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IvAN KIGURADZE

OSCILLATORY SOLUTIONS OF HIGHER ORDER
NONLINEAR NONAUTONOMOUS DIFFERENTIAL SYSTEMS

Abstract. Oscillatory properties of solutions of higher order nonlinear nonautonomous differential
systems are considered. In particular, unimprovable in a certain sense conditions are found under
which all proper solutions of those systems are oscillatory.
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On an infinite interval [a, +00[, we consider the differential system

u") = 9i (t, Uy - - - 7U§m*1)7 U2, .. 7“?271)) (i=1,2), M)

7

where ny > 1, ny > 2, a > 0, g; : [a,400o[ xR™ x R" — R (i = 1,2) are continuous functions,
satisfying on [a, +oo[ xR™ x R™ one of the following two conditions

gl(taxh ey gy Y1y - - aynz)sgn(yl) Z fl(t,yl)sgn(yl),
92(t71'17~ ey T Y1y e e 7yn2)5gn(x1) S _f2(t7x1)sgn(x1)?

(2)

or
gl(ta L1 Tngs Y1y - -0 ynz) Sgn(yl) 2 fl(t7 yl) Sgn(yl)v (3)
92ty @1,y Ty YLy - e s YUny ) sEO(1) > fo(t, 1) sgn(zy).
Here f;la,+oo[ xR — R (¢ = 1,2) are nondecreasing in the second argument continuous functions
such that
filt,x)sgn(z) >0 (i=1,2).

The present paper is devoted to the investigation of oscillatory properties of solutions of system (1).
Previously, such properties have been investigated only in the cases when system (1) can be reduced
to one differential equation of order n = ny + ng (see, [1-13,15] and the references therein), or when
ny =ng =1 (see, [14]).

A solution of system (1) defined on some interval [ag, +00[ C [a, +00[ is said to be proper if it does
not identically equal to zero in any neighbourhood of +oo.

A proper solution (u1,uz) of system (1) is said to be oscillatory if at least one of its components
changes sign in any neighbourhood of +00, and is said to be Kneser solution if in the interval [ag, +00[
it satisfies the inequalities

D) Out) >0 (i=1,...,m),
(=1 "l (t)ua(t) > 0 (k=1,...,ny).
Assume
n =ni + ng,
and introduce the definitions.

Definition 1. System (1) has the property Ay if every its proper solution for even n is oscillatory,
and for odd n either is oscillatory or is a Kneser solution.
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Definition 2. System (1) has the property By if every its proper solution for even n is either
oscillatory, or is a Kneser solution, or satisfies the condition

lim [u™~ V()] >0 (i=1,2), (4)

t—+4o00
and for n odd either is oscillatory or satisfies condition (4).
If m is a natural number, then by N9 we denote the set of those k € {1,...,m} for which m + k

is even.
For an arbitrary natural k, we put

t

Li(t,) = [t * / (t— )" fu(s,ws" 1) ds|

a

Theorem 1. Let condition (2) be satisfied and for any x #0 and k € /\/;9271 the equalities

+00 +oo
/[mgmﬁ=+m,‘/WTWMmmﬁ=+m, (5)
a Jroo a

(/ﬁT“Wh@h&@ﬂﬁ:+m (6)

a

be fulfilled. Then system (1) has the property Ag.

Theorem 2. Let condition (3) be satisfied. If, moreover, ng > 2 (n2 = 2) and for any © # 0 and
ke N,?272 equalities (5) and (6) hold (for any x # 0 equalities (5) is fulfilled), then system (1) has
the property By.

Ifni=1,ny=n-1,
gl(t7x1a"'7mn17y1a"'ayn2) = Y1, g2(t?mla"'axn1?y17'"aynz) :f(taxl)’

then system (1) is equivalent to the differential equation
u™ = f(t,u). (7)

We consider the last equation in the case where f : [a,4+00o[ xR — R is a continuous function
satisfying either the condition

f(£,0)=0, f(t,x)<f(ty) for t >a, z<y, (8)
or the condition
f(£,0)=0, f(t,x)> f(t,y) for t >a, x<y. (9)
A solution u of the equation (1), defined on some interval [ag, +00[ C [a, +0], is said to be proper
if is not identically zero in any neighborhood of 4occ.

A proper solution u : [ag+o0o[ — R is said to be oscillatory if it changes the sign in any neighborhood
of +00 and side to be Kneser solution

(=)' (H)u(t) >0 for t>ag (i=1,...,n).
For equation (6), Definitions 1, 2 and Theorems 1 and 2 have the following forms.

Definition 3. Equation (7) has the property Ay if any proper solution of this equation in case n even
is oscillatory and in case n odd either is oscillatory or is a Kneser solution.

Definition 4. Equation (7) has the property By if any proper solution of this equation in case n even
either is oscillatory, or is a Kneser solution, or satisfies the condition

lim [u""2(t)] = 400, (10)

t— o0

and in case n odd either is oscillatory or satisfies condition (10).
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Theorem 3. If along with (8) the condition
+oo
/ R f(tatt )| dt = oo for x#£0, keNI_, (11)

holds, then equation (7) has the property Ap.
Theorem 4. Ifn >3 and along with (9) the condition

—+oo
/ﬂ**ﬁ@m“ﬁﬁ:+mﬁwx¢leN&2 (12)
holds, then equation (7) has the property By.

The conditions of Theorems 1-4 are in a certain sense unimprovable. Moreover, the following
statements are valid.

Theorem 5. Let condition (8) be satisfied and for any x # 0 there exist numbers t, > a and 6(x) >0
such that

R ()] > 0(@) [ f(at™ )| for t > b, ke N,
Then for the differential equation (6) to have the property Ag it is necessary and sufficient equalities
(11) to be fulfilled.

Theorem 6. Let conditions (9) be fulfilled, n > 3 and for any x # 0 there exist numbers t, > a and
d(x) > 0 such that

tn—k—2|f(t’ xt’“_l)| > 5(m)‘f(t,$t"_2)‘ for t >t,, ke NP ,.

Then for the differential equation (2) to have the property By it is necessary and sufficient equalities

(12) to be fulfilled.

An essential difference between the above formulated theorems and the results obtained earlier (see,
e.g., [1-15]) is that they cover the case, where the right-hand sides of system (1) and of equation (7)
are slowly increasing with respect to the phase variable functions.

As an example, let us consider the differential equation

u™ = go(t) folu) + g1 (£) In (1 + |ul)sign (u), (13)

gi : [a,+oo[— R (i = 0,1) are continuous functions, fp : R — R is a continuous, nondecreasing
function such that

fo(@)z >0 for ©#0, sup{|fo(z)|: z € R} < +oo.
Theorems 5 and 6 result in the following corollaries.
Corollary 1. Ifn > 3 and go(t) <0, g1(t) <0 fort > a, then for equation (13) to have property Ag
it is necessary and sufficient the equality
+oo

/f%®+mwmﬂﬁ:_m

a

to be fulfilled.
Corollary 2. Ifn >4 and go(t) > 0, g1(t) > 0 for t > a, then for differential equation (13) to have
property By it is necessary and sufficient the equality

+oo

/ﬂ%@+m@mﬂﬁ=+m

a

to be satisfied.
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Consider now the case where the right-hand sides of system (1) on the set [a, +oo[ xR™ x R™2

satisfy either the inequalities

9161, T, Yy Yny) sE0(yn) = pa()ya M

92ty @1, Ty YLy ey Uny ) SED(21) < —pg(t)|x1|)‘2,
or the inequalities

91(6 @1, Ty Y1y - Uny) sE0(y1) = pa(8)|ya [N

Go(t, L1, Ty Yy e e ey Yny ) SEN (1) > pa(t)|21]2,
where
A1 >0, Ao >0, Ay >1,
and p; : [a, +oo[ — [0, +oo[ are continuous functions.
Along with system (1), let us consider its particular cases

u(lnl) = pl(t)|u2\>‘1 sgn(us), uém) = 7p2(t)|u1\>‘2 sgn(uq),

and

ugnl) =m (t)|u2|/\1 sgn(us), uém) = pg(t)|u1|/\2 sgn(uq).

Theorem 7. If along with (14) (along with (15)) the conditions
+oo
/ p1(t) dt = 400,
a

+oo t Ao

/ t[ Ja=9m ()" o ds] palt) dt = +o0,

a a

x x )\1
lim [ ™! {/(5 — )27 1py (s) ds} p1(t) dt = 400

Tr—+00
a

are fulfilled, then system (1) has the property Ao (the property By).

Note that if
t

Jt = sym1stm=0p ) ds
ltierinf . " >0,
—> 100
tn2=DX1 [(t — s)m1—1p;(s)ds

a

then condition (19) takes the form

“+o00 t A2

/t”rl[/(t—s)"rlpl(s) ds|  p(t)dt = +o0.

For system (16), from Theorem 5 it follows

(21)

(22)

Corollary 3. If conditions (18) and (21) are fulfilled, then for system (16) (system (17)) to have the
property Ao (the property By), it is necessary and sufficient the equalities (20) and (22) to be satisfied.
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