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Abstract. We consider the stationary oscillation case of the theory of
linear thermoelasticity of materials with microtemperatures. The represen-
tation formula of a general solution of the homogeneous system of differen-
tial equations obtained in the paper is expressed by means of seven meta-
harmonic functions. This formula is very convenient and useful in many
particular problems for domains with concrete geometry. Here we demon-
strate an application of this formulas to the Dirichlet and Neumann type
boundary value problem for a ball. The uniqueness theorems are proved.
An explicit solutions in the form of absolutely and uniformly convergent
series are constructed.
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ÒÄÆÉÖÌÄ. ÍÀÛÒÏÌÛÉ ÂÀÍáÉËÖËÉÀ ÈÄÒÌÏÃÒÄÊÀÃÏÁÉÓ ßÒ×ÉÅÉ ÈÄÏ-
ÒÉÉÓ ÓÔÀÝÉÏÍÀÒÖËÉ ÒáÄÅÉÓ ÀÌÏÝÀÍÄÁÉ ÌÉÊÒÏÔÄÌÐÄÒÀÔÖÒÉÓ ÂÀÈÅÀ-
ËÉÓßÉÍÄÁÉÈ. ÌÉÙÄÁÖËÉÀ ÄÒÈÂÅÀÒÏÅÀÍ ÃÉ×ÄÒÄÍÝÉÀËÖÒ ÂÀÍÔÏËÄÁÀ-
ÈÀ ÓÉÓÔÄÌÉÓ ÀÌÏÍÀáÓÍÉÓ ÆÏÂÀÃÉ ßÀÒÌÏÃÂÄÍÉÓ ×ÏÒÌÖËÀ ÂÀÌÏÓÀáÖËÉ
ÛÅÉÃÉ ÌÄÔÀäÀÒÌÏÍÉÖËÉ ×ÖÍØÝÉÉÓ ÓÀÛÖÀËÄÁÉÈ. ÌÉÙÄÁÖËÉ ßÀÒÌÏÃ-
ÂÄÍÀ ÀÒÉÓ ÌÄÔÀÃ ÌÏáÄÒáÄÁÖËÉ ÊÏÍÊÒÄÔÖËÉ ÂÄÏÌÄÔÒÉÉÓ ÌØÏÍÄ ÀÒÄ-
ÄÁÉÓ ÛÄÌÈáÅÄÅÀÛÉ ÓÀÓÀÆÙÅÒÏ ÀÌÏÝÀÍÄÁÉÓ ÀÌÏÓÀáÓÍÄËÀÃ. ÀÌ ÍÀÛÒÏÌ-
ÛÉ ÛÄÓßÀÅËÉËÉÀ ÃÉÒÉáËÄÓÀ ÃÀ ÍÄÉÌÀÍÉÓ ÔÉÐÉÓ ÓÀÓÀÆÙÅÒÏ ÀÌÏÝÀ-
ÍÄÁÉ ÁÉÒÈÅÉÓÀÈÅÉÓ. ÃÀÌÔÊÉÝÄÁÖËÉÀ ÄÒÈÀÃÄÒÈÏÁÉÓ ÈÄÏÒÄÌÄÁÉ.
ÀÌÏÝÀÍÄÁÉÓ ÀÌÏáÓÍÄÁÉ ÌÉÙÄÁÖËÉÀ ÀÁÓÏËÖÔÖÒÀÃ ÃÀ ÈÀÍÀÁÒÀÃ ÊÒÄ-
ÁÀÃÉ ÌßÊÒÉÅÄÁÉÓ ÓÀáÉÈ.
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1. Introduction

Mathematical model describing the chiral properties of the linear ther-
moelasticity of materials with microtemperatures have been proposed by
Iesan [6], [8] and recently it has been extended to a more general case, when
the material points admit micropolar structure [7].

The Dirichlet, Neumann and mixed type boundary value problems corre-
sponding to this model are well investigated for general domains of arbitrary
shape, the uniqueness and existence theorems are proved, and regularity
results for solutions are established by potential and variational methods
(see [1, 10,14,15] and the references therein).

The main goal of this paper is to derive general representation formulas
for the displacement vector of microtemperatures and temperature function
by means of metaharmonic functions. That is, we can represent solutions to
a very complicated coupled system of simultaneous differential equations of
thermoelasticity with the help of solutions of simpler canonical equations.

In particular, here we apply these representation formulas to construct
explicit solutions to the Dirichlet and Neumann type boundary value prob-
lems for a ball. We represent the solution in the form of Fourier–Laplace
series and show their absolute and uniform convergence along with their
derivatives of the first order if the boundary data satisfy appropriate smooth-
ness conditions. One of the methods to satisfy the boundary conditions is
given in A. Ulitko [17], F. Mors and G Feshbah [12], L. Giorgashvili [2,3], L.
Giorgashvili, D. Natroshvili [4], L. Giorgashvili, A. Jaghmaidze, K. Skhvi-
taridze [5], D. Natroshvili, L. Giorgashvili, I. Stratis [13] and other papers.

2. Basic Equations and Auxiliary Theorems

A system of homogeneous differential equations of the stationary os-
cillation of the thermoelasticity with microtemperatures is written in the
form [7]

µ∆u(x) + (λ+ µ) grad divu(x)− γ grad θ(x) + ρσ2u(x) = 0, (2.1)
κ6∆w(x) + (κ5 + κ4) grad divw(x)− κ3 grad θ(x) + τw(x) = 0, (2.2)

κ∆θ(x) + iσγT0 divu(x) + κ1 divw(x) + iσaT0θ(x) = 0, (2.3)

where ∆ is the three-dimensional Laplace operator, u = (u1, u2, u3)
⊤ is the

displacement vector, w = (w1, w2, w3)
⊤ is the microtemperature vector, θ

is the temperature measured from the constant absolute temperature T0

(T0 > 0), ⊤ is the transposition symbol, λ, µ, γ, κ, κj , j = 1, 2, . . . , 6, are
constitutive coefficients, satisfying the conditions [7]

µ > 0, 3λ+ 2µ > 0, κ > 0, 3κ4 + κ5 + κ6 > 0, κ6 + κ5 > 0,

κ6 − κ5 > 0, (κ1 + T0κ3)
2 < 4T0κκ2, γ > 0, a > 0,

τ = −κ2 + iσδ, δ > 0, ρ > 0 is the mass density of the elastic material. In
the sequel we assume that σ = σ1 + iσ2, σ2 > 0, σ1 ∈ R.
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Let U = (u,w, θ)⊤. The stress vector, which we denote by the symbol
P (∂, n)U , has the form

P (∂, n)U =
(
P (1)(∂, n)U ′, P (2)(∂, n)U ′′, P (3)(∂, n)U ′′

)⊤
,

where U ′ = (u, θ)⊤, U ′′ = (w, θ)⊤, n = (n1, n2, n3)
⊤ is the unit vector,

P (1)(∂, n)U ′ = T (1)(∂, n)u− γnθ,

P (2)(∂, n)U ′′ = T (2)(∂, n)w − κ3nθ,

P (3)(∂, n)U ′′ = κ
∂θ

∂n
+ (κ1 + κ3)(n · w),

T (1)(∂, n)u = 2µ
∂u

∂n
+ λndivu+ µ[n× rotu],

T (2)(∂, n)w = (κ6 + κ5)
∂w

∂n
+ κ4ndivw + κ5[n× rotw].

(2.4)

Definition. The vector U = (u,w, θ)⊤ is said to be regular in a domain
Ω ⊂ R3 if U ∈ C2(Ω) ∩ C1(Ω).

Theorem 2.1. A vector U = (u,w, θ)⊤ is a regular solution of system
(2.1)–(2.3) in a domain Ω ⊂ R3, if and only if it is represented in the form

u(x) =
3∑

j=1

gradΦj(x) + rot rot(xΦ4(x)) + rot(xΦ5(x)),

w(x) =

3∑
j=1

αj gradΦj(x) + rot rot(xΦ6(x)) + rot(xΦ7(x)),

θ(x) = −
3∑

j=1

βjk
2
jΦj(x),

(2.5)

where

(∆ + k2j )Φj(x) = 0, j = 1, 2, 3, (∆ + k24)Φj(x) = 0, j = 4, 5,

(∆ + k25)Φj(x) = 0, j = 6, 7,

k24 = ρσ2/µ, k25 = τ/κ6, −k2j , j = 1, 2, 3, are the roots of the equation

z3 + a1z
2 + a2z + a3 = 0 (2.6)
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with

a1=
1

∆1

{
l
[
iσT0(a(λ+2µ)+γ2)+κρσ2

]
+(λ+2µ)(iσaT0κτ+κ1κ3)

}
,

a2=
1

∆1

{
ρσ2(κ1κ3+iσaT0l+κτ)+τ

[
iσT0γ

2+iσaT0(λ+2µ)
]}

,

a3=
i

∆1
aT0ρσ

3τ, ∆1 = κ(λ+ 2µ)l > 0, l = κ4 + κ5 + κ6 > 0,

αj=
κ3[ρσ

2 − (λ+ 2µ)k2j ]

γ(τ − lk2j )
, βj =

iσγT0 + κ1αj

κk2j − iσaT0
, j = 1, 2, 3.

(2.7)

Proof. Assume that a vector U = (u,w, θ)⊤ is a solution of system (2.1)–
(2.3). From equations (2.1)–(2.2) we have

u(x) = u′(x) + u′′(x), w(x) = w′(x) + w′′(x),

where

u′(x) =
1

ρσ2
grad

[
− (λ+ 2µ) divu(x) + γθ(x)

]
,

w′(x) =
1

τ
grad

[
− l divw(x) + κ3θ(x)

]
;

(2.8)

u′′(x) =
µ

ρσ2
rot rotu(x),

w′′(x) =
κ6

ρ
rot rotw(x).

(2.9)

If we apply the operator div to both parts of equalities (2.1) and (2.2),
and take into account equalities (2.3), then we obtain[

(λ+ 2µ)∆ + ρσ2
]

divu(x)− γ∆θ(x) = 0,

(l∆+ τ)divw(x)− κ3∆θ(x) = 0,

iσγT0 divu(x) + κ1 divw(x) + (κ∆+ iσaT0)θ(x) = 0.

From these equations we get
(∆ + k21)(∆ + k22)(∆ + k23)(divu,divw, θ)⊤ = 0, (2.10)

where −k2j , j = 1, 2, 3, are the roots of equation (2.6).
In view of equalities (2.8) and (2.10), we obtain
(∆ + k21)(∆ + k22)(∆ + k23)(u

′, w′)⊤ = 0, rotu′ = 0, rotw′ = 0. (2.11)
We represent the vectors u′(x), w′(x) and the function θ(x) as:

u′(x) =
3∑

j=1

u(j)(x), w′(x) =
3∑

j=1

w(j)(x), θ(x) =
3∑

j=1

θ(j)(x). (2.12)

Naturally,

(u(j), w(j), θ(j))⊤ =
[ 3∏
j ̸=q=1

∆+ k2q
k2q − k2j

]
(u′, w′, θ)⊤, j = 1, 2, 3. (2.13)
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From (2.10)–(2.11) and (2.13) we derive

(∆ + k2j )u
(j)(x) = 0, rotu(j)(x) = 0, j = 1, 2, 3,

(∆ + k2j )w
(j)(x) = 0, rotw(j)(x) = 0, j = 1, 2, 3,

(∆ + k2j )θ
(j)(x) = 0, j = 1, 2, 3.

(2.14)

Since divu = divu′, divw = divw′, rotu′ = 0, rotw′ = 0, with the help
of (2.14) and the identity

grad divu′ = ∆u′ + rot rotu′ = ∆u′, grad divw′ = ∆w′,

from (2.8) and (2.3) we get[
ρσ2 − (λ+ 2µ)k2j

]
u(j)(x)− γ grad θ(j)(x) = 0, (2.15)

(τ − lk2j )w
(j)(x)− κ3 grad θ(j)(x) = 0, (2.16)

iσγT0 divu(j)(x) + κ1 divw(j)(x) + (iσaT0 − κk2j )θ(j)(x) = 0, (2.17)
j = 1, 2, 3.

From (2.15) and (2.16) we have

w(j)(x) = αju
(j)(x), j = 1, 2, 3, (2.18)

where

αj =
κ3[ρσ

2 − (λ+ 2µ)k2j ]

γ(τ − lk2j )
, j = 1, 2, 3.

If we substitute the expressions of w(j)(x) from (2.18) into (2.17), we get

θ(j)(x) = βj divu(j)(x), j = 1, 2, 3, (2.19)
where

βj =
iσγT0 + κ1αj

κk2j − iσaT0
, j = 1, 2, 3.

Substitute the expressions of w(j)(x) and θ(j)(x), j = 1, 2, 3, given by (2.18)–
(2.19) into (2.12) to obtain

u′(x) =
3∑

j=1

u(j)(x), w′(x) =
3∑

j=1

αju
(j)(x),

θ(x) =

3∑
j=1

βj divu(j)(x), rotu(j)(x) = 0, j = 1, 2, 3.

(2.20)

On the other hand, since rotu = rotu′′, rotw = rotw′′, divu′′ = 0,
divw′′ = 0 and rot rotu′′ = −∆u′′, rot rotw′′ = −∆w′′, from (2.9) we get

(∆ + k24)u
′′(x) = 0, divu′′(x) = 0,

(∆ + k25)w
′′(x) = 0, divw′′(x) = 0,

(2.21)

where k24 = ρσ2/µ, k25 = τ/κ6.
The following lemmas are valid [3, 12].
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Lemma 2.2. If a vector v = (v1, v2, v3)
⊤ in the domain Ω ⊂ R3 satisfies

the following system of differential equations

(∆ + k2)v(x) = 0, rot v(x) = 0,

then v can be represented as

v(x) = gradΦ(x),

where Φ(x) is a solution of the Helmholtz equation (∆ + k2)Φ(x) = 0; here
k is an arbitrary constant.

Lemma 2.3. If a vector v = (v1, v2, v3)
⊤ in the domain Ω ⊂ R3 satisfies

the following system of differential equations

(∆ + k2)v(x) = 0, div v(x) = 0,

then v can be represented as

v(x) = rot rot(xΨ1(x)) + rot(xΨ2(x)),

where Ψj(x), j=1, 2, are solutions of the Helmholtz equation (∆+k2)Ψj(x)=
0, j = 1, 2; here k is an arbitrary constant.

Due to Lemma 2.2 and Lemma 2.3, a solution of systems (2.14) and
(2.21) can be represented as

u′(x) = gradΦj(x), j = 1, 2, 3,

u′′(x) = rot rot(xΦ4(x)) + rot(xΦ5(x)),

w′′(x) = rot rot(xΦ6(x)) + rot(xΦ7(x)),

(2.22)

where

(∆ + k2j )Φj(x) = 0, j = 1, 2, 3, (∆ + k24)Φj(x) = 0, j = 4, 5,

(∆ + k25)Φj(x) = 0, j = 6, 7.

Substitution of the expressions (2.22) into (2.20) proves the first part
of the theorem. As to the second part, it is proved by a straightforward
verification that the vector U = (u,w, θ)⊤ represented in the form (2.5) is
a solution of system (2.1)–(2.3). �

Remark 2.4. Hereinafter, we will assume that kj ̸= kp, j ̸= p, ℑkj > 0,
j = 1, 2, 3, 4, 5.

Let Ω+ = B(R) ⊂ R3 be a ball with center at the origin, of radius R,
and ΣR = ∂Ω. We denote Ω− := R3 \ Ω+.

Theorem 2.5. A vector U = (u,w, θ)⊤ represented by (2.5) will be uniquely
defined in the area Ω+ by the functions Φj(x), j = 1, 2, . . . , 7, if the following
conditions are fulfilled:∫

Σr

Φj(x) dΣr = 0, j = 4, 5, 6, 7, r = |x| < R. (2.23)



70 L. Giorgashvili, M. Kharashvili, K. Skhvitaridze, and E. Elerdashvili

Proof. From formulas (2.5) we get
3∑

j=1

k2jΦj(x) = −divu,
3∑

j=1

αjk
2
jΦj(x) = −divw,

3∑
j=1

βjk
2
jΦj(x) = −θ(x),

r2
( ∂2

∂r2
+

2

r

∂

∂r
+ k23+j

)
Φ3+2j(x) = x · (δ1j rotu+ δ2j rotw), j = 1, 2,

r2
( ∂2

∂r2
+

2

r

∂

∂r
+ k23+j

)
Φ2+2j(x) =

= − 1

k23+j

x · (δ1j rot rotu+ δ2j rot rotw), j = 1, 2,

δlj is the Kronecker function.
If u(x) = 0, w(x) = 0, θ(x) = 0, x ∈ Ω+, we have Φj(x) = 0, j = 1, 2, 3,

x ∈ Ω+,

r2
( ∂2

∂r2
+

2

r

∂

∂r
+ k24

)
Φj(x) = 0, j = 4, 5, x ∈ Ω+,

r2
( ∂2

∂r2
+

2

r

∂

∂r
+ k25

)
Φj(x) = 0, j = 6, 7, x ∈ Ω+.

(2.24)

Thus it remains to show that Φj(x) = 0, j = 4, 5, 6, 7. Applying the well
known representation of metaharmonic functions in the form of series, we
can write

Φj(x) =

∞∑
k=0

k∑
m=−k

gk(klr)A
(j)
mkY

(m)
k (ϑ, φ), j = 4, 5, 6, 7, x ∈ Ω+,

where A
(j)
mk are constants, Y (m)

k (ϑ, φ) is a spherical function

Y
(m)
k (ϑ, φ) =

√
2k + 1

4π
· (k −m)!

(k +m)!
P

(m)
k (cosϑ)eimφ,

P
(m)
k (cosϑ) is the associated Legendre polinomial of the first kind of degree

k and order m,

gk(klr) = r−1/2Jk+1/2(klr), kl =

{
k4, j = 4, 5,

k5, j = 6, 7,

Jk+1/2(klr) are the Bessel functions.
With the help of the equality( d2

dr2
+

2

r

d

dr
+ k2l

)
gk(klr) =

k(k + 1)

r2
gk(klr),
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from (2.24) we get
∞∑
k=0

k∑
m=−k

k(k + 1)gk(klr)A
(j)
mkY

(m)
k (ϑ, φ) = 0, j = 4, 5, 6, 7,

whence the equations A
(j)
mk = 0 follow for k ≥ 1 and j = 4, 5, 6, 7. Therefore

Φj(x) =
1

2
√
π
g0(klr)A

(j)
00 , j = 4, 5, 6, 7.

Further, from (2.23) we easily conclude A
(j)
00 = 0 for j = 4, 5, 6, 7, which

completes the proof. �

3. Orthonormal System of Spherical Vectors

Let r, ϑ, φ (0 ≤ r < +∞, 0 ≤ ϑ ≤ π, 0 ≤ φ < 2π) be the spherical
coordinates of x ∈ R3. Denote by Σ1 the unit sphere.

In the space L2(Σ1) consider the following complete orthonormal vectors
system (see [2, 12,17])

Xmk(ϑ, φ) = erY
(m)
k (ϑ, φ), k ≥ 0,

Ymk(ϑ, φ) =
1√

k(k + 1)

(
eϑ

∂

∂ϑ
+

eφ
sinϑ

∂

∂φ

)
Y

(m)
k (ϑ, φ), k ≥ 1,

Zmk(ϑ, φ) =
1√

k(k + 1)

( eϑ
sinϑ

∂

∂φ
− eφ

∂

∂ϑ

)
Y

(m)
k (ϑ, φ), k ≥ 1,

(3.1)

where |m| ≤ k, er, eϑ, eφ are the orthonormal vectors in R3,

er = (cosφ sinϑ, sinφ sinϑ, cosϑ)⊤,
eϑ = (cosφ cosϑ, sinφ cosϑ,− sinϑ)⊤,

eφ = (− sinφ, cosφ, 0)⊤,

Y
(m)
k (ϑ, φ) =

√
2k + 1

4π

(k −m)!

(k +m)!
P

(m)
k (cos θ)eimφ,

P
(m)
k (cosϑ) is the adjoint Legendre function.
Let us assume that a vector-function f (j) = (f

(j)
1 , f

(j)
2 , f

(j)
3 )⊤ and a

function f4 are represented as

f (j)(ϑ, φ) =

∞∑
k=0

k∑
m=−k

{
αmkXmk(ϑ, φ)+

+
√

k(k + 1)
[
β
(j)
mkYmk(ϑ, φ) + γ

(j)
mkZmk(ϑ, φ)

]}
, (3.2)

f4(ϑ, φ) =
∞∑
k=0

k∑
m=−k

αmkY
m
k (ϑ, φ), (3.3)
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where

α
(j)
mk =

2π∫
0

dφ

π∫
0

f (j)(ϑ, φ) ·Xmk(ϑ, φ) sinϑdϑ, k ≥ 0,

β
(j)
mk =

1√
k(k + 1)

2π∫
0

dφ

π∫
0

f (j)(ϑ, φ) · Y mk(ϑ, φ) sinϑdϑ, k ≥ 1,

γ
(j)
mk =

1√
k(k + 1)

2π∫
0

dφ

π∫
0

f (j)(ϑ, φ) · Zmk(ϑ, φ) sinϑdϑ, k ≥ 1,

αmk =

2π∫
0

dφ

π∫
0

f4(ϑ, φ) · Y
(m)

k (ϑ, φ) sinϑdϑ, k ≥ 0.

(3.4)

The symbol a · b denotes the scalar product of two vectors, b is complex
conjugate of b.

Note that in formula (3.2) and, in the sequel, in the summands of analo-
gous series, which contain the vectors Ymk(ϑ, φ), Zmk(ϑ, φ), the summation
index k varies from 1 to +∞.

Let us introduce a few important lemmas [3, 11].

Lemma 3.1. Let f (j) ∈ Cl(Σ1), l ≥ 1; then the coefficients α
(j)
mk, β(j)

mk, γ(j)
mk

defined by (3.4) admit the following estimates

α
(j)
mk = O(k−l), β

(j)
mk = O(k−l−1), γ

(j)
mk = O(k−l−1).

Lemma 3.2. Let f4 ∈ Cl(Σ1), l ≥ 1; then the coefficients αmk defined by
(3.4) admit the following estimates

αmk = O(k−l).

Lemma 3.3. The vectors Xmk(ϑ, φ), Ymk(ϑ, φ), Zmk(ϑ, φ) defined by equal-
ities (3.1) admit the estimates:∣∣Xmk(ϑ, φ)

∣∣ ≤ √
2k + 1

4π
, k ≥ 0,

∣∣Ymk(ϑ, φ)
∣∣ < √

k(k + 1)

2k + 1
, k ≥ 1,

∣∣Zmk(ϑ, φ)
∣∣ < √

k(k + 1)

2k + 1
, k ≥ 1,

Hereinafter we make use the following equalities [6]

er ·Xmk(ϑ, φ) = Y
(m)
k (ϑ, φ), er · Ymk(ϑ, φ) = 0,

er · Zmk(ϑ, φ) = 0,

er ×Xmk(ϑ, φ) = 0, er × Ymk(ϑ, φ) = −Zmk(ϑ, φ),

er × Zmk(ϑ, φ) = Ymk(ϑ, φ);

(3.5)
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grad
[
a(r)Y

(m)
k (ϑ, φ)

]
=

=
da(r)

dr
Xmk(ϑ, φ) +

√
k(k + 1)

r
a(r)Ymk(ϑ, φ),

rot
[
xa(r)Y

(m)
k (ϑ, φ)

]
=

√
k(k + 1) a(r)Zmk(ϑ, φ),

rot rot
[
xa(r)Y

(m)
k (ϑ, φ)

]
=

=
k(k + 1)

r
a(r)Xmk(ϑ, φ) +

√
k(k + 1)

( d

dr
+

1

r

)
a(r)Ymk(ϑ, φ),

(3.6)

div
[
a(r)Xmk(ϑ, φ)

]
=

( d

dr
+

2

r

)
a(r)Y

(m)
k (ϑ, φ),

div
[
a(r)Ymk(ϑ, φ)

]
= −

√
k(k + 1)

r
a(r)Y

(m)
k (ϑ, φ),

div
[
a(r)Zmk(ϑ, φ)

]
= 0,

rot
[
a(r)Xmk(ϑ, φ)

]
=

√
k(k + 1)

r
a(r)Zmk(ϑ, φ),

rot
[
a(r)Ymk(ϑ, φ)

]
= −

( d

dr
+

1

r

)
a(r)Zmk(ϑ, φ),

rot
[
a(r)Zmk(ϑ, φ)

]
=

√
k(k + 1)

r
a(r)Xmk(ϑ, φ)+

+
( d

dr
+

1

r

)
a(r)Ymk(ϑ, φ).

(3.7)

4. Statement of the Problem. The Uniqueness Theorem

Problem. Find, in the domain Ω+, a regular vector U = (u,w, θ)⊤ satisfying
in this domain the system of differential equations (2.1)–(2.3) and, on the
boundary ∂Ω, one of the following boundary conditions:
(I(σ))+ (the Dirichlet problem)

{u(z)}+ = f (1)(z), {w(z)}+ = f (2)(z), {θ(z)}+ = f4(z);

(II(σ))+ (the Neumann problem){
P (1)(∂, n)U ′(z)

}+
= f (1)(z),

{
P (2)(∂, n)U ′′(z)

}+
= f (2)(z),{

P (3)(∂, n)U ′′(z)
}+

= f4(z),
(4.1)

where the vectors f (j) = (f
(j)
1 , f

(j)
2 , f

(j)
3 ), j = 1, 2, and the function f4 are

given on the boundary ∂Ω, n(z) is the outward normal unit vector at the
point z ∈ ∂Ω.

Theorem 4.1. Problems (I(σ))+ and (ÎI(σ))+ have, in the domain Ω+, a
unique solution in the class of regular functions.

Proof. The theorem will be proved if we show that the homogeneous prob-
lems (f (j) = 0, j = 1, 2, f4 = 0) have only the trivial solution.
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Let the vector U = (u,w, θ)⊤ be a solution of the homogeneous problem
either (I(σ))+ or (II(σ))+. We multiply both sides of (2.1) by the vector
i σ T0 u, (2.2) by w and the complex-conjugate of (2.3) by the function θ.
The integration of these expressions over the domain Ω+ and summation
give∫

∂Ω

[
iσT0u(z) · P (1)(∂, n)U ′(z)+

+ w(z) · P (2)(∂, n)U ′′(z) + θ(z) · P (3)(∂, n)U
′′
(z)

]+
ds−

−
∫
Ω+

[
iσT0E

(1)(u, u)− iρσ|σ|2|u(x)|2 + E(2)(w,w)− τ |w(x)|2+

+κ| grad θ(x)|2+(κ1+κ3)w(x) · grad θ(x)+iσaT0|θ(x)|2
]
dx=0, (4.2)

where [9, 15]

E(1)(u, u) =
3λ+ 2µ

3
| divu|2 + µ

2

3∑
k ̸=j=1

∣∣∣∂uk

∂xj
+

∂uj

∂xk

∣∣∣2+
+

µ

3

3∑
k,j=1

∣∣∣∂uk

∂xk
− ∂uj

∂xj

∣∣∣2,
E(2)(w,w) =

3κ4 + κ5 + κ6

3
| divw|2 + κ6 − κ5

2
| rotw|2+

+
κ5+κ6

4

3∑
k ̸=j=1

∣∣∣∂wk

∂xj
+
∂wj

∂xk

∣∣∣2+κ5+κ6

6

3∑
k,j=1

∣∣∣∂wk

∂xk
− ∂wj

∂xj

∣∣∣2.
Since U = (u,w, θ)⊤ is a solution of the homogeneous problem, equality
(4.2) implies∫

Ω+

[
iσT0E

(1)(u, u)− iρσ|σ|2|u(x)|2 + E(2)(w,w)− τ |w(x)|2+

+ κ| grad θ(x)|2 + (κ1 + κ3)w(x) · grad θ(x) + iσaT0|θ(x)|2
]
dx = 0.

If in this equality we separate the real part, we will get∫
Ω+

[
σ2T0E

(1)(u, u) + E(2)(w,w) + ρσ2|σ|2|u(x)|2 + σ2δ|w(x)|2+

+ aT0σ2|θ(x)|2 +
4κκ2 − (κ1 + κ3)

2

4κ
|w(x)|2+

+
1

4κ
∣∣(κ1 + κ3)w(x) + 2κ grad θ(x)

∣∣2] dx = 0.

Hence it follows that u(x) = 0, w(x) = 0, θ(x) = 0, x ∈ Ω+. �
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5. Solution of the Boundary Value Problems

We seek a solution of the Dirichlet and Neumann Problems by formulas
(2.5), where

Φj(x) =
∞∑
k=0

k∑
m=−k

gk(kjr)Y
(m)
k (ϑ, φ)A

(j)
mk, j = 1, 2, 3,

Φj(x) =
∞∑
k=0

k∑
m=−k

gk(k4r)Y
(m)
k (ϑ, φ)A

(j)
mk, j = 4, 5,

Φj(x) =

∞∑
k=0

k∑
m=−k

gk(k5r)Y
(m)
k (ϑ, φ)A

(j)
mk, j = 6, 7.

(5.1)

Here A
(j)
mk, j = 1, 7, are the sought constants, Y

(m)
k (ϑ, φ) is a spherical

function and

gk(kjr) =

√
R

r

Jk+ 1
2
(kjr)

Jk+ 1
2
(kjR)

,

Jk+ 1
2
(x) is a Bessel function.

Substituting the expressions of Φj(x) j = 4, 5, 6, 7, from (5.1), into (2.23),
we get A

(j)
00 = 0, j = 4, 5, 6, 7. If we substitute the expressions of the

functions Φj(x) j = 1, 7, from (2.5) and take into account equalities (3.6),
we obtain

u(x) =
∞∑
k=0

k∑
m=−k

{
u
(1)
mk(r)Xmk(ϑ, φ)+

+
√
k(k + 1)

[
v
(1)
mk(r)Ymk(ϑ, φ) + w

(1)
mk(r)Zmk(ϑ, φ)

]}
,

w(x) =

∞∑
k=0

k∑
m=−k

{
u
(2)
mk(r)Xmk(ϑ, φ)+

+
√
k(k + 1)

[
v
(2)
mk(r)Ymk(ϑ, φ) + w

(2)
mk(r)Zmk(ϑ, φ)

]}
,

θ(x) =
∞∑
k=0

k∑
m=−k

umk(r)Y
(m)
k (ϑ, φ),

(5.2)

where

u
(1)
mk(r) =

3∑
j=1

d

dr
gk(kjr)A

(j)
mk +

k(k + 1)

r
gk(k4r)A

(4)
mk, k ≥ 0,

v
(1)
mk(r) =

3∑
j=1

1

r
gk(kjr)A

(j)
mk +

( d

dr
+

1

r

)
gk(k4r)A

(4)
mk, k ≥ 1,

w
(1)
mk(r) = gk(k4r)A

(5)
mk, k ≥ 1,
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u
(2)
mk(r) =

3∑
j=1

αj
d

dr
gk(kjr)A

(j)
mk +

k(k + 1)

r
gk(k5r)A

(6)
mk, k ≥ 0,

v
(2)
mk(r) =

3∑
j=1

αj
1

r
gk(kjr)A

(j)
mk +

( d

dr
+

1

r

)
gk(k5r)A

(6)
mk, k ≥ 1,

w
(2)
mk(r) = gk(k5r)A

(7)
mk, k ≥ 1,

umk(r) = −
3∑

j=1

βjk
2
j gk(kjr)A

(j)
mk, k ≥ 0.

If we substitute the expressions of the vectors u(x), w(x) and the function
θ(x) into (2.4) and use equalities (3.5) and (3.7), we get

P (1)(∂, n)U ′(x) =

∞∑
k=0

k∑
m=−k

{
a
(1)
mk(r)Xmk(ϑ, φ) +

√
k(k + 1)×

×
[
b
(1)
mk(r)Ymk(ϑ, φ) + c

(1)
mk(r)Zmk(ϑ, φ)

]}
,

P (2)(∂, n)U ′′(x) =
∞∑
k=0

k∑
m=−k

{
a
(2)
mk(r)Xmk(ϑ, φ) +

√
k(k + 1)×

×
[
b
(2)
mk(r)Ymk(ϑ, φ) + c

(2)
mk(r)Zmk(ϑ, φ)

]}
,

P (3)(∂, n)U ′′(x) =

∞∑
k=0

k∑
m=−k

amk(r)Y
(m)
k (ϑ, φ),

(5.3)

where

a
(1)
mk(r) =

3∑
j=1

[
2µ

d2

dr2
+ (γβj − λ)k2j

]
gk(kjr)A

(j)
mk+

+
2µk(k + 1)

r

( d

dr
− 1

r

)
gk(k4r)A

(4)
mk, k ≥ 0,

b
(1)
mk(r) =

3∑
j=1

2µ
1

r

( d

dr
− 1

r

)
gk(kjr)A

(j)
mk+

+ µ
[
2
d

r

( d

dr
+

1

r

)
+ k24

]
gk(k4r)A

(4)
mk, k ≥ 1,

c
(1)
mk(r) = µ

( d

dr
− 1

r

)
gk(k4r)A

(5)
mk, k ≥ 1,

a
(2)
mk(r) =

3∑
j=1

[
(κ5 + κ6)αj

d2

dr2
+ (κ3βj − κ4αj)k

2
j

]
gk(kjr)A

(j)
mk+

+
(κ5 + κ6)k(k + 1)

r

( d

dr
− 1

r

)
gk(k5r)A

(6)
mk, k ≥ 0,
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b
(2)
mk(r) =

3∑
j=1

αj(κ5 + κ6)
1

r

( d

dr
− 1

r

)
gk(kjr)A

(j)
mk+

+
[
(κ5 + κ6)

d

dr

( d

dr
+

1

r

)
+ κ5k

2
5

]
gk(k5r)A

(6)
mk, k ≥ 1,

c
(2)
mk(r) =

(
κ6

d

dr
− κ5

1

r

)
gk(k5r)A

(7)
mk, k ≥ 1,

amk(r) =
3∑

j=1

(
αj(κ1 + κ3)− κβjk

2
j

) d

dr
gk(kjr)A

(j)
mk+

+
(κ1 + κ3)k(k + 1)

r
gk(k5r)A

(6)
mk, k ≥ 0.

Let us first consider the Neumann problem.
Assume that the vectors f (j)(ϑ, φ), j = 1, 2, and the function f4(ϑ, φ)

can be represented in the form (3.2) and (3.3).
Passing to the limit on both sides of (5.3) as x → z ∈ ∂Ω and using both

the Neumann boundary conditions (4.1) and equalities (3.2)–(3.3), for the
sought constants A

(j)
mk , j = 1, 7, we obtain the following system of linear

algebraic equations:
(1) for k = 0, m = 0 (three simultaneous equations with the three

unknowns A
(j)
00 , j = 1, 2, 3),

a
(1)
00 (R) = α

(1)
00 , a

(2)
00 (R) = α

(2)
00 , a00(R) = α00; (5.4)

(2) for k ≥ 1, −k ≤ m ≤ k
(a)

µ
( d

dR
− 1

R

)
gk(k4R)A

(5)
mk = γ

(1)
mk,(

κ6
d

dR
− κ5

1

R

)
gk(k5R)A

(7)
mk = γ

(2)
mk;

(5.5)

(b) (five simultaneous equations with the five unknowns A
(j)
mk, j =

1, 2, 3, 4, 6)

a
(j)
mk(R) = α

(1)
mk, b

(j)
mk(R) = β

(j)
mk, j = 1, 2, amk(R) = αmk. (5.6)

Due to Theorems 4.1 and 2.5, system (5.4)–(5.6) is uniquely solvable
with respect to the unknowns A

(j)
mk, j = 1, 7. Thus we can construct ex-

plicitly a formal solution of the Neumann problem in the form of series.
Further we have to investigate the convergence of these formal series and
their derivatives.

The asymptotic representations

gk(kjr) ≈
( r

R

)k

, g′k(kjr) ≈
k

r

( r

R

)k

, r < R (5.7)

are valid for k → +∞ [16].
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If x ∈ Ω+ (r < R), then by asymptotics (5.7), the series (5.2)–(5.3)
converge absolutely and uniformly.

If x ∈ ∂Ω (r = R), then by Lemmas 3.1–3.3 and asymptotics (5.7), series
(5.2)–(5.3) will be absolutely and uniformly convergent provided that the
majorized series

∞∑
k=k0

k3/2
2∑

j=1

(
|α(j)

mk|+ k|β(j)
mk|+ k|γ(j)

mk|+ |αmk|
)

(5.8)

are convergent. Series (5.8) will be convergent if the coefficients α
(j)
mk, β(j)

mk,
γ
(j)
mk, αmk, j = 1, 2, admit the following estimates

α
(j)
mk = O(k−3), β

(j)
mk = O(k−4),

γ
(j)
mk = O(k−4), αmk = O(k−3), j = 1, 2.

(5.9)

According to Lemmas 3.1 and 3.2, estimates (5.9) will hold if we require
that

f (j)(z) ∈ C3(∂Ω), j = 1, 2, f4(z) ∈ C3(∂Ω). (5.10)
Therefore if the boundary vector-functions satisfy conditions (5.10), then

the vector U = (u,w, θ)⊤ represented by equalities (5.2) will be a regular
solution of Problem (II(σ))+.

Problem (I(σ))+ can be treated analogously.

6. Appendix: Properties of the Characteristic Roots and
Wave Numbers

Let us introduce the blockwise 7 × 7 matrix differential operator corre-
sponding to system (2.1)–(2.3)

L(∂, σ) :=


L(1)(∂, σ) L(2)(∂, σ) L(5)(∂, σ)

L(3)(∂, σ) L(4)(∂, σ) L(6)(∂, σ)

L(7)(∂, σ) L(8)(∂, σ) L(9)(∂, σ)


7×7

,

where
L(1)(∂, σ) := [µ∆+ ρσ2]I3 + (λ+ µ)Q(∂),

L(2)(∂, σ) := L(3)(∂, σ) = [O]3×3,

L(4)(∂, σ) := [κ6∆+ τ ]I3 + (κ4 + κ5)Q(∂),

L(5)(∂, σ) := −γ∇⊤, L(6)(∂, σ) := −κ3∇⊤, L(7)(∂, σ) := iσγT0∇,

L(8)(∂, σ) := κ1∇, L(9)(∂, σ) := κ∇+ iσaT0, Q(∂) = [∂k∂j ]3×3,

∇ = ∇(∂) = [∂1, ∂2, ∂3], ∂j = ∂/∂xj , j = 1, 2, 3, I3 stands for the 3× 3 unit
matrix.

Due to the above notation, system (2.1)–(2.3) can be rewritten in matrix
form as

L(∂, σ)U(x) = 0, U = (u,w, θ)⊤. (6.1)
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Denote by Fx→ξ the Fourier transforms

Fx→ξ[f ] =

∫
R3

f(x)eix·ξ dx = f̂(ξ),

where x = (x1, x2, x3), ξ = (ξ1, ξ2, ξ3).
The Fourier transform has the following property:

L(∂αf) = (−iξ)αF[f ], (6.2)
where α = (α1, α2, α3) is a multi-index, |α| = α1 + α2 + α3 and ξα =
ξα1
1 ξα2

2 ξα3
3 .

Let us perform Fourier transforms of (6.1) and take into consideration
(6.2); we obtain

L(−iξ, σ)Û(ξ) = 0, (6.3)
where

L(1)(−iξ, σ) :=
(
− µ|ξ|2 + ρσ2

)
I3 − (λ+ µ)Q(ξ),

L(2)(−iξ, σ) := L(3)(−iξ, σ) = [O]3×3,

L(4)(−iξ, σ) :=
(
− κ6|ξ|2 + τ

)
I3 − (κ4 + κ5)Q(ξ),

L(5)(−iξ, σ) := iγξ⊤, L(6)(−iξ, σ) := iκ3ξ
⊤, L(7)(−iξ, σ) := σγT0ξ,

L(8)(−iξ, σ) := −iκ1ξ, L(9)(−iξ, σ) := −κ|ξ|2 + iσaT0,

Q(ξ) = [ξk ξj ]3×3.

The determinant of system (6.3) reads as
detL(−iξ, σ) =

= µ(λ+ 2µ)lκ6

(
µ|ξ|2 − ρσ2

)2
(κ6|ξ|2 − τ)2

(
|ξ|6 − a1|ξ|4 + a2|ξ|2 − a3

)
,

where a1, a2, a3 are given by (2.7), l = κ4 + κ5 + κ6.
The numbers k2j , j = 1, 5, are the roots of the equation detL(−iξ, σ) = 0

with respect to |ξ|.

Lemma 6.1. Let us assume that σ = σ1 + iσ2 is a complex parameter,
where σ1 ∈ R and σ2 > 0. Then

detL(−iξ, σ) ̸= 0

for arbitrary ξ ∈ R3.

Proof. We prove the lemma by contradiction. Let detL(−iξ, σ) = 0, ξ ∈
R3. Then the system of equations L(−iξ, σ)X = 0 has a nontrivial so-
lution. Denote this solution by X = (X(1), X(2), X(3))⊤, where X(j) =

(X
(j)
1 , X

(j)
2 , X

(j)
3 )⊤ ∈ C3 j = 1, 2, and X(3) ∈ C. Taking into consideration

(6.3), the system L(−iξ, σ) = 0 can be rewritten as follows:[(
ρσ2 − µ|ξ|2

)
I3 − (λ+ µ)Q(ξ)

]
X(1) + iγξ⊤X(3) = 0, (6.4)[(

τ − κ6|ξ|2
)
I3 − (κ4 + κ5)Q(ξ)

]
X(2) + iκ3ξ

⊤X(3) = 0, (6.5)
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σγT0(ξ ·X(1))− iκ1(ξ ·X(2)) + (−κ|ξ|2 + iσaT0)X
(3) = 0. (6.6)

Assume that |ξ| ̸= 0.

Let us multiply equation (6.4) by the vector iσT0X(1), equation (6.5) by
X

(2) and the complex-conjugate of equation (6.6) by the function X(3) and
add the obtained results. After simplification, we obtain

iσT0

(
ρσ2 − µ|ξ|2

)
|X(1)|2 − iσT0(λ+ µ)|ξ ·X(1)|2+

+
(
τ − κ6|ξ|2

)
|X(2)|2 − (κ4 + κ5)|ξ ·X(2)|2+

+i(κ1 + κ3)(ξ ·X
(2)

)X(3) +
(
− κ|ξ|2 − iσaT0

)
|X(3)|2 = 0.

Recall that the central dot denotes the scalar product, a · b =
3∑

j=1

ajbj for

the vectors a and b. Let us separate the real part:

T0σ2

[(
ρ|σ|2 + µ|ξ|2

)
|X(1)|2 + (λ+ µ)|ξ ·X(1)|2

]
+

+
(
σ2δ + κ6|ξ|2

)
|X(2)|2 + (κ4 + κ5)|ξ ·X(2)|2 + σ2aT0|X(3)|2+

+
4κκ2−(κ1+κ3)

2

4κ
|X(2)|2+ 1

4κ

∣∣∣(κ1+κ3)X
(2)−2iκξX(3)

∣∣∣2=0. (6.7)

Here we have used the following relation:

κ|ξ|2|X(3)|2 − (κ1 + κ3)Re
[
i(ξ ·X(2)

)X(3)
]
+ κ2|X(2)|2 =

=
4κκ2 − (κ1 + κ3)

2

4κ
|X(2)|2 + 1

4κ

∣∣∣(κ1 + κ3)X
(2) − 2iκξX(3)

∣∣∣2 ≥ 0.

From equation (6.7) we obtain that X(j) = 0, j = 1, 2, 3. For ξ = 0 equation
(6.7) recasts as

ρ|σ|2σ2T0|X(1)|2 + (κ2 + σ2δ)|X(2)|2 + σ2aT0|X(3)|2 = 0,

hence, X(j) = 0, j = 1, 2, 3.
Thus, we obtain that the system L(−iξ, σ)X = 0 has only the trivial

solution for arbitrary ξ ∈ R3. This contradiction proves the lemma. �

Corollary 6.2. Let σ = σ1 + iσ2 be a complex parameter with σ1 ∈ R and
σ2 > 0. Consider the equation

detL(−iξ, σ) = 0 (6.8)

with respect to |ξ|. The roots ±kj, j = 1, 5, of equation (6.8) are complex
with ℑkj > 0, j = 1, 5.
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