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Abstract. The existence conditions and asymptotic representations as t T w (w < 400) of one class
of monotonous solutions of the n-th order differential equations containing on the right-hand side a
sum of terms with regularly varying nonlinearities are established.
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1 Introduction

In the recent decades asymptotic properties of solutions of binomial essentially nonlinear second-
order differential equations with a nonlinearity which differs from a power function have been actively
studied (for the Emden—Fowler type not generalized equations see the monograph by I. T. Kiguradze
and T. A. Chanturiya [13]). The case where the nonlinearity is a regularly varying function was
investigated in [9,12,15,16,18], and the case where the nonlinearity is a rapidly varying function can
be found in [1,3-5,8]. It should be noted here that the second-order equations containing in the right-
hand side a sum of terms with nonlinearities that differ from power functions were considered only
in the case when all nonlinearities are regularly varying functions (see, e.g., [6,7]). In this paper, we
study the asymptotic properties of solutions of a second-order differential equation in the right-hand
side of which, apart from the terms with regularly varying nonlinearities, there are also terms with
rapidly varying nonlinearities.
Consider the differential equation

y" = Zami(t)w(y), (L1)

where a; € {—1,1} (i = 1,m), p; : [a,w[—]0,+00[ (i = 1,m) are continuous functions, —oco < a <
w < 400; @; ¢ Ay, —10,+00[ (i = 1,m), where Ay, is a one-sided neighborhood of the point Yy, Yy is
equal either to 0 or to oo, are continuous functions for ¢ = 1,1 and twice continuously differentiable
for i =1+ 1, m, such that for each i € {1,...,l} as some 0; € R

lim 2 _ 3o for each A >0, (1.2)

y=Yo wi(y)

YEAQY,

and for each ¢ € {{ 4+ 1,...,m},

" )

Oi(y) #0 as y € Ay,, lim ¢;(y) € {0,+0c0}, lim Pi\Y)PilY) (yz)%(y) =1. (1.3)
v=Yo v=Yo @i (y)
yEAY, YyEAY,

The functions ¢; (i = 1,1) that satisfy conditions (1.2) are called regularly varying functions as
y — Yy of orders o; (i = 1,1) (see the monograph by E. Seneta [17, Ch. 1, § 1, pp. 9-10]). For each
of them the representations of the form

ei(y) = lyl” Li(y) (i =1,0) (1.4)
hold, where L; are the slowly varying functions as y — Yj, i.e., such that
L;(\ R
lim (Ay) =1 (i=1,1) for each A > 0.
v=Yo Li(y)
YEAY,

We also say that a function L; (i € {1,...,1}) satisfies the condition Sy if
Li(wel oI = Li(y)[L + o(1)] as y = Yo (y € Ay,),

where v = signy.
Examples of functions slowly varying as y — Y|, are as follows:

[yl [ fyl P [t Dn fyl | (n,7 #0), eVTEb,

The first two functions satisfy the condition Sj.
From conditions (1.3) it immediately follows that

/
im YW 4o = TF Tm),
v=Yo i(y)

YEAy,

due to which each of the functions ¢; for i € {I{+1,...,m} and its first derivative are rapidly varying
as y — Yy (see the monograph by M. Maric [14, Ch. 3, § 3.4, Lemmas 3.2, 3.3, pp. 91-92]).
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Definition 1.1. A solution y of the differential equation (1.1) is called a P,,(Yo, Ag)-solution, where
—00 < Ag < 400, if it is defined on some interval [tg, w[C [a,w]| and satisfies the following conditions:

ither 0 2(t
aher T T OB (1.5)

ttw or +o0, ttw " (t)y(1)

limy(t) =Yy, limy/(t) = {
tTw
In [10], P, (Yy, Ao)-solutions of the differential equation (1.1) were studied in the case A\ € R\{0;1}.
In this paper, for Ay = 00, we establish the conditions for the existence of P, (Yp, Ag)-solutions of
the differential equation (1.1) and give asymptotic representations, as ¢t 1 w, of such solutions and their
first-order derivatives when in each of such solutions the right-hand side of equation is equivalent, as
t T w, to the s-th item, i.e., when for some s € {1,... 1},

i (1) (y(T

L pey()
tTw Ps (t)% <y<t))

Upon studying the P, (Yp,+00)-solutions of equation (1.1), some of their a priori asymptotic

properties will be used.
We set

=0 forall i€ {1,...,m}\ {s}. (1.6)

Tw(t) =

t if w=+4o0,
t—w if w<+oo.

Lemma 1.1. Let y : [tg,w[— R be an arbitrary P,,(Yy, £00)-solution of equation (1.1). Then

POV Lm0y

=0. 1.7
G S0 il

The validity of this assertion follows directly from [2] (see Corollary 10.1).

2 Statement of the main results
Here and in the sequel, without loss of generality, we assume that

AYo = AYo (b)7

where

Ay, (b) = [b,Yo[, if Ay, is a left neighborhood of Yy,
Yol 1¥0,0], if Ay, is a right neighborhood of Yp,
and the number b satisfies the inequalities
bl <1 as Yo=0 and b>1 (b< —1) as Yy =400 (Y =—o0).

In addition, let us introduce two numbers

1, if Ay, (b) = [b,Yo[,

= si b’ =
Yo T RISRD, M {1, it Ay, (b) =]Yo,bl.

According to the definition of the P, (Yj, \p)-solution of the differential equation (1.1), note that the
numbers vy and v; determine the signs of any P,,(Yy, Ag)-solution and its first derivative (respectively)
in some left neighborhood of w. The conditions

1/01/1:71 lfY()ZO, I/()I/1:1 if Y()::l:OO

are necessary for the existence of P, (Yp, \o)-solutions.
Moreover, if for such solutions of (1.1) conditions (1.6) hold, then

y"(t) = csps(t)ps (y(t))[1 + 0(1)] as t 1w, (2.1)
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from which it is clear that signy”(¢) = a; in some left neighborhood of w, and in this case

o = =1 if lmy'() =0, v, =1if limy/(t) = +oo.
tTw 1w

In the case where 1 ltle |7y ()] = Yo, we choose the number a; € [a,w[ so that vy|m,(£)| € Ay, (b)
as t € [ar,w[, and for s € {1,...,1} set

t

Ju() = / pe(r)ps (vl (1)) dr.

As

where

a; if /ps(T)Lps(Volﬂw(T)D dr = £o0,
As = alw
w if /pS(T)gOS(Volﬂw(T)|) dT = const.

ay

Theorem 2.1. Let o5 # 1 for some s € {1,...,1} and the function Ls satisfy the condition Sy. Then
for the existence of P, (Yy, Ltoo)-solutions satisfying condition (1.6) of the differential equation (1.1)
it is necessary that

: _ mu(t) 5 ()
lim |7, (¢)] = Yy, lim —2-2-2 =0, 2.2
Y tlTw |7T ( )| 0 tlTw Js(t) ( )
the inequalities
asv1(1—o05)Js(t) >0, wvovim,(t) >0 for t €lar,wl, (2.3)

as well as the conditions

i P2 ol mo ()] |(1 = o) Ju(B)] /O 7))
ttw ps(t)ps (Vo] mw (8] [(1 = 04)J4(£)[/(1=72))

forallie{1,...,1}\ {s} and
 piOlm (L~ o) LOM O (1 + )
o ps(t)ps(voma ()] [(1 = 05) Jo(#)[1/ (0 =04))

forallie {I+1,...,m} hold, where 6; are arbitrary numbers of some one-sided neighborhood of zero.
Moreover, for each of such solutions the following asymptotic representations are valid:

=0 (2.4)

=0 (2.5)

y(t) = volme ()] |(1 — 04) Js ()Y I [1 4+ 0(1)] as t T w, (2.6)
Y (1) = |1 = oo) L)1+ 0(1)] as t1w. (2.7)

Proof. Let y : [to,w][— R be an arbitrary P, (Y5, £00)-solution for some s € {1,...,1} satisfying
conditions (1.6) of equation (1.1). Then by virtue of (1.1) and (1.6), the asymptotic relation (2.1)
holds.

According to Lemma 1.1, the limit relations (1.7) are valid, from which, in particular, it follows
that the function y is regularly varying, as t 1 w, function of first order. Therefore, by virtue of the
function L satisfying the condition Sy, representations (1.4) and the first of the limit relations (1.7),
we have

ws(y(t) = ly(t) 7 Ly (voeltHoWlinIme O

= |mu(t)y' (1)

Taking into account this asymptotic relation, from (2.1) we obtain
y"(t)

ly'(£)]7

7 Ls(y(t)) = ly(t)
% Ls(vo|mu(B)])[1 4+ 0o(1)] as t T w.

= asps () s (volmu (D)1 + o(1)] for 1 w. (2.8)
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Integrating (2.8) on the interval from ¢; (1 € [to,w[) to ¢t and using the second of conditions (1.5),
we get
vy’ (7% = as(1 — 05)Js()[1 4+ 0(1)] as t T w,

which implies representation (2.7) and the equality
v = agsign[(1 — o5)Js(t)]. (2.9)

From the first relation of (1.7) follows the second of inequalities (2.3), so taking into account (2.9),
the first of inequalities (2.3) holds. Taking into account the first of limiting relations (1.7), the second
inequality of (2.3) and (2.7), we obtain the asymptotic representation (2.6). The validity of the
first limit relation of (2.2) follows from Definition 1.1 and the first equality of (1.7) of Lemma 1.1.
The second limit relation of (2.2) follows immediately from (2.8) if we use the above-mentioned
representation (2.7) and the second of conditions (1.7).

Since the functions ¢; (i = 1,1) are regularly varying as y — Yy, we have

i (volma ()] [(1 = 00) Jo ()= [1+ o(1)])
= ;i (volmu ()] [(1 = 05) Js ()| 77)) [L + 0(1)] as ¢ 1T w.

Then, by virtue of (2.6),

g PO@i @) _ . pi®ei(volme ()] (1= 00) L (#)] /7)1 + o(1)]
ttw Ps(t)@s(y(t) 11w ps(t)es(volme ()] [(1 — o) Js ()Y E=7)[1 + o(1)]
= lim pi ()i (vo|mo (t)| (1 — US)JS(tﬂl/(l_US)) 1= 71)

t1w Ps(t)s (volmw ()] [(1 — 05) Js (t) [/ (1=7)) 7

hence, taking into account (1.6), we find that conditions (2.4) are valid.
Forie{l+1,...,m}, from (2.6) we have

i) | piOiolmu ()10 = 0)J (1701 + o(1)])
S pOpsy®) — e pOesGolma @I - 00) L OT0=7)

By the monotony of function ¢; (i € {I{+1,...,m}) on the interval Ay, (b) for each of ; from some
one-sided neighborhood of zero there exists t2 € [t1,w] such that for ¢ € [ta,w], we have

(2.10)

pi(t)pi(volmu (O] (1 = 00) Js (O~ [1 + o(1))])
ps(t)ps(volme ()| [(1 = o) Js(£)[1/(1=72))
Pi()pi(o|me (1) (L — o) Js ()Y =7 [1 + &])
Ps(H)ps (ol mu (O] (1 — 06) Jo(£) [/ (1 =72))

Thus, by virtue of (1.6) and (2.10), we find that conditions (2.5) are valid. The proof of the theorem
is complete. O

> 0.

Now we clarify the question of the actual existence of P, (Yp, 200)-solutions with the asymptotic
representations (2.6) and (2.7) for equation (1.1).

Theorem 2.2. Let for some s € {1,...,1} the function Ly satisfy the condition Sy, the inequality
os # 1 and conditions (2.2)—(2.4) hold, and for anyi € {l+1,...,m},

i Pi@i o1 (D] |1~ 0) o)/ =) (1 + w))
o ps(t)ps(Vo|me (8)| (1 — og) Jo(t)[1/(A=02))

uniformly with respect to w € [—4§,8] for some 0 < § < 1. Then the differential equation (1.1) has
at least one P, (Yo, £00)-solution that admits asymptotic representations (2.6) and (2.7). Moreover,
if w = 400 and As = +o0, there exists a one-parameter family with such representations, and if
A = aq, there is a two-parameter family.

=0 (2.11)
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Proof. By virtue of conditions (2.2) and (2.3), the function
Y (1) = wolmo (D] (1 = 04)J (1))
is a first-order function that varies regularly as ¢t 1T w,

limY(t) = Y,
lim (t)=Yo

and there exists a number ¢y € [a1,w[ such that
Y(#)[1+ u] € Ay, (b) for ¢ € [to,w[ and |u] < 6.

By virtue of the properties of slowly varying functions, taking into account the fact that the
function L, satisfies the condition Sy, we have

s (Y ()1 +u) =Y ()(1 4+ u)|7 Ls(vo|me (D)1 + R(E, )],
where the function R is such that

1tiTm R(t,u) = 0 uniformly with respect to u € [—4, 4].

Now applying to equation (1.1) the transformation

y(t) = volmu (1) 1(1 = o) Js ()] /77 L + s (1),

- (2.12)
Y () = v1|(1 = 0) Jo(0)[V 771 + ua (1),
taking into account inequalities (2.3), we obtain a system of differential equations
uy = ha(0)[f1(t u1) — wa + g, (2.13)
uh = ha(t) [ fa(t,ur) + osur — ug + V(u1)],
where
1 JL(t)
hi(t) = ho(t) = —F——
1() ﬂ_w(t)a 2() (1_0'5)J5(t)’
7 () JL(t)
t =———"5 (1
f1(7u1) (I—Ué)Jé(t)( +u1)7
fg(t, ul) = (1 + Ul)USR(t, ul) + (1 + Ul)gs (]. + R(t, Ul))Rl(t, ul),
N opi ()i (Y (1)(1 + uy)) -
Ry (¢, = , Vv =(1+ s —1—oguy.
) = eV ayy V) = ) =1
1#£S
We consider system (2.13) on the set
Q = [to,w[xD, where D = {(u1,us): |u;| <4, i =1,2}.
We show that the function R; is such that
ltiTm Ry (t,u1) = 0 uniformly with respect to uy € [—4,d]. (2.14)
w
Since the functions ; with ¢ € {1,...,1} are regularly varying of orders o; as y — Yp, by virtue of

(1.4), taking into account the properties of slowly varying functions, we have

(Y ()1 +11)) = o1 (volma(B)] (L = ) T (OO~ (1 4 uy))
= ol (O] (1 = ) (O] = (1 4 w7 L (vl ()] (L = ) Ju ()7 (1 4 uy))
= ol (O] (1 = )OI~ (1 + u)[7 L (vo s ()] | (L = ) T () A=T)) (L + 74t 1)
= el (O] (1 = o) T (OO ) (1 4+ wn)” (1 + ri(tow)) (i = L1)
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where the functions r; are such that

ltiTm r;(t,u1) = 0 uniformly with respect to u; € [—4,4].
w

By virtue of the above conditions,

thw £~ asps(t)es(Y () (1 + uq))
i£s

uniformly with respect to u; € [—4, 0], since due to (2.4),
1
o oY1+ w))
im
1w = asps(t)ps (Y (1)(1 + u1))
i#S

i S QB Ol ()] = 0T o) (L it )
1 2 ap s (olm 10— 0 L OITT=) L+ 1t ur))
1#S
= lim aipi(t) i (vo|me ()] | (1 = a) J ()| /=)
1 & ap O (olm 11— 0) 1, (OF70-7)
1#£S

From (2.11) and (2.15), by virtue of the form of function Ry, we find that (2.14) is valid. In the system

of equations (2.13) the functions hy, ha : [to,w[— R are continuous and are such that

= 0 uniformly with respect to u; € [—4,d].

hl(t)hg(t) 7é 0 for te [to,w[,

ho(T)dr = =L dr = In |J, = +o0.
/ 2(7) dr 1—o0s /JS(T) T 1—o0s n |, (7)| o
to to to
In addition, by virtue of the second of conditions (2.2), we have
!/
i P2® o T

ttw hl(t) ttw (1 — US)JS(t)
Further, by the form of the functions V, fi (k= 1,2), we have

hy(t
1) f1(t,u1) is bounded on the set Q,
ha(t)
lim dV(ul) :07
u1—0 dul

%tiTm fo(t,u1) = 0 uniformly with respect to u; € [, 4].

Coefficient at u; in square brackets of the first equation of system (2.13) is nonzero. In addition,
the sum of the coefficients of u; and ug in the square brackets of the first equation of system (2.13)
is zero, and in the second equation is equal to the number o, — 1, which is nonzero. This implies
that system (2.13) satisfies all the assumptions of Theorem 2.7 of [11]. According to this theorem, the
system of differential equations (2.13) has at least one solution u = (ug,uz) : [t.,w[— R? (t. > to),
tending to zero as ¢ 1 w. Each solution of this kind of system (2.13), by virtue of transformations
(2.12), corresponds to the solution of the differential equation (1.1) that admits, as ¢ T w, asymptotic
representations (2.6), (2.7), and this solution is the P, (Yp, £00)-solution of equation (1.1). Moreover,

if w = 400, then there exists a one-parameter family of such solutions if jé 8 < 0 on Jay,+oo[ (this

inequality holds when J; is chosen for the integration limit of A, to be equal to +00), and a two-

parameter family if the inequality 5;8 > 0 holds (i.e., when A; = a1). The proof of the theorem is

complete. N
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Remark. In the case when there are no terms in equation (1.1) with rapidly varying nonlinearity,
i.e., when m = [, the assertion of Theorems 2.1 and 2.2 remains true without conditions (2.5) and
(2.11).

3 Example

As an example illustrating the results obtained in this paper, we consider a differential equation of
the form
y" = aip1(t)]y|” + azpa(t)e?, (3.1)
in which o; € {=1,1} (¢ = 1,2), p; : [a,w][—]0, 400 (i = 1,2) are continuous functions, —oco < a <
w < 400, p# 0.
For equation (3.1) let us clarify the existence of P, (Yy, £00)-solutions for which

_ _ pg(t)e“y(t)

limy(t) = oo (Yp = +o0), lim ————= =0. 3.2

b u(t) = £eo ( R NOO]: (32)
From Theorems 2.1 and 2.2 we have

Corollary 3.1. Suppose that inequality o # 1 holds. Then for the existence of P, (Yo, £00)-solutions
of the differential equation (3.1) satisfying conditions (3.2) it is necessary, and if

pLt)t7](1 — o) i (1) 77
ot (1=0) 1 (6) (14+u) 17

pa(t) = 0(

) as t — +o0

uniformly with respect to u € [—4,0] for some 0 < d < 1, it is sufficient that the conditions
tJ]

m 1(t)

t=+oo Ji(t)

vovy >0, a1 —o0)Ji(t) >0 for t €lay,+o0|

w = +00, 207

hold. Moreover, each solution of that kind admits the asymptotic representations

y(t) = wot|(1 — o) Ji ()| 77 [L + 0(1)] as t — +oo,
y'(t) = 11| (1 — o)1 (1) 77 [1 + 0(1)] as t — +oo.

Moreover, if As = +00, there exists a one-parameter family with such representations, and in case
Ay = aq, there is a two-parameter family.
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