the functions

ft, o, x)(§) =m <,<p0€ jnt3¢0€)) )
0

e(t, s,0)(&) = n(t,s,0(0,)),
p(t, p) =t —0o(4(0,0))

are well defined, permitting to transform system (6) into the abstract system
(1)—(2). Moreover, the function f is a bounded linear operator. Now the
existence of mild solutions can be deduced from a direct application of
Theorem 3.4. From Remark 3.2, we have the following result. (]

Corollary 4.2. Let ¢ € B be continuous and bounded. Then there exists a
unique mild solution of (6) on (—oo,400).
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