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CERTAIN PROPERTIES OF GENERALIZED
ANALYTIC FUNCTIONS FROM SMIRNOV CLASS
WITH A VARIABLE EXPONENT



Abstract. Let D be a simply connected domain bounded by a simple, closed, rectifiable curve T,
p = p(t) be the given on I' positive measurable function, and z = z(¢), ¢ = re’” be conformal mapping
of the circle U = {¢ : |¢|] < 1} onto the domain D.

The function W(z), generalized-analytical in I. Vekua’s sense, belongs to the Smirnov class
EPM(A; B; D), if

(1) W e U>*(A; B; D);

27 .
(2) sup f |W(z(7’eiﬁ))\p(z(em))|z’(7’em)\d19 < 00
0<r<1

(see [15]).

When p(t) is Log-Holder function continuous in I' and min p(t) = p > 1, we considers the problems
of representability of functions from EP(*)(A; B; D) by the generalized Cauchy integral, show the
connection between the generalized Cauchy type integral and the generalized singular integral; of
special interest is the question of extendability of functions from those classes, and the symmetry
principle is proved.
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0<r<
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21 .
(2) sup [ |W(z(re®))|PEED] (rei?)| d < oo
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1. INTRODUCTION

The Hardy classes H? of analytic in a unit circle U functions and their generalizations, i.e., Smirnov
classes EP(D), p > 0, are the main objects of investigation of mathematical analysis (see [2,3,10,16],
etc.). They have a great number of applications in the boundary value problems of the theory of
analytic functions.

Recently, the Lebesgue spaces with a variable exponent LP(*) and their applications attract attention
of many mathematicians. This tendency has touched upon certain questions of the theory of analytic
functions. The notions of Hardy and Smirnov classes (with a variable exponent) of analytic functions
have been introduced in [5] and [6] and successfully applied to the boundary value problems; a part
of those applications are reflected in [7].

For a constant p, the analogues of Smirnov classes for generalized analytic functions are presented
in [4,11-14] and some boundary value problems in these classes are studied therein.

The perspective to investigate the boundary value problems for generalized analytic functions more
thoroughly made it necessary to introduce Smirnov classes with a variable exponent. But towards this
end, one has, first of all, to know the properties of generalized Cauchy type integrals and generalized
singular integrals with densities from the class LP(!). These questions have been studied in [9]. In
particular, the validity of analogues of Sokhotski-Plemelj’s formulas in the case of arbitrary, simple,
rectifiable curves and summable densities has been proved, and the continuity in the space LP(*) ()
(with weight) of the operator §p generated by a generalized singular integral when I' is the Carleson
curve has been proved, as well. All that made it possible to introduce the notion of Smirnov classes with
a variable exponent for generalized analytic functions and to establish a series of their properties [15];
some of them we will frequently refer to in this work, are cited below, in Subsection 3.1. It should be
noted here that in [15] the questions of extension and the symmetry principle for the introduced classes
were left unconsidered; the case of unbounded domains was‘ considered superficially; the belonging of
the generalized Cauchy type integrals with density from LP®*) to Smirnov classes was not considered
in detail.

The present paper, being the continuation of our previous work [15], deals with the problems just
mentioned and provides us with many new properties of the generalized Cauchy type integrals and
Smirnov classes (with a variable exponent) of generalized analytic functions.

Relying mainly on the results obtained in [9,15], we have succeeded in investigating the Riemann
problem for generalized analytic functions from the introduced Smirnov classes with a variable expo-
nent [8].

2. PRELIMINARIES

2.1. Generalized analytic functions in I. N. Vekua’s sense. Let D be a simply connected
domain bounded by a simple, closed, rectifiable curve I' and A(z), B(z) be the functions given on D.
We extend them by zero on the set '\ D when E is the complex plane, retaining the same notation
for the obtained functions.

Let s > 0 and L*(D) be a set of functions f, summable on D, of degree s. If D = E, then we put
fu(z) = 2" f(1), v € (—o0,400). The set of functions f for which

feL*U), f.(z)eLl*U), s>1, U={z: |2| <1},

we denote by L*"(E).
A solution W (z) of the equation

LW = 0:W + A(2)W + B(z)W =0 (2.1)

is said to be regular in the domain D, if every point zg € D possesses the neighborhood D(zp) C D,
where W has a generalized in Sobolev sense derivative OzW = 1 (%—VX +i %—V;).

If A, B € L*2(D), then we denote by U*?(A; B; D) the set of all regular solutions of the equation
(2.1). For s > 2, the equation (2.1) has regular solutions and each solution W(z) is representable in

the form
W(2) = B, (=) expu, (2) (= Dexpw), (2.2)
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where ®,, is analytic in D function, and

() = %// (40 + 5O ) 2

The function w,, belongs to the Holder class Hs—2 (E) [17, pp. 156, 163]. The function ®,, (z) is called
a normal analytic divisor of the generalized analytlc function W(z) [17, p. 160].

2.2. Principal kernels of the class U*2(A; B; D). Let
1 1
¢1(2)—m7 ¢2(2)—m’

where ¢ is a fixed point of the plane E. Then there exist the functions X;(z), j = 1,2 (solutions of
the equation (2.1)), such that:

(1) Xj0(2) = 52 € Hooa (B);

(2) the functions X ¢(z) are continuous in D and continuously extendable on E;
(3) Xjo(2) #0;
(4) Xjo(t)=1.

The functions

Ql(Z,t) = Xl(Z,t) —|—Z'X2(Z,t)7 QQ(Z,t) = X1(27t) — 1X2(27t)

are called principal normalized kernels of the class U%2(A; B; D), s > 2 [17, p. 193]. There exist
bounded functions m;(z,t), ma(z,t) such that
1 my(z,t)

=2 [t — 2]’

ma(z,t) 2
Qa(2,1) = “2_7:4&? a=- (2.3)

Ql (Z,t) =
(see [17, p. 179)).

2.3. The generalized Cauchy type integral and generalized singular integral. Let
F:{tGE: t=t(o), 0§J§£},

where o is the arc coordinate of the point t.
If 1, Qs are the principal normalized kernels of the class U2?(A; B; D) and f € L(T), then the
function

Wi(z) = (Kr‘f /Ql (z,7)f(T)dr — Qa(2,7)f(7) dT

is a regular solution of the equation (2.1) of the class U%?(A; B; D) [17, pp. 156, 168].
The function (Kt f)(z) is called the generalized Cauchy type integral. The corresponding singular
integral is defined by the equality

(Sef)(E) = lim —— / Q1 (7, 2) f(7) dr — Qa(z,7)F(7) 7,

e—0 271
r-T.(1)
where T'.(t) is a small in length arc lying on T with the ends ¢(c — ¢) and ¢(c + ¢€).

Under different assumptions for I' and f, the integrals (Krf)(z) and (S f)(t) and their interconnec-
tions have been studied in [11-14] (for details see [9]). In particular, analogues of Sokhotski—Plemelj’s
formulas have been obtained. Here we cite the most general results stated in [9].

If I is a simple rectifiable curve and f € L(T'), then the generalized Cauchy type integral (Kpf)(z)
for almost all ¢ € I' has angular boundary values (K f)*(¢) and (Krf)~ (), and the equalities

(Re D)5 (1) = 5 (1) + 5 (Brh)(0) (2.0

are valid.
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2.4. The space LP)(T"). Let p = p(t) be a measurable positive function on I'. Assume

L
(t(2))
Il =t {x > 00 [ [HEDD a5 <1}
0

and
OT) = {f: Iflpw < o0}

2.5. The class of exponents P(I'). By P(I") we denote a union of those measurable on I' positive
functions p(t) for which:

(1) there exists a constant ¢(p) such that for any t1,t5 € I' we have
~1
Ip(t1) — p(t2)] < C(p)’ In [t; — t2|| ;

(2) p= infp(t) > 1.
2.6. On the continuity of the operator §p in the space LP(*) (T"). Not touching upon the ques-
tions dealing with the investigation of that operator for constant p, we will cite here the most general
result for the variable p(t) [9].
If T is the Carleson curve (in the sequel, we will write T" € R) and p(t) € P(T'), then the operator
Sr : f(t) — (Spf)(t) is continuous in LP®)(T;w), where w belongs to the definite class of weighted
functions, inclusive all admissible power functions of the type

L S0
o) <O gy @5 PO

3. THE VARIABLE SMIRNOV CLASSES OF GENERALIZED ANALYTIC FUNCTIONS

w=|t—al®

3.1. The case of a bounded domain. Let D be a finite domain bounded by a simple rectifiable
curve I and p be a measurable function different from zero almost everywhere on I'.
We say that the generalized analytic function W (z) belongs to the Smirnov class EP®)(A; B; y; D) if:

(1) W e U*%(A; B; D), s > 2;
(2)

27
sup / |W(z(rem))/¢(z(rew))’p(z(e“ ))|z'(re“9)| dd < oo, (3.1)
0<r<1

0

where z = z(re’?) is conformal mapping of U onto D.
Assume EP()(A; B; D) = EPW(A; B;1; D).
This class of functions has been considered in [15]. Here we present the results from [15] which we
will need in the sequel.

Statement 3.1. The function W € US2(A; B; D), s > 2, belongs to EPM(A; B; D) if and only if its
normal analytic divisor ®,, (see Subsection 2.1) belongs to EPM) (D), i.e.,
27

; 2(e'? ;
sup /|<1>W(z(rew))\”( D (ret?)| dv < 0. (3.2)
0<r<1 5

Statement 3.2. The function W (z) € EP®)(A; B; D), p > 0, has angular boundary values W (t) for
almost all t € T and, moreover, W+ (t) € LP®(T"). If p € P(T'), then

W(z), ze€D,

0, z€ E\D. (3:3)

(KW *)(2) = {

Remark 3.1. It follows from Statement 3.1 that if W € EP()(A; B; D), p>0,and WH(t)=0,t €€,
ECT,mes€ >0, then W(z) =0, z € D.
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Statement 3.3. If W € U*2(A; B; D), s > 2, and it belongs to El(g;E;D), where

~  JA(z), z€D, ~ . ]B(z), z€D,
A(Z){o, 2 e E\D, B(Z){o, 2 e E\D,

then it is representable by the formula

W) = o / (2, )W () dt — Qo= )T () dF,
T

when Qg (z,t), k = 1,2, are the principal normalized kernels of the class US’2(E; E; E).

Statement 3.4. If A,B € L**(D),I' € R, pe P(I), p’ =supp'(t), § >p’, f € LPO(T), then Krf
tel

belongs to EPM)(A; B; D).
Corollary 3.1. If A,B € L=(D),T € R, p e P(), f € LPO(T), then (Krf)(z) € EP()(A; B; D).

3.2. The case of an unbounded domain. We will consider only those unbounded domains D
whose boundary is a simple, closed, rectifiable curve. For the sake of simplicity, we consider only
conformal mappings z = z(s) of the circle U onto the domain D (which we denote by D~) for which
2(0) = 0o and assume that W € EP®)(A; B; D7) if the conditions (3.1) are fulfilled.

From the definition it follows that if W € E1(4; B; D), then W (co) = 0. If p € P(I'), then this is
likewise valid when W € EP()(A; B; D™) (since EP(M)(A; B; D~) € EY(A; B;D7)).

Theorem 3.1. If D~ is an outer domain bounded by a simple, closed, rectifiable curve I', and
W € EY(A; B; D7), then

W(z) = (KrW™)(z), z€ D™, (3.4)
where I' denotes the curve oriented so that moving around it leaves D™ on the left.

Proof. Denote by I', the image of the circumference {¢ : |{| = p < 1} under the conformal mapping
of the circle U onto the domain D~. Further, let I'g be the circumference {z : |z| = R > 1}. Then for
p, close to unity, and for sufficiently large R, the curve I', lies inside of the circle {z : |z| < R}. The
function W (z) defined in a doubly-connected domain £ with the boundary I', UT' is representable
by the Cauchy integral [17, p. 186], that is,

W (z) = (Kr,W)(2) + (Kr,W)(2). (3.5)
We have ' ' .
W (z(pe™)) = @, (2(pe™)) expuw,, (2(pe’”)).
Assume
0p(9) = @, (2(pe™))2 (pe™)ipe™,
then 4 ‘ 4 4
W (206 )2 (06 )ipe™® = iy(9) expisn, (=(pe™)).
Therefore
1 2
(R, W)(a(re'®)) = 5 [ 00 (a(re), 206 ) 00 (9) b (o 3(p6™)))
0

— Qs (z(rew), z(pem))@p(ﬁ) exp (wy, (z(pem))) dd. (3.6)

Since W (z) € E*(A; B; D7), ®,, belongs to the class E*(D™) (see Statement 3.1). Consequently,
the sequence {p,(¥)} for ¥ — 1 converges in the space L([0,2n]) to the function ¢1(9) [16, p. 89].

Since exp(wy, (2(¢))) is continuous in U, from the above-said it follows that the sequence
{W (2(pe'?))} for p — 1 converges in L([0,27]) to W (z(e'?)).

Let pg € (0,1) and € > 0 be a small number such that py(1 +¢) = p1 < 1. We take the point
z(ret?), r € (0,po). If p € (p1,1), then

|z(rei'8) - z(pew)| > dist (z(reiﬁ),l“p0 UT,,) =mg > 0.
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By the equality (2.3), there exists a number ¢ such that
c c ¢

Q1(z,1)] < = . —— < —
GO < T = Cre) = 2000 = mo

Owing to this fact, if we put

90(0) = Q1 (2(re'®), 2(pe™)) 0, (9),
then
19,(9)| < mio lop(9)].

From the convergence of {¢,} to ¢ in L([0, 2]) it follows that for any set £ C [0, 27] the sequence
{¢,} converges to 1 in L(E) (see, e.g., [17]). According to the Hahn-Banach theorem [1, p. 255], we
can conclude that the family {¢,} has absolutely continuous integrals of the same degree. Moreover,
as p — 1, the sequence |g,(¢)| converges almost everywhere to g; (19).

Now, owing to the Vitali theorem [1, p. 255], we can conclude that in (3.6) the limiting passage
under the integral sign is admissible and hence

27

,%LH%(IN(FPW)( %/Ql em))(I)W (z(re'))ie® expw,, (2(e)) dv
0

= Dy (2(re®), 2(e)) @, (2(re?)) 2/ (¢ )ie? expuwy, (2(e7)) d9 = (KpW)(2(re'?)).  (3.7)
Let us prove that
lim (Kp,W)(z) = 0.

R—o00
Let |z] = Rand t € I'g. Then |t| = R and it can be easily verified that |Q;(z,t)| < R¥|z\ . Therefore
\W (Re™)| 2
|(Kp, W )|<2M BR=12D)" dv, a=-.

Since Rlim |W (Re?)| = 0 for large R, we have |W(Re“9)| < My and hence
— 00

fad 27TMMO
Kr W) < ——-—— 0.
|( T'r )|— (R*|ZDO‘ —

This, together with (3.5) and (3.7), results in the equality (3.4). O

Remark 3.2. If orientation on I' is chosen such that when moving around in this direction the domain
DT leaves to the left, then the formula (3.4) takes the form

W(z) = —(KrW™)(z), z€ D".

3.3. On the belonging of the function (Krf)(z)) to Smirnov class. First, let us prove an
analogue of Statement 3.4 for an unbounded domain. Towards this end, we will need the following

Lemma 3.1. Let

(1) T be a simple, closed, rectifiable curve bounding the finite DT and the infinite D~ domains;
(2) peP(I);

(3) ¢ =<¢(2) be conformal mapping of UT onto D~

(4) w(C) = fa, a € DY, ( € D™, and k be the constant such that k < [dist(a,T)]?> = d?, hence

I'=0D, w: D~ — D, where D is the bounded domain;
(5) the function T = % map I' onto r.
Assume p(7) = p(£ +a). Then

p(r) € P(D). (3.8)
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Proof. Let |11 — 72| < 3. We have

|§(T1) (T2 | = ’p( +a) fp(% +a)‘ < |C(p) (3.9)

k‘Tz 7'1\ |
[T172]

Since |71| > d, |r2| > d, owing to the condition (4), we obtain —%- < % < 1. Therefore kM —m| <

[TiT2| — [Time]  —

|71 — 72| < 3, which implies that

klr —
‘lnu‘ > |In|m
1172
and from (3.9) we can conclude that |p(71) — p(m2)| < ﬁ. Moreover, it is obvious that
min p(7) = rtneinp(t) = p > 1. Thus the inclusion (3.8) is proved. O
ko p

Theorem 3.2. Let I' be the simple, closed, rectifiable curve bounding the domain D™, and let the
conditions

A(z),B(z) € L®(D7), T eR, feLPO(T), peP(D), (3.10)
be fulfilled. Then the function
W(z) = (Krf)(z), z€ D™,
belongs to the class B (A; B; D).

Proof. We choose a point a from D and assume ¢ = where k is chosen as in Lemma 3.1. Then

za’

z=a+ f and
W(% +a) = (f{»ff)(g +a). (3.11)

We replace the integral variable in the right-hand side of (3.11) by the equality ¢t = é +a. Asa
result, we obtain

WO = 5 [ B¢ dr - falC F () ar, (312)
r
where
— - k a
W(():W<§+a>, Q;(¢.7) = ( +a), j m:-% koo (3.13)

Since f € LPM(T), we have F € LP(7)(7), p( ) = p(£ +a). In our assumptions Lemma 3.1 is
applicable by virtue of which we have p(7) € P(T).

It can be easily verified that ﬁk(C,T), k = 1,2, are the kernels of the type of principal normal
kernels. Therefore following the proof of Statement 3.4 (see Theorem 3 of [15]), we find that W(C ) €
EP()(A; B; D). Tt is not difficult to show that W € EP((A; B; D). O

From Statement 3.4 and Theorem 3.2 follows one statement on the generalized Cauchy type integral
which we formulate in the form of the following

Lemma 3.2. Let I be the simple, closed, rectifiable curve dividing the plane E into the domains D
and D™ ; next, let

A(z),B(z) € L*(E), T R, feLPY(), peP). (3.14)
Then the narrowings on DT and D~ of the function W(z) = (Kpf)(z) belong to the classes
EPM(A; B; DT) and EPY(A; B; D7), respectively, vice versa, if W1(z) € EPM(A; B; DT) and Wy (z) €
EPM(A; B; D7), then the function

_ Wi(2), ze DT,
W(z)_{wg(z), seD-

is representable by the generalized Cauchy type integral with density from LP®) ().
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Proof. First, we note that if W € EP(®)(A; B; DT), then according to Statement 3.2 we have

~ W(z), ze€ D"

KrWH)(z) = ’ ’ 3.15
(KrW™)(2) { 0. veD- (3.15)

(see (3.3)).
Relying on Remark 3.2, it is not difficult to establish that if W € EP(*)(A; B; D~), then

~ 0 z€ Dt

KrW™)(z) =< " ’ 3.16
(Kr )) {—W(z), ze€D™. ( )

Let now W (z) = (Krf)(z); if we consider it in the domain D™, then according to Statement 3.4
we find that W € EP®)(A; B; DT), but if we consider W in the domain D, then it belongs to
W € EP)(A; B; D7), by Theorem 3.2.

The formulas (2.4) result in W+ — W~ = f, hence W = Kp(W+ — W ™).

Since for Wy and Wj respectively the relations (3.15) and (3.16) are valid, we have

~ _ Wi(z) ze DT
Kr(W;" — W. = ’ ’ 3.17
[ r(Wy 2 )](Z) {W2(2)7 e D ( )
Obviously, [W;F (t) — Wy (t)] € LPC)(T'), hence W (z) € KP()(T). O
4. CERTAIN PROPERTIES OF INTEGRALS f(pf AND §pf
Theorem 4.1. In order for the function W (z) € U%2(A; B; D), s > 2, the equality
W(z) = (KrW)(2) (4.1)
to take place, it is necessary and sufficient that for almost allt € I' the equality
(SeWH)(t) = WH(t) (4.2)
to hold.

Proof. The necessity. It follows from the representation (4.1) that W+ € L(T'). By the equalities (2.4)
we have ) )
WH(t) = 3 WH(t) + 3 (StW)(),

and hence the equality (4.2) is valid.

Sufficiency. Let the equality (4.2) hold. Let us show that the equality (4.1) is likewise valid.

Consider the function N

M(z) = W(z) — (KrW™)(2), z € D.
We have

1 ~ ~
MY =W — o (W 5w ) = 2 (W = Sew™). (4.3)

N |

By virtue of (4.2), we can conclude that M ™ (t) = 0.
Since W € U%2%(A;B; D), s > 2, we have KtW™T € U®?(A; B; D) (see Subsection 2.3); conse-
quently, M(z) € U*2(A; B; D). Therefore we have the representation
M(z) = ®p(2)wm(2), 2z € D,

(see Subsection 2.1, the equality (2.2)). Here wps(z) # 0 everywhere on E\ T

Consequently, wj\% # 0, and from the equality M* = 0 we conclude that @L(t) = 0 almost
everywhere on I'. From the theorem on the uniqueness of analytic functions we find that ®,/(z) = 0;
hence M(z) =0, and from (4.3) follows (4.1). O

Remark 4.1. If D is an unbounded domain, then for the equality W(z) = —(KpW™)(2) it is
necessary and sufficient that the equality

(ScW™)(t) = =W~ (¢)
to be fulfilled.
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Theorem 4.2. Let
A,Be L*(D), TeR, peP). (4.4)

For the generalized analytic function W (z) to have the boundary function W (2) of the class LP®)(T)
and the equality

W(z) = (KrW)(7) (4.5)
to hold, it is necessary and sufficient that W (z) belong to the class EP®)(A; B; D).

Proof. The necessity. Let the conditions (4.4) be fulfilled and there exist W*(t) and W+ € LP()(T),
then by Corollary 3.1 we conclude that (KpW™*)(z) € EP((A; B; D).

Sufficiency. Let W € EPM)(A; B; D) and p € P(I'), then W € E'(A; B; D). According to State-
ment 3.3 and Theorem 3.1, the equality (4.5) holds. This allows us to conclude that W+ € LP(®)(T),
by virtue of Statement 3.2. 0

Remark 4.2. Theorem 4.2 is a certain analogue of the Fichtenholz theorem [9, p. 97].
Theorem 4.3. If the assumptions (4.4) holds and f € LPM(T'), then

Str=1 (4.6)
holds.

Proof. By virtue of Corollary 3.1, the function W (z) = (Kp f)(z) belongs to EP()(A; B; D). Then by
Statement 3.2 we have (KrW™)(z) = W(z). Now, by Theorem 4.1 we can conclude that W(t) =
(ScW(t). Using the first of the formulas (2.4), we write the last equality in the form

§F(f+§rf)

DO =

1 ~
5 (f+5ef) =
from which follows the equality (4.6). O

Tracing the proof of the theorem, we easily find that the following assertion is valid.

Lemma 4.1. Let W = &, expw,, be the function of the class U%%(A; B; D), s > 2, and ¢ be analytic
function in D, then

s ¥
W =90 _,expw,, €U ’Q(A;Bi;D),

where

O =Py and w,, =w,y,.

Proof. Since dz¢ = 0, we have dz=(¢W) = pd-W. Moreover, =W + AW + BW = 0, hence
%@W+A@W+B§@7W:O.

This implies that oW = U%2(A; B 2:D).

Find the function w We have [17, p. 192]

W

L] s 2 TV L 0 T 2

Next, taking into account the above equality, we obtain
W = o0, expw,, = {p®, }expw,,

from which we get both provable equalities. O
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5. EXTENSIONS OF GENERALIZED SMIRNOV CLASS ANALYTIC FUNCTIONS

Theorem 5.1. Let Dy and Dy be the domains lying outside of each other, bounded with simple
rectifiable curves of the class R, and:

(1) boundaries of the domains Dy and Do have common arc T, so that D1 = T'1UT", 0Dy = T'oUT';
(2) pi(t) € P(I'1), pa(t) € P(I2);
(3) Ay, By € L®(Dy), Ag, By € L>®(Ds) and Wy € EP*()(Ay; By; Dy), Wy € EP2()(Ay; By; Dy);
(4) p1(a) = pa(a), p1(b) = pa(b), where a and b are the ends of the arc T';
(5) Wi(t) =Wa(t), tel.
Then the function
Wi(z), z € Dy,
W(z) = ¢ Wa(z), 2z € Do, (5.1)
Wi(t) = Wa(t), teT,

belongs to the Smirnov class EP®)(A; B; D), where D = Dy U Dy UT,
t tel
p(t) = pi(t), te 17’
pZ(t)v te F27

and

A(z) _ Al(Z), A Dl, B(Z) _ Bl(Z)7 z € Dl,
AQ(Z), S DQ, BQ(Z), S DQ.

Proof. Assume

gk(z) _ Ak(z), S Dk7 Ek(z) _ Bk(Z), z € Dk, k=19
0, z € E\ Dy, 0, z € E\ Dy, ’

Then A = Ay + Ay, B = By + B,. By virtue of the assumption (3), we have A, B € L°°(D). Further,
owing to (3.3) and assumption (3),

(Kr,urWi)(2) =0, z € Dy, (Kp,urWa)(2) =0, z € Dy. (5.2)

In these integrals, the integration sets are I'y UI" and 'y UT'. In addition, the curve I'y UT" is oriented
so that moving in this direction, the domain D; leaves to the left, analogously, I'y U T is oriented so
that moving in this direction, the domain D5 leaves to the left. These orientations on I' generate on I'
opposite directions. Therefore, if we denote the oriented arc of I" on the boundary dD; of the domain
D, by I't, then on D, it will be I'~.

In the domain D, let us consider the function

F(2) = (Kr,ur+W1)(2) + (Kr,ur- Wa)(2) = Fi(2) + Fa(2) = (K, W1)(2) + (Kp, W2)(2)
= 2%” /Ql(z,t)Wf’(t) dt — Qa(z,t)W1(t) dt + %m /Ql(z,t)WQ(t) dt — Qo (z,t)Wa(t) di,
r+ -
where 4, 5 are the principal kernels of the class U (A; B; E).
We write F'(z) in the form
F(2) = (Kr,W1)(2) + (Kp,W2)(2)
1 1 — _
+ % /Q1(Z,t)(W1(t) — Wg(t)) dt — % / QQ(Z,t)(W](t) — W2(t)) dt
r+ r-

= (Kr,ur, W)(2) (5:3)

(we have taken into account that Wy (t) = Wa(t), t € I).
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In view of the equality (5.2) we have

(RrionW)(:) = {%E; e

that is, F(z) = W(z), z € D1 U Dy. Moreover, for ¢ € I we have
lim  F(z) = Wi(t),

255t z€EDy,
that is, F(t) = Wi(t) = Wa(t), t € I'. Consequently, almost everywhere on D, we get
F(z) =W(z2). (5.4)

The function p(t) given on I'y U Ty is, by assumption (4), of the class P(I'; UT). Therefore, it
can be easily seen from (5.3) that F(z) is the generalized Cauchy type integral with density from
LPO(T; UTy). In view of Statement 3.4, we can conclude that F(z) € EP®)(A; B; D), and hence
owing to (5.4), W(z) € EP®)(A; B; D), as well. O

6. THE SYMMETRY PRINCIPLE FOR SMIRNOV CLASS FUNCTIONS

Before we proceed to formulating and proving the above-mentioned principle, we will prove below
the following Lemmas 6.1 and 6.2. We denote UT =U, U~ = E\ U+.

Lemma 6.1. Let the domain D lie in Ut and a part of its boundary lie on . Assume D, = {( :
(=1, 2€ D}, and let A(z), B(z) € L**(D), s > 2. Then the functions

A(Q), ¢eD, B(¢), (eD,
Ao(¢) = 1 /1 By(¢) = 1 —/1 (6.1)
_CQA(C)’ CED*, —? B(E)’ CED*

belong to the class L*?(D U D,.).
Proof. Show that Ag € L*>?(D U D,). Let ( = x + iy and

J= //|A0 ) dxdy—//’——A

Assume 7 = a+1 and transform the variable by the equality ¢ = % ie,x =

dac dy.

S5 Y=

Then
~ [ awpi daas,
D
where
R '(62—a2)(a2+52)‘2 20p(2+61)2 |1 1
y(/l y% —2045(&2 +52)—2 (a2 _ ﬁ2)(a2 +62)_2 (a2 +62)2 |7_|4 .
Therefore

I= é/ 172 A(T)|° dﬁff = é/ JA(T)*| 7272 dadB = é/ |A(T)|* dadp < 0.

(We have taken into account that s > 2, |7] < 1 and A,B € L*°(D).) This implies that Ay €
L*2(DUD,).
In the same manner we can prove that By € L%%(D U D). O

Assume that the domain D is bounded by a simple, rectifiable, closed curve, D C U and a part
of the boundary D is the arc lying on ~.
Given W (z) on D, we put



Certain Properties of Generalized Analytic Functions from Smirnov Class with a Variable Exponent 89

Lemma 6.2. Let W(z) € EY(A;B; D) and either z =0 ¢ D, or z =0 € D, W(0) = 0. Then
W.(2) € E'(Ao; Bo; D..), where Ao, By are defined by the equality (6.1).
Proof. According to the definition of the class E'(Ag, By, D.), we have to establish that
W.(2) € U*(Ag; Bo; D.) (6.2)

and

sup /|W*(z(r6“9))| |2/ (e |" di) < oo, (6.3)

0<r<1 0

where z = z(re??) is conformal mapping of U+ onto D.,.

We start from the first one. By Lemma 6.1, Ay, By € L*2(D U D,). Therefore we have to prove
that for z € D, we have the equality

OzW. + Ao (2)W.(2) + Bo(z)
Assuming W(z) = u(z) + iv(z), we have

%\
N
&
I

(@)

(6.4)

But

o(3) +ae(3) = AG) (o(5) +0(5) -PE) ((5) + 1 5)

and from (6.5), we get

—ow.2) = (- ) [AE) W (5) -5 (2)w (3)]
= S A(2)We) — 55 B(Z) () = A(IWa2) + Bolo) W),

that is, o
DWW, (2) + Ao(2)W.(2) + Bo(2)Wu(2) = 0, = € D..
Let now W € E'(A; B; D). This implies that

sup /|W(C(rew))C'(rew)|rd19 =M < oo, (6.6)
0<r<1

where the function ¢ = ((re??) is conformal mapping of U+ onto D and if 0 € D, then ((0) =
The function z = ﬁ is the conformal mapping of U™ onto D,.
We need to prove that

) C(Tew)
021:21/ V- () eyl <
We have
27
B 1 ¢ (re?)
Ir _/‘W*<C(re“9)) C2(ret) rdv
27 _
/‘W S |rav = /|W(Z)% rdv
Q T [ ©
:0/|W(g) T mwzo/m/(g) o frav. (6.7)
If0 ¢ D, then
e M M (6.8)
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If 0 € D, then ¢(0) = 0, W(0) = 0, hence for small r (say, for 0 < r < rg) we have |W (re=")| ~ r,
|¢(re'”)| < er. Owing to that facts, there exists the constant ¢ such that |[W (re'?)| < cr, [¢(r(e??)] ~
cr. Therefore, for small r we get

2 2m
5< [Gicenirar =< [1¢Ge)ar=d < o. (69)
1
0 0

Now, from (6.8), (6.9), when r € (0, 1), we have J, < (2% +d). This implies that the inequality (6.3)
is valid, and since (6.2) is already proved, we have W, € E'(Ag; Bo; Dx). O

Corollary 6.1. If W € EP()(A; B; D), p € P(I') and either 0 ¢ D, or 0 € D and W(0) = 0, then
W € E'C)(A; B; D,), £(1) = p(2(2) = p(2(1)).

=

Indeed, since EP%)(A; B; D) C E'(A; B; D), we have W, = Kr W, where T, is the boundary of
the domain D,. In addition,

(=($))
/\W (OFP©O1()]|dc| = /‘W i ‘7(d7_/|w )P [dr| < oo.

(We have taken into account that if 7 € v, then 2 = =T.)

Theorem 6.1 (The symmetry principle for the Smirnov class functions). Let:

(1) D be the simply connected domain bounded by a simple, closed, rectifiable curve vo U~ € R,
lying inside of U™, and the arc v1 lying on v;

(2) A,B € L>®(D);

(3) D, be a mirror image of D with respect to y;
(4)

(5) W

4) W € EPW(A; B; D);
5) WHt)+ WH(t) =0, t € m;
.y p(t), t €72,
(6) Ao and By are defined by the equalities (6.1), Dy = DUD, U~y and po(t) = |
(?)a le (’72)
Then, if either z=0¢ D, or0 € D and W(0) = 0, then there exists a function F' € EpO(t)(AO, Bo, Dy)
which for z € D coincides with W (z), and for z € D, with W, (2), but if t € v1, then F(t) = WT(t) =

~WH(@).

Proof. Assume W1(z) = W(z), z € D, and W(z) = W.(2), z € D,. For the points ¢ lying on 71, we
have

— 1 1

Wit)= lim Wi(z)=W(t), Wat)= _lim [— W(f)} - —W(j) — W)

z=t,z€D 2=t, 2€D, ¥
Due to the condition W (t) + W+(t) = 0, t € 1, we have
Wi(t) = Wa(t), t €.
We have the right to apply Theorem 5.1 due to which the function F(z) given by the equality (5.3)
coincides with the function W given by the equality (5.1). Thus the proof of theorem is complete. [

Corollary 6.2. If A(z), B(z) € L=(D), W(z) € EPW(A; B;UT), W(0) = 0, and W+ (t)+W+(t) = 0,
t € v, then Wi(z) € EP-M (A, Bo; U™), where p.(t) = p(%) = p(t).

Indeed, if we take D = U™, 1 = v, then D, = U~, and hence the validity of Corollary 6.2 follows
from Theorem 6.1.
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