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Abstract. We prove the uniqueness theorem for the Dirichlet boundary value problem of statics of the
thermo-electro-magneto-elasticity theory in the case of a half-space. The corresponding unique solu-
tion is represented explicitly by means of the inverse Fourier transform under some natural restrictions
imposed on the boundary vector function.
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1. INTRODUCTION

Although natural materials rarely show full coupling between elastic, electric, magnetic and thermal
fields, some artificial materials do. In [14] it is reported that the fabrication of BaTiO3-CoFe2Oy
composite had the magnetoelectric effect not existing in either constituent. Other examples of similar
complex coupling can be found in the references [1]-[6], [8]-[10], [13], [15].

The mathematical model of the thermo-electro-magneto-elasticity theory is described by the non-
self-adjoint 6 x 6 system of second order partial differential equations with the appropriate boundary
and initial conditions. The problem is to determine three components of the elastic displacement
vector, the electric and magnetic scalar potential functions and the temperature distribution. Other
field characteristics (e.g., mechanical stresses, electric and magnetic fields, electric displacement vector,
magnetic induction vector, heat flux vector and entropy density) can be then determined by the
gradient equations and the constitutive equations.

In the paper we prove the uniqueness theorem of solutions for Dirichlet boundary value problems
of statics for half-space.

We show that under some natural restriction on the boundary vector functions the corresponding
unique solution is represented by the inverse Fourier transform.

2. BAsic EQUATIONS AND FORMULATION OF BOUNDARY VALUE PROBLEMS

2.1. Field equations. Throughout the paper u = (uy,u2,u3)" denotes the displacement vector, 04j is
the mechanical stress tensor, £x; = 271 (9yu;+0;uy) is the strain tensor, E = (Ey, Ea, E3) T = — grad ¢
and H = (Hy, Hy, H3) = —grad ) are electric and magnetic fields, respectively, D = (D1, Dy, D3) T
is the electric displacement vector and B = (By, Ba, B3) " is the magnetic induction vector, ¢ and
stand for the electric and magnetic potentials, 9 is the temperature increment, ¢ = (g1, ¢2,q3) ' is the
heat flux vector, and S is the entropy density. We employ the notation 0 = (01, 0,03), 0; = 0/0;,
0y = 0/0y; the superscript ()7 denotes transposition operation; the summation over the repeated
indices is meant from 1 to 3, unless stated otherwise.

In this subsection we collect the field equations of the linear theory of thermo-electro-magneto-
elasticity for a general anisotropic case and introduce the corresponding matrix partial differential
operators [11].

Constitutive relations:

Orj = Ojr = Crjki€kl — €lrj 1 — quvjHy — My, 1,5 =1,2,3,
Dj = ejuicn + » By + ajHy +pid, j=1,2,3,
Bj = gjriem + au By + pH +myd, j=1,2,3,

S = Apieks + pBx + mi Hy, + 0.

Fourier Law: q; = —m; 0,9, j=1,2,3.
Equations of motion: dj0.; + X, = 00iu,, r=1,2,3.

Quasi-static equations for electro-magnetic fields where the rate of magnetic field is small (electric
field is curl free) and there is no electric current (magnetic field is curl free): 0;D; = 0., 0;B; =0.

Linearised equation of the entropy balance: To0,S — Q = —0;q;,

Here o is the mass density, o, is the electric density, c,j; are the elastic constants, e;x; are the piezo-
electric constants, g;jx; are the piezomagnetic constants, s, are the dielectric (permittivity) constants,
i1 are the magnetic permeability constants, a;;, are the coupling coefficients connecting electric and
magnetic fields, p; and m; are constants characterizing the relation between thermodynamic processes
and electro-magnetic effects, A;; are the thermal strain constants, n;, are the heat conductivity co-
efficients, v = QCTO_l is the thermal constant, T} is the initial reference temperature, ¢ is the specific
heat per unit mass, X = (X1, X2, X3)" is a mass force density, Q is a heat source intensity. The
constants involved in these equations satisfy the symmetry conditions

Crjkl = Cjrkl = Cklrj, €klj = €kjl,  qklj = qkjl, Hkj = Xjk,

. 2.1
)\k:j = )\jlw BEj = Hjk, Nkj = MNjk; Q5 = Qjk, T,j,k,l = 1a253' ( )
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From physical considerations it follows (see, e.g., [7], [12])

Crint&rinl > colmbit, 2wy > el &€ > c2lé? mki€rés > csléf?, (2.2)

for all {x; = &x € R and for all £ = (£,&2,&3) € R3, where cg, c1,co and c3 are positive constants.
More careful analysis related to the positive definiteness of the potential energy and thermodynamical
laws insure positive definiteness of the matrix

[%kj}3><3 [akj]:sxg [pj]3><1
E=|larlsxs  [rjilaxs  [mylsxa : (2.3)
[pilixs  [mjlixs v X7

Further we introduce the following generalised stress operator

[CrjuiniOlaxs  [ewrniOl)axs  [qrjn;03x1  [=Arjnjlaxt
T(0,n) = [—€rimn;iOi]1xs 27550 a;im;0, —pjn;
’ (=m0 1x3 ajin;0; pjin ;0 —m;n;
[0]1x3 0 0 N0 | ge

Evidently, for a six vector U := (u, ¢, ,9) " we have

T(@, n)U = (aljnj, 024Mj,035Nj, —l)j’l’Lj7 —Bjnj, —anj)T. (24)
The components of the vector TU given by (2.4) have the physical sense: the first three components
correspond to the mechanical stress vector in the theory of thermo-electro-magneto-elasticity, the
forth, fifth and sixth ones are respectively the normal components of the electric displacement vector,

magnetic induction vector and heat flux vector with opposite sign.
From the above equations we derive the following equations of statics

A(O)U(z) = @(),

where U = (u1,...,ug) " := (u,¢,%,9)" is the sought for vector function and ® = (®q,...,P¢)" :=
(—X1,—X2,—X3,—0¢,0,—Q) T is a given vector function; A(9) = [Ap,(0)]exs is the matrix differential
operator

[erimdiOlsxs  [ersOiOlsxs  |arj0i05x1 [=Arj0jlaxa
A(0) = [—e;110;01]1x3 #1001 a;,0;0, —p;0;
[=a410;0]1x3 ;1050 w1050, —m;0,
[0]1x3 0 0 1,0;0, ot

From the symmetry conditions (2.1), inequalities (2.2) and positive definiteness of the matrix (2.3) it
follows that A(9) is a formally non-self adjoint strongly elliptic operator.

2.2. Formulation of boundary value problems. Let R? be divided by some plane into two half-
spaces. Without loss of generality we can assume that these half-spaces are

R} :={z |2 = (z1,22,23) €R® and 23 >0} and

RS := {JI | = (21, 29,23) € R® and z3 < 0};
n = (n1,n2,n3) = (0,0,—1) is the outward unit normal vector with respect to RY; S := OR? ,.

Now we formulate the basic boundary value problems of the thermo-electro-magneto-elasticity
theory for a half-space.

Dirichlet problem (D)*. Find a solution vector U = (u,,%,9)" € [C*(R3,)]° N [C*(RS,)]° to
the system of equations

AU =0 in R}, (2.5)
satisfying the Dirichlet type boundary condition
{Uy*=f on S (2.6)

The symbols {-}* denote the one-sided limits on S from R$ (sign “+”) and R3 (sign “—").
We require that the boundary data involved in the above setting possess the following smoothness

property: f € C*°(R?), where C°°(R?) is the space of infinitely differentiable functions with compact
support.
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Let F S and }"é;lw denote the direct and inverse generalized Fourier transforms in the space of
xr

tempered distributions (the Schwartz space S’(R?)) which for regular summable functions g and h
read as follows

Foidlol = [ ol@)e™ e,

R2
(2.7)
_ - 1 N, —iT-€ g8
ol = gy [ 0@
R2
where T = (xl,xg), g: (51,52), dz = dx; dxo, T- g: 33151 + .ngg.
Note that if g(x) = g(z1, 22, x3) = g(T, x3), then
and hence
—i&1 _ _
Fy AVag(@) = | —iés | Foclolw)] = P(—iE, 025)3(E, ws), (2.8)
here §(€, 23) = F;_¢lg] and
P = P(—i€,0y,) = (=i, —ik2, 0uy) (2.9)

Applying Fourier transform (2.7) in (2.5)-(2.6) and taking into account (2.9) we arrive at the
problem:

A(P)ﬁ(g, 23) =0, 3 € (0;400) or z3 € (—00;0), (2.10)
oew), . -F@ @.11)

We see that (2.10) is the system of ordinary differential equations of second order for each E € R2.

3. UNIQUENESS THEOREMS

We start with constructing a system of linear independent solutions to the system (2.10).

Let us denote by k; = k;(&), j = 1,12, the roots of the equation
det A(—i€) =0 (3.1)

with respect to &3, where A(—i&) is the symbol matrix of the operator A(J).
Note that det A(—i) is a homogeneous polynomial of order 12 and the equation (3.1) has no real
roots, Imk; # 0, j = 1,12. These roots are continuously dependent on the coefficients of (3.1) and

the number of roots with positive and negative imaginary parts are equal. Denote by ki, ko, ..., kg
roots with positive imaginary parts and by k7, ..., k12 with negative ones.
Let us construct the following matrices:
(€, 23) = /A‘l(—ig)e_i53x3 dés, (3.2)
¢+
(€, a3) = /A‘l(—ig)e_i53””3 dés, (3.3)
—

where £T (respectively, £7) is a closed simple curve of positive counterclockwise orientation (respec-
tively, negative clockwise orientation) in the upper (respectively, lower) complex half-plane Re&5 > 0
(respectively, Re &3 < 0) enclosing all the roots with respect to &3 of the equation det A(—i&) = 0 with
positive (respectively, negative) imaginary parts (see Fig. 1). Clearly, (3.2) and (3.3) do not depend
on the shape of £* (respectively, £7).

With the help of the Cauchy integral theorem for analytic functions, we conclude that the entries of
the matrix <I>(+)(§, x3) = [tbg) (E, x3)]6x6 are increasing exponentially as z3 — +o0o and are decreasing
exponentially as x3 — —oo (—i€sx3 = —i(&5 + &4 )xs = —ilhas + & x3).
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FIGURE 1

Analogously, the entries of the matrix ®(7) (£, z3) = [<I>§€;>(E, x3)]exe are increasing exponentially
as x3 — —oo and vanish exponentially as z3 — 400.

Lemma 3.1. The columns of <I>(i)(g7 x3) are linearly independent solutions to system (2.10).
Proof. Applying the Cauchy integral theorem we have

APYOD € a5) = [ A(-ig) 47 (-ig)e o de

VeSS

— [ foeSdgs =,

VeSS

where Ig is the 6 X 6 unit matrix. Now we prove that the columns of the matric <I>(+)(§~, x3)

FACSIR- (ISR S

are linearly independent vector functions. N
Assume that there exists a complex vector (C1,Cs,...,Cq) =: C € C° (C = C(£)) such that

6 () .~
> C; @M (& 3) =0or
j=1

) (€, 25)C =0, (3.4)
If x5 = 0, then from (3.2) and (3.4) we get
@“@MC:/A*FMM@C:Q (3.5)
i+
Taking into account that (see (3.27) in [11])
[acigds = [ a-igae,
o+ —00

one can rewrite (3.5) as follows

oo

[ atciocda = [ A} icda =0 k=16

— 00
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or
+eo [[erklfj&]]?’” lerr€i€axt  lami&i&laxt  [~An&ilaxi]
—ejm&;&)ixs 7€ a;i;& —ip;&; _
/ [_Qj'klfjfl]b@ a;lfj-gl Mj’lé‘fl _W;jgj Cdgs = 0. (3.6)
B [O]1x3 0 0 n71&& | exe

The integrand in (3.6) is ¥ := —A~1(—i¢)C and hence C = —A(—i€)V¥. Using these notation we

can write

+oo +oo

/ \I/k d§3 = O7 / @k d€3 = 07 k= 176, and
+oo 3
/ > G, dés =0, / CyWydés =0, (3.7)
o T= 1

/ Cs5Ws5dés =0, / Ce¥Ugdés = 0.

Using (2.2) and the last equality of (3.7) we conclude that ¥g = 0.
Taking the sum of the first five equalities of (3.7) we obtain

/{Z T+ (- (—ii)W)4W4+(—W)5¢5}d§3

— 00 -
+oo

= / {erjm&&Ve¥y + €& PaVy + @i &6 VsV, — €& E W, Uy

+ 5860V + aji&EVs Vs — qiu& S W Us + a& & PWaVs + 16U Us Hdés = 0,

ie.

/ {erim&&Ve¥y + 566 Va0 s + aj& & (Vs Wy + UsWy) + &6 V5 W5 bdés = 0.

De to (2.1), (2.2) and positive definiteness of the matrix (2.3) from the last equality we conclude
that ¥}, = 0, k = 1,5, and therefore together with Wg = 0 we have Cy =0, k = 1,6.
Hence the columns of the matrix <I>(+)(§ x3) are hnearly independent vector functions. Similarly,

it can be proved that the columns of the matrix ®(~ (5 ,x3) defined by (3.3) are linearly independent
vector functions. O

Theorem 3.2. The boundary value problems (2.10)—(2.11) have only one solution in the space of
functions vanishing at infinity.

Proof. If z3 € (0; +00), then we look for a solution of the Dirichlet problem in the following form
U(€, x3) = ®)(€,23)C, a3 >0,

where C' = (C4,...,Cg) is unknown vector depending only on 5

From (2.11) we have

(€00 = [(©)
and since det ®(7)(£,0) # 0, |€| # 0, due to Lemma 3.1 we obtain
C =207 F(9).
Therefore the unique solution has the following form
U(€ ws) = 2 (6 az)[@ (€ 0] (), a3 >0. (3:8)
Similarly, if 5 € (—o00;0), then the unique solution of the Dirichlet problem has the form

U(€,23) = (€, 23)[@D(€,0)] 7 f(€), a3 <0. (3.9)
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The theorem is proved. O
Lemma 3.3. There hold the following relations
DE o1 = |[OU&D]sxs [0
(0]t = [ i : (3.10)
| | O ole) |,
Proof. Tt can be shown (see [11]) that the entries of the matrix A=1(—i¢) are homogeneous functions
in £ and
“1_ O(I€]72)]sx5 [0(|§|3)}5x1]
A (—ig) = || / . 3.11
i = 05,0 O8] (310

Assume that & = [€], & = t2[€], & = talé], where € = (€1,62.6) = (§,&), B+ 83 = L I |§[ £ 0,
from (3.11) we obtain

+oo +oo
27€0 = [ A de— [OGemde m=2 or m=3

Hence
+oo +oo -
) c c ~
|¢>2j>(£,0>|s/wd53/ I —T<
ES Lo (VEIER + 13182 + 31él2)
—+oo

. c / dtg - C1 .
|€~|m—1 (1 +t§)m/2 |£~|m—1 !

here ¢ > 0 and ¢; > 0 are some constants.
We derive the following relations

(,0) =

O ]sxs  [O(IE~)]sx1
Oue  O(E) ] (312

It can easily be checked that det ®(7)(£,0) = O(|¢|6) and there exist constants ¢ > 0 and ¢} > 0
such that

¢ilE]70 < |det (£, 0)] < c5lé] . (3.13)
If <I>£7)(£~, 0) is the corresponding matrix of cofactors, then
~ 1 ~
@& 0] {7 (£,0).

T det 3O)(E,0)

Taking into account (3.12) and (3.13) we arrive at the relation

OE oo L 008 )sxs  [OUE]~)sxa
EOT = 0G0 | 0 (&) ]
_ [10085s [0(1)15“] . 0
[0]1x5 O([¢) 66

Remark 3.4. Note that <I>(_)(§~7 x3) has the same behaviour (3.12) as <I>(_)(£~, 0) for arbitrary x3 and
due to (3.10)

@(7)(5, xg)[@(*)(a 0) ! = {[0[8]13]5;5 [O(|§OH))]5X1} ) (3.14)
x 6x6

Theorem 3.5. The Dirichlet boundary value problems (2.5)~(2.6) have at most one solution U =
(u, %w,ﬁ)—r in the space [C* (R%z)}ﬁ N [CQ(R§,2)]6 provided

0*9(x) = O(|z| 1~ 1), (3.15)
0°U(z) = O(jz|~ 1" |z|) as |z| = (3.16)
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for arbitrary multi-indexr o = (a1, aa, ag), Here U = (u, o, 1) T

Proof. Let UM = (uM) M) M) 9ONT and UR) = (u?), @) ) 92)) be two solutions of the
problem under con51derat10n with properties indicated in the theorem for R$. It is evident that the
difference
V= (u/7 4,0/, 1/]/719/) _ U(l) _ U(2)
solves the corresponding homogeneous problem.
Therefore for the temperature function we get the separated homogeneous Dirichlet problem

[A(O)V]e = 1n;10;009' =0 in R3, (3.17)
(W} =0 on S. (3.18)
By Green’s formula (see (2.83) in [11]) for B*(0; R) := {(z1, 2, 23) | 23+ 23 +23 < R? and z3 > 0}
and (3.17)—(3.18) we have
njlé)lﬁ’ajﬁ’ dr = / {njlnjﬁlﬁ’}+{z9’}+d5
B+(0;R) 8B+ (0;R)
_ /’{mmﬁwqupdz (3.19)
5+(0;R)

Here 1 (0; R) is the upper half sphere.
Taking the limit as R — oo in (3.19) according to (3.15) we get

/njlfﬂlﬁ’@jﬁ’ dxr = 0.
R
Due to (2.2) ¢ = const and from (3.15) we conclude that ¢’ = 0.

Therefore the five dimensional vector V = (u',¢',9")T constructed by the first five components of
the solution vector V, solves the following homogeneous boundary value problem

A@V =0 in R3

{V}*=0 on 5, (3.20)

where 1(8) is the 5 x 5 differential operator of statics of the electro-magneto-elasticity theory without
taking into account thermal effects (see (2.85) in [11]).

Using the limiting procedure as above in the corresponding Green’s identity for vectors satisfying
decay conditions (3.16) we obtain

R—o0
R3 S+ (0;R)

/M@VV+aﬁ%mﬁum /‘WW VT (3.21)

Here 7 (9, n) is the corresponding 5 x 5 generalized stress operator (see (2.86) in [11]) and
g(i} ‘7) = erklaluza‘u/ + %jlﬁl(plajtpl + aﬂ(&(p’ jlﬁ/ + 8jw’81ap’) + ,Ujlalw/ajwl. (3.22)
If V is a solution of (3.20) satisfying (3.16), then from (3.21) we have

/5vv (3.23)

From (3.20), (3.22) and (3.23) along with (2.2) we get
() =axa+b, ¢ (x)=by, o' =bs,

where a = (ag,a2,a3) and b = (b1, by, b3) are arbitrary constant vectors and by, bs are arbitrary
constants. Now, in view of (3.16) we arrive at the equalities u'(x) = 0, ¢'(z) = 0, ¥'(x) = 0 for all
x € R, consequently, U) = U?) in R3,

The proof is similar for the domain R3. O
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Theorem 3.6. Let f € C*(R?) and

/f(%) dz = 0, /f(%)xj Az =0, j=1,2.
R2 R2

Then the Dirichlet boundary value problems (2.5)—(2.6) possess unique solutions which can be repre-
sented in the following form

U) = Fz! [0O €)@ €01 F©)]. a5 >0, (3.24)
U) = F2' [0 (Eaa) @D €0 F©)] . 25 <0, (3.25)

Proof. It suffices to show that the vector functions (3.24) and (3.25) satisfy the conditions (3.15)—
(3.16). This will be done if we prove that the following relations hold for all z € R3:

o P! U xs)] <0(1), j=1,2,3, (3.26)
and
TG0 <0(1), 7=1,23, (3.27)
where U (€, z3) is defined by (3.8) or (3.9). For j =1 or j = 2, we find
_15 . —25 T —ig% .
x]/U@m;g d§—z/U§,x3 (%g d§—z hm / Uf,xg 96, d€
K(O R)
s 8U(§7333) 77;5-5 = e —i&F &
K(0;R) K (0;R)
i W& 23) gz 7, / UE23) gz gz
= zzzlgnoo 7c e dé = —i D€, e dg, (3.28)
K(0;R)

where K (0, R) is the circle of radius R centered at the origin.

Under the restriction on f we conclude that f € S(R2) and f(€) = O(|¢[?) as |€] — 0, where S is
the space of rapidly decreasing functions. Therefore in view of (3.14) we have

% =0(1), |§/—0 and
% (3.29)
U8 _ H(Ew), il = o0, k>2,
9¢;

uniformly for all z € R3. Then the relations (3.28) and (3.29) imply (3.26). The condition (3.27) can
be proved similarly if we note that

0*U (&, w3) (1) gl

et o = d

i o) E=0

PUCT) _ 0@+, (80 k22,
%%

uniformly for all z € R3.
Note that

w5 F2 ! O ws)) = 75 / ( / —fémdgs)[<1><-><E,o>1—1f<5>e-@’fd§. (3.30)
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Using the Cauchy integral theorem for analytic functions and the relations (3.10), (3.11), from
(3.30) we get

.’173]:5:_1*5[[7(5, -TS)]

iy [ e [0 Dlena (008 o] [100EDlers 10(0]ews] 7 i

J [0]1x5 () Olixs — O(l€])
= zg/eflflfs [O(W)]sxef(€)dE = I) + I, (3.31)
RZ

where

o~ o~ o~ ~ ~

Iy = s / eI (0166 F(E) dE and I — a3 / e~ €173[0(1)]s w6 F () dE
[gl<M l&|>M

o~ ~

Since f(£) € S(R?), it is easy to check that I; = O(1) and Iy = O(1) and hence (3.26) holds.
We can prove the boundedness of the vector function x%fg—if[U (&, z3)] quite similarly taking into

o~ ~

account that f(£) = O(|€]?) as |¢] — 0. a
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