Memoirs on Differential Equations and Mathematical Physics

VOLUME 75, 2018, 139-149

Short Communication
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ON THE SOLVABILITY AND THE WELL-POSEDNESS
OF THE MODIFIED CAUCHY PROBLEM FOR
LINEAR SYSTEMS OF GENERALIZED ORDINARY
DIFFERENTIAL EQUATIONS WITH SINGULARITIES

Abstract. Effective sufficient conditions are given for the unique solvability and for the so-called H-
well-posedness of the modified Cauchy problem for linear systems of generalized ordinary differential
equations with singularities.
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1 Statement of the problem and basic notation
Let I C R be an interval non-degenerate at the point, to € I, and
L, =1\{to}, I, =]—o0,to[NI, I =]to,+oo[NI.
Consider the linear system of generalized ordinary differential equations
dx = dA(t) - x4+ df (t) for t € Iy, (1.1)

where

A= (aik)?,kzl € BVlOC(ItoaRnxn)v f= (fk)Z:l € BVZOC(ItmRn)'

Let H = diag(hy,...,hy) : I;, = R™ ™ be arbitrary diagonal matrix-functions with continuous
diagonal elements
hi : Ity =10, 400[ (k=1,...,n).

We consider the problem of finding a solution x € BV,.(I3,, R™) of system (1.1) satisfying the
modified Cauchy condition

lim (H~'(t)2(t)) =0 and lim (H '(t)2(t)) = 0. (1.2)

t—to— t—to+

Along with system (1.1), consider the perturbed singular system

dy = dA(t) -y +df(t) for t €I, (1.3)
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where B B B
A= (az‘k):‘tkzl S BVloc(ItoaRnxn)v f = (fk)Z:l S Bvloc(ItmRn)

are, as above, the matrix- and vector-functions, respectively.

In the present paper, we give sufficient conditions for the unique solvability of problem (1.1), (1.2).
Moreover, we investigate the question when the unique solvability of problem (1.1),(1.2) guarantees
unique solvability of problem (1.3),(1.2) and, as well, the nearness of their solutions in the definite
sense if the matrix-functions A and A and the vector-functions f and f are near, respectively.

The analogous problems for system of ordinary differential equations with singularities

dzx

i P(t)xz+q(t) for t e, (1.4)

where
Pe Lloc(IthRnxn)a qc Lloc(ItoaRn)a

have been investigated in the papers [6-8].

The singularity of system (1.4) is considered in the sense that the matrix-function P and the
vector-function ¢ are, in general, not integrable at the point ty. In general, a solution of problem
(1.4),(1.2) is not continuous at the point to and, therefore, it cannot be a solution in the classical
sense. But its restriction on every interval from I, is a solution of system (1.4). In this connection
we give the example from [8].

Let o > 0 and € €]0,«[. Then the problem

dx ax

o= TeEldTT lm(a() =0
has the unique solution x(t) = [t|°~*sgn¢. This function is not a solution of the equation in the set
I =R, but its restrictions on | — 0o, 0] and |0, +o0o[ are the solutions of these equation.

The singularity of system (1.1) is considered in the sense that the matrix-function A and the
vector-function f may have non-bounded total variation at the point ¢g, i.e., on some closed interval
[a,b] from I such that ¢y € [a,b].

As is known, such a problem for generalized differential system (1.1) has not been studied. So, the
problem remains actual.

Some singular two-point boundary problems for generalized differential system (1.1) are investi-
gated in [3-5].

To a considerable extent, the interest to the theory of generalized ordinary differential equations has
also been stimulated by the fact that this theory enables one to study ordinary differential, impulsive
and difference equations from a unified point of view (see [2-5,10,11] and the references therein).

In the paper the use will be made of the following notation and definitions.

R =] — o0, +o0[, Ry = [0,400[, [a,b] and ]a,b[ (a,b € R) are, respectively, the closed and open
intervals. n
R™*™ is the space of all real n x m matrices X = (2;x); -, with the norm || X|| =  nax S @ikl
o =1,....m;—1
If X = (@)}l € R™™, then |X| = (|lza)fil,, [X]4 = P55, [X]- = BE~

Rf_xm = {(I“C)Zkril x>0 =1,....,n; k=1,...,m)}.

R"™ = R™*! is the space of all real column n-vectors = = (z;)1_;; R? = R7*1.

If X € R®*" then X !, det X and 7(X) are, respectively, the matrix inverse to X, the determinant
of X and the spectral radius of X; I,, is the identity n X n-matrix.

The inequalities between the matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its components

is such.
b
If X : R — R™™ ig a matrix-function, then \/(X) is the sum of total variations on [a,b] of its
a
b a

components z;; (i =1,...,n; k=1,...,m); if a > b, then we assume \/(X) = — \/(X);
a b
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X (t—) and X (t+) are, respectively, the left and the right limits of the matrix-function X : [a, b] —
R™™ ™ at the point ¢t (X (a—) = X(a), X (b+) = X (b)).
i X)) =X(t)— X({t-), do X (t) = X(t+) — X (¥).
BV ([a, b],R™*™) is the set of all bounded variation matrix-functions X : [a,b] — R™*™ (i.e., such
b
that \/(X) < 00).

a
BVioe(J; D), where J C R is an interval and D C R™ ™ is the set of all X : J — D whose
restriction on [a, b] belongs to BV([a, b]; D) for every closed interval [a, b] from J.
BVioe(It,; D) is the set of all X : I — D whose restriction on [a,b] belongs to BV([a,b]; D) for
every closed interval [a,b] from I, .
Everywhere we assume that a; € I, and a3 € Itt are some fixed points.
If X € BVige(ly; R™™), then V(X)(t) = (v(zix)(t));32, for t € Iy, where v(zit)(a;) = 0,

v(xig)(t) = \t/(aclk) for (t —to)(a; —to) >0 (j =1,2).

[X(t)ﬁ- = VX )+X(t) X = V(X)(t) X()
$1, 82, Sc and j Bvloc(ItU; R) — BVlOC(ItO,R) are the operators defined, respectively, by
s1(z)(aj) = s2(z)(a;) =0, sc(z)(a;) = z(ay);
si(@)(t) = s1(2)(s)+ > diz(r), sa(@)(t) = sa(2)(s) + Y dox(r)

s<T<t s<tT<t

se(@)(t) = se(@)(s) +x(t) — x(s) = Y _(5;(2)(t) = 55(2)(5)

j=1
for s <t <ty if aj <ty andfor to <s<t if a; >ty (j=1,2)

and
J(x)(aj) = x(ay),
T(@)(t) = T(2)(s) + se(x)(t) = sc(z)(s) = > [l —diz(r)[+ > In|l+dya(r)]

s<T<t s<t<t
for s <t <ty if aj <ty and for to <s <t <ty if a;j >ty (j =1,2).

If X € BVipe(lty; R™*™), det([n+(71)jde(t)) #0fort € I, (j =1,2),and Y € BV (I, ; R™*™),
then

-A(Xv Y)(aj) = On><m7

AXY)) - AXY)(s) =Y () = Y(s)+ > diX(7)-(In — i X (7)) drY (1)
=) dX(7) - (I +d2X( )"t doY (7)

for s <t <ty if aj<t0 and for tg <s <t <ty if a;j >ty (j=1,2).

If g : [a,b] — R is a nondecreasing function, z : [a,b] = R and a < s < t < b, then

t

/ 2(r) dg(r) = / 2 dselg) () + 3 () digr)+ 3 (r) dag(),

s I s<t<t s<t<t
where [ x(7)ds.(g)(7) is the Lebesgue-Stieltjes integral over the open interval |s, t[ with respect to
Is;t
b
the measure f10(s.(g)) corresponding to the function s.(g). If @ = b, then we assume [ z(t) dg(t) =

a
a

b t
and if @ > b, then [z(t)dg(t) = — [x(t)dg(t). So, [x(r)dg(7) is the Kurzweil integral [9-11].

o
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Moreover, we put

t+ t+6 t— t—5
[amrdsr) = tim [ atr)dg(o). [ar)dg(r) = tim [ atr)dg(r).

If g(t) = g1(t) — g2(t), where g1 and go are nondecreasing functions, then
t t t
/1’(7’) dg(r) = /CU(’T) dgr (1) —/(E(T) dga(7) for s,t € R.
If G = (gm)izzl : [a,b] — R™™ is a nondecreasing matrix-function and X = (Thj)pjey * lasb] =

R™ ™ then

t l,m

/dG(T) X(r) = (zn:/txkj(f) dgik(r)) for a<s<t<bh
k=17

2 i,j=1

n In .
Se(@) (1) = (selgim) (®)ihmrs SH(G)(B) = (55(90)(1)); 0y (= 1,2).
If G, : [a,b] — R™™ (j = 1,2) are nondecreasing matrix-functions, G = G; — G2 and X : [a,b] —
nxm
R , then
¢ ¢ ¢

/dG(T)~X(T) :/dal(f)-X(T)—/d@(T)-X(T) for s, t €R,

Se(G) = Se(Gr) = Se(Ga), 55(G) = 5;(Gr) = 55(Ga) (5 =1,2).
A vector-function x : I, — R™ is said to be a solution of system (1.1) if z € BV([a, b],R™) for
every closed interval [a,b] from I, and
¢
z(t) = x(s) + /dA(’T) cx(T)+ f(t) — f(s) for a<s<t<hb.

We assume that ‘
det(l, + (—1)'d;A(t)) #0 for tel, (j=1,2).

The above inequalities guarantee the unique solvability of the Cauchy problem for the correspond-
ing nonsingular systems (see [9-11]), i.e., for the case when A € BVy,.(I,R"*™) and f € BV,.(I,R"™).
Let the matrix-function Ag € BVjoc (I, R"*™) be such that

det (I, + (=1)7d;Ag(t)) #0 for t €L, (j=1,2). (1.5)

Then a matrix-function Cy : I, X Iy, — R™*™ is said to be the Cauchy matrix of the generalized
differential system
dx = dAp(t) - x, (1.6)

if for every interval and J C I and 7 € J, the restriction of the matrix-function Co(.,7) : I, — R"*"
on J is the fundamental matrix of system (1.6) satisfying the condition

Co(r,7) = I,.

Therefore, Cy is the Cauchy matrix of system (1.6) if and only if the restriction of Cy on every interval
J x J is the Cauchy matrix of the system in the sense of definition given in [11].
We assume

I (8) = [to — 9, to[ N1ty Itt((;) =lto,to + 0] N 1y, 14, (0) = I, (0) U I;g((S)

for every § > 0.
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2 Existence and uniqueness of solutions of the Cauchy prob-
lem

In this section we give sufficient conditions for the unique solvability of problem (1.1),(1.2).

Theorem 2.1. Let there exist a matriz-function Ay € BViee(It,, R"*™) and constant matrices By
and B from R™"™ such that conditions (1.5) and

r(B) <1 (2.1)
hold, and the estimates
|Co(t,7)| < H(t) ByH™ () for t € I;,(8), (t—to)(T —to) >0, |7 —to| <[t —to (2.2)
and
t
’ / |Co(t, 7)| dV (A(Ag, A — Ao)(7)) - H(7)| < H(t) B
toF
for t € I, (6) and t € I, (8), respectively, (2.3)

are valid for some § > 0, where Cy is the Cauchy matriz of system (1.4). Let, moreover, respectively,

lim
t—=toF

/H*l(T) (Colt, 7)] dV (A(Ao, £))(7)

toF

=0. (2.4)

Then problem (1.1), (1.2) has the unique solution.

Theorem 2.2. Let there exist a constant matriz B = (big)j'y—; € RI™™ such that conditions (2.1)

and

(1) djau(t)] . > =1 for t <ty (j=1,25i=1,...,n), )
[(—1)Ydjau(t)]_ <1 for t>ty (j=1,2;i=1,...,n) 25)

hold, and the estimates

hi(t)

(1,7 < by S

fO’I“ t e It0(5>, (t—to)(’i’ —to) >0, |T—t0‘ < |t—t()| (Z = 1,...711), (26)

’ /t ci(t, T)hi(T) d[a“‘(’r) sgn(r — to)}j_

toF

< byi(t) hi(t) for t € I;(6) and t € I} (5), respectively (i=1,...,n)  (2.7)

and

¢
‘ / ci(t, )i () AV (Alagis, ase)) (7)
toF

for t € I, (6) and t € I} (8), respectively (i #k; i,k=1,...,n) (2.8)

< b (t) hi(t)

are valid for some by > 0 and 6 > 0. Let, moreover, respectively,

t

. Ci(t, T) . - -
til?nl; / O dV (A(agii, fi))(7) =0 (i=1,...,n), (2.9)
toF
where ap;;(t) = —[ai(t) sgn(t — to)]Y sgn(t —t9) (i = 1,...,n) and ¢; is the Cauchy function of the

equation dx = x dag;(t) fori € {1,...,n}. Then problem (1.1),(1.2) has the unique solution.
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Remark 2.1. The Cauchy functions ¢;(¢,7) (i = 1,...,n), mentioned in the theorem, for ¢,7 € I
and t, 7 € I;g, have the form

exp (s0(a0) (t) — so(aoi) (1)) [ (1 = draois(s)™ T (1 +daacii(s)) for ¢ >,

T<s<t T<s<t
Ci(t?T) ~ Y exp (So(aol'i)(t) — So(a()ii)(’r)) H (1 - dlaon'(s)) H (1 + dgaon‘(s))_l for t <,
t<s<T t<s<T
1 for t =r.

Corollary 2.1. Let there exist a constant matriz B = (bi,)j—; € R}*" such that conditions (2.1)
and (2.5) hold, and the estimates

‘ /t |7 — to| d[aii(r) sen(r — to)] "

toF

<bji [t —to| for t €I, (6) and t € I} (8), respectively (i=1,...,n) (2.10)

and

\ / v — to] dV (Ao, ai))(7)

toF

< b |t —to| for t € I;,(6) and t € I, (8), respectively (i #k; i,k=1,...,n) (2.11)

are valid for some 6 > 0. Let, moreover, respectively,

t—>toﬂF |t — to\

t
‘\/ (avis f))(P)] =0 (i=1,...,n), (2.12)

where ag;(t) = —[a;i(t) sgn(t — t9))]” sgu(t — tg) (i = 1,...,n). Then system (1.1) has the unique
solution satisfying the initial condition

=@l _ . (2.13)

lim
t—toF t — to

Remark 2.2. In Corollary 2.2, if the estimates

< |t — s

‘ / |7 — to| d[asi(T) sgn(r — to)]i

for t,s € Iy, (), (t—to)(s—to) >0, |s—to] <[t—to] (i=1,...,n)

and

< bix |t — s

] / v — to] dV (A(as, ase))(r)

for ¢t,s € I, (8), (t—to)(s—1to) >0, |s—to| <|t—to] (i F#k; i, k=1,...,n)

hold instead of (2.10) and (2.11), respectively, then the solution of problem (1.1),(2.13) belongs to
BVioe(I,R™).
Corollary 2.2. Let conditions (2.5) and
t
T (a0ir) (1) = T (agi) () < =Ailn —2 + aj(t) = ajy(7)
—tlo

for t,7 € Ly, (t—to)(T—1to) >0, |7 —to| <|t—to] (i=1,...,n) (2.14)
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hold, where ag;(t) = —laii(t)sgn(t — to)]Vsgn(t —t9) (i = 1,...,n), \; >0 (i = 1,...,n), af
(i =1,...,n) are nondecreasing functions on the intervals I; and Ith- Let, moreover,
t
/ (A(agiis air))(T)| < +00
toF
for tel; and teI;g, respectively (i#£k; i,k=1,...,n), (2.15)
and
N dV (Aaoii, £:)(T)| < 400
toF
for t € I, and t € I}, respectively (i=1,...,n). (2.16)

Then system (1.1) has the unique solution satisfying the initial condition

lim ([t —to|M (1)) =0 (i=1,...,n). (2.17)

t—)to

3 Well-posedness of the Cauchy problem
Let It,; =] min{tg, t}, max{to,t}[ for ¢t € I.

Definition 3.1. Problem (1.1),(1.2) is said to be H-well-posed if it has the unique solution x and
for every € > 0 there exists > 0 such that problem (1.3),(1.2) has the unique solution y and the
estimate

|H () (x(t) —y@)|| <e for tel

holds for every Ae BVioe(It,, R™*™) and fe BVioc(It,, R™) such that

det (I, + (—1)7d;A(t)) #0 for t € I, (j =1,2);

<n

| / ) v (A— A 1)+ 3

toF J=1

Y HN(7)ldi(A - A)(7)|H(r)

7€t

for tel;, and t € I;g, respectively (j=1,2),

2

3

<n

Y H'@d(f = f)(@)H(T)

TELyt

for t € I;, and t € I", respectively (j=1,2).

Theorem 3.1. Let I be a closed interval and there exist a matriz-function Ag € BVioc(It,, R"*™) and
constant matrices By and B from R}*™ such that conditions (1.5), (2.1) hold and estimates (2.2),

|Co(t, )| |d;j Ao (T) (I + (=1)7d; Ao (7)) | < H(t) Bo H (1)
for t€ I, (8), (t—to)(r —to) >0, |7 —to] <[t —to] (j=1,2)
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and

H / (Colt, 7)| AV (A)(s) - H(s)
toF
2

2.
j=1

<7

Y 1Co(t,7)ld;Ao(r) - (In + (—1Y d;Ao(r) " |d;A(T) [ H ()

L€yt

for tel, and te I;;, respectively,

are valid for some § > 0, where Cy is the Cauchy matriz of system (1.6). Let, moreover, respectively,

lim (H / H(t) [Colt, 7] dV (£)(7)

)-o

Y H'®IC0(E ) dj Ao(r) - (I + (=1)7d; Ao()) | |d; £ (7)

L€l

Z

Then problem (1.1), (1.2) is H-well-posed.
Theorem 3.2. Let I be a closed interval and there exist a constant matriz B = (bix)}p—; € R}
such that conditions (2.1), (2.5) hold and estimates (2.6), (2.7),

lei(t, 7)| [djaoii(T) - (1 + (=1) djau (7)) "] < bo Z:((i))

for t € I, (0), (t—to)(T—to) >0, |7 —to| <[t —to| (¢

=1,...,n;j=1,2)

and

' / ex(t,7) () o) (7)

toF

D leit, )l djaoi(r) - (1+ (=1 djaois(r) ™| |djain (1) |hi(r)| < bin ha(t)

TEL ¢

2
=1
for t €I, (0) and t € Ijo(é), respectively (i #k; i,k=1,...,n)

are valid for some by > 0 and 6 > 0. Let, moreover, respectively,

<\/1

o)

|da ao;i (T )'(1+(—1)jdjaoz‘i(T))_l||djfi(T)|> =0 (i=1,...,n),

7€l

where agi;(t) = —[a;(t) sgn(t — to)]” sgn(t —to) (i = 1,...,n), and ¢; is the Cauchy function of the
equation dx = x dag;(t) fori e {1,...,n}. Then problem (1.1),(1.2) is H-well-posed.

Corollary 3.1. Let I be a closed interval and there exist a constant matriz B = (bix)j'y—; € RY"
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such that conditions (2.1) and (2.5) hold, and the estimates

t—1p

T (a0ii)(t) — T (a0i)(T) < piln — -
T 0

for t,TEItU, (t—to)(T—to) > 0, |T—t0| < |t—t0| (izl,...,n), (31)

lim ‘ [ai;(t) sgn(t — to)]ljr — [asi () sgn(r — to)] +’

T—=toF

< by for t €I () and t € I (5), respectively (i=1,...,n)
and
2 .
Aim [v(air)(t) = v(ai) (1) + Z; ZI: |djaoii(s) - (1 + (=1) djaoii(s)) | Idjai(s)] < bik
J=1s€liyr
for t € I, (6) and t € I} (8), respectively (i #k; i,k=1,...,n)

are valid for some p; >0 (i =1,...,n) and § > 0, where ag;(t) = —[a;(t) sgn(t — to)]” sgn(t — to)
(i=1,...,n). Let, moreover, respectively,

t
. 1
i (| ] g 000
toF

+ Z Z ﬁwj‘aom@') . (1 + (—1)jdj(101‘i(7'))71| |d]fz(7')|> =0 (Z = 1, [N ,TL).

J=171€lyy+
Then system (1.1) under the condition

zi(t)
m ————— =
t—toF |t — t0|’”

is H-well-posed.

Remark 3.1. Let, in addition to the conditions of Corollary 3.1, the condition

lim supé;i(t) <+oo (j=1,2;i=1,...,n) (3.3)

t—=toF

hold, where

Git) = D> |r—tol**|djam(r)| + |d; fi(r)| for t € L,Nar,az] (j=1,27i=1,....n), (3.4)
TEIl; k=1

I;1 =]aq,t] and Iis = [a1,t] for a1 < t < to, Iy1 =]t,as] and I;o = [t,as[ for tg < t < ag. Then the
solution of problem (1.1), (3.2) belongs to BV,.(1,R™).

Corollary 3.2. Let I be a closed interval and there exist a constant matriz B = (bix)j'y—; € RY"
such that conditions (2.1) and (2.5) hold, and estimates (2.10), (3.1) for uy; =0 (i =1,...,n) and

t

U 7~ tol do(ai)) (1) |+ 3 |7~ tolldjacu(r) - (1+ (~1) djanis(r) | [djan ()] < bislt — to]

toF J=17€Lye
for t € I (6) and t € I, (8), respectively (i #k; i,k=1,...,n)
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are valid for some § > 0, where ap;(t) = —[ai; (t) sgn(t—1to)]” sgn(t—to) (¢ =1,...,n). Let, moreover,
respectively,

1

im ——
t—toF |t — to

(|v<fi><t> — o))

+3 > ldjacii() - (1+ (=1) djagi () ™| |djfz‘(T)|> =0 (i=1...,n).

j=l7€lyyr
Then problem (1.1), (2.13) is H-well-posed.

Remark 3.2. Let, in addition to the conditions of Corollary 3.2, condition (3.3) hold, where the
functions &;; (j = 1,2; ¢ = 1,...,n) are defined by (34), u; =1 (i = 1,...,n), and the intervals
I (j = 1,2) are defined as in Remark 3.1. Then the solution of problem (1.1),(2.13) belongs to
BVioe(I,R™).

Corollary 3.3. Let I be a closed interval and let conditions (2.5) and (2.14) hold, where ag;;(t) =
—laii(t)sgn(t—to)]" sgn(t—to) (i =1,...,n), Ay >0 (i =1,...,n), and the functions a};(t) sgn(t—to)

(i=1,...,n) are nondecreasing on the interval I. Let, moreover,
t
‘ / 7 to] M do(ag))7)
toF
2 .
30 D0 =t dja0u(r) - (1 + (<1 dyaois(7) ! djain(r)]| < +oo
J=1"7€ly:
for t e It'g and t € I, respectively (i # k; i,k =1,...,n)
and
t 2
' / [ —to* dv(f)(T)|+ Y D 1T =t M djacu(7) - (14 (=1) djaos(r)) | |ds fi(7)] < +o0
toF J=17€lye

for te€l, and te I:;, respectively (i=1,...,n).
Then system (1.1) under the condition

lim (|t —to

t—toF

Nog(t)) =0 (i=1,...,n) (3.5)

is H-well-posed.

Remark 3.3. Let the conditions of Corollary (3.3) hold, where A; = 0 (i = 1,...,n). Let, in
addition, condition (3.3) hold, where the functions &;; (j = 1,2; ¢ = 1,...,n) are defined by (3.4),
w; =0 (¢ =1,...,n), and the intervals I;; (j = 1,2) are defined as in Remark 3.1. Then the solution
of problem (1.1), (3.5) belongs to BVi,.(I,R™).

Remark 3.4. In Remarks 3.1-3.3, condition (3.3) is essential, i.e., if the condition is violated, then the
conclusion of our remarks are not true. Below, we reduce the corresponding example. Let I = [0, 1],
n=1t=0,t,=1/y/n (n=1,2,...), the function a : I — R is defined by

1
a(0) =0, a(l)=—In2, a(t)=1In (kn(t —ta) + f) for ty <t <tn_1 (n=2,3,...),
n
where k, = (n —2)(2n(n — 1)(t, — tn_1))"! (n = 2,3,...). It is evident that the singular Cauchy

problem
dx = xda(t), limt z(t)] =0
t—0
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has the unique solution = defined by the equalities
1
x(t) =kt —ty)+— for t, <t <tp,—1 (n=2,3,...), z(l)=—In2.
n

Moreover, we have dex(t) = 0 and dyx(t,) = 1/2 (n = 2,3,...). Thus we conclude that = €
BVioe(It,; R), but @ & BVi(I;R). Besides, taking into account that the function a(t) is non-
increasing on the intervals ¢, <t < t,_1 (n = 2,3,...), we conclude that [a(f)]} = 0 on these
intervals. Therefore, due to the equalities dsa(t) = 0 and dia(t,) = 1/2 (n = 2,3,...), all the
conditions of our remarks are fulfilled with the exclusion of (3.3).
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