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1 Introduction

The question of the stability of the multi-body problems dates back to the 18th century. The problem
was analyzed by means of series expansions and the canonical approach. The method of normal forms
is one of the main tools for studying this stability. The idea of the method is to transform a differential
operator into a simpler one by a change of the variables.

The Poincaré theory of normal forms has a counterpart in the Hamiltonian formalism, due to
Birkhoff and then extended to the resonant case by Gustavson. Thus, by carefully choosing trans-
formations, one changes a Hamiltonian system into a form with a well understood part, integrable
part, under a sufficiently small perturbation, such a transformation will conserve the Hamiltonian
structure [2,8]. Precisely, the well-known Birkhoff theorem states that, in some neighbourhood of
the origin, there exists a canonical transformation under which a smooth semiclassical Schrédinger
operator —h?A, + V, for energies close to a non-degenerate minimum of V/, can be replaced by a
suitable perturbation of a harmonic oscillator.

Some results on Birkhoff normal forms have been proved by Birkhoff [2], Ghomari and Messirdi [5,6]
and Ghomari, Messirdi and Vu Ngoc [7] for Schrédinger operators. Nevertheless, no result of the
existence, constructions and applications of Birkhoff normal forms was known up to now, for Born—
Oppenheimer Hamiltonians. In [9], one can find a description of the question without theoretical
details and numerical analysis.

The main objective of this work is the construction of a Birkhoff normal forms method for the
Born-Oppenheimer Hamiltonians in the semiclassical limit of type P = —h2A, + Q(z), where Q(x) is
an operator in the electronic y variables that depends only parametrically on the nuclear x variables,
and h? stands for the ratio between the electronic and nuclear masses, h — 0. Q(x) is referred to as
the electronic Hamiltonian, its spectrum is typically discrete in the low energy region and continuous
above the threshold energy. Since @ is an operator, it becomes necessary to use the pseudodifferential
calculus with operator-valued symbols. We are typically interested in the relationship between the
spectrum of the operator P and the classical dynamics of its principal operator-valued symbol.

The main novelty in this work is the introduction of the Birkhoff normal form theorem for Born—
Oppenheimer Hamiltonians. The idea is to combine the usual Birkhoff normal forms method with
the reduction process to an effective Hamiltonian. If Q(z) and A;(z), the lowest eigenvalue of Q(x),
are smooth and, under suitable assumptions, the Grushin operator associated with P and A;(x) is
invertible as a pseudodifferential operator near the bottom of A;(z), then, in particular, we get a
reduction result, namely, the spectral study of P is close, at least modulo O(h?), to one of P, =
—h2A, + M\ (2), the effective Hamiltonian in the Born-Oppenheimer approximation. This allows to
get asymptotic expansions of the discrete spectrum and the eigenfunctions of P (see, e.g., [6,10-12]) In
fact, P. can explain the complete spectral picture of P modulo errors in h. We first present in Section
2 the general framework of normal forms for semiclassical Schrodinger operators —h2A, + V(z),
where we give a rigourous proof of the Birkhoff normal form theorem. Furthermore, in Section 3, we
explain the core of the mathematical form of the Born—Oppenheimer approximation and describe the
construction of the effective Hamiltonian. Namely, the possibility to approximate, for large nuclear
masses, the true molecular Hamiltonian, a Schréodinger operator with an operator-valued potential, by
some effective Hamiltonian. The effective Hamiltonian is a good approximation to the true molecular
Hamiltonian with error-terms of order h* concerning smooth interaction potentials only.

Thanks to the reduction of P to its effective Hamiltonian P, in x variables, it is now possible
to define the Birkhoff normal forms of the full Hamiltonian P by those of P.. Consequently, in
Section 4, we introduce the Birkhoff normal form theorem for P, near an equilibrium point in the
Born—Oppenheimer approximation, via the effective Hamiltonian P,, using the results of Section 2,
where the function A (x) plays the role of an effective potential function and h tends to zero. Our main
ingredient is the use successively two reductions, first the reduction to an effective Hamiltonian and
then the classical Birkhoff normal form reduction. We show that one can recover the Birkhoff normal
form for the Born-Oppenheimer operator near an equilibrium point and we give a connection the
between Birkhoff normal form and resonances that occurs in terms of frequencies of the corresponding
harmonic oscillator. As an application, we study the dynamics near a local extremum of the effective
Hamiltonian, for which the frequencies are in 1 : 1 resonance. Our mathematical results are of physical
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or chemical relevance, up to some controlled error depending on the semiclassical parameter h. In
Section 5, we use a computer program to compute easily the Birkhoff normal form for a given effective
Schrodinger Hamiltonian in 1 : 1 resonance. Our numerical results are compatible with the theoretical
ones.

2 Generalities on Birkhoff normal forms

The purpose of this section is to apply the fundamental results on the quantum Birkhoff normal forms
for semiclassical Schrodinger operators. In the classical setting, the operator to be discussed is of the
type P = —h2A 4+ V, where V is the multiplication operator by a smooth potential function. In the
molecular case, the corresponding object is (). @ is neither a multiplication operator, nor smooth if
V' is a non-smooth potential. The general philosophy consists in finding adequate transformations in
which P can be written as a commuting perturbation of the harmonic oscillator. Precisely, there exists
a formal real canonical transformation generated by a power series such that P is transformed into a
Hamiltonian which is a power series in one-dimensional uncoupled harmonic oscillator Hamiltonians.
The procedure for transforming to Birkhoff’s normal form is reviewed and enriched here.

Let V € C®°(RM), N € N, N > 1, and assume that the Hessian matrix V" (0) is diagonal, let

(vi,...,v%) be its eigenvalues, with v; > 0 and v = (v4,...,vn). The rescaling x; — /Tjz;, ©* =
N

(1,...,zN), transforms P into P = H+W (z), where H is the harmonic oscillator Zl Y (—h? %—&—x?)
J:

and W (z) is a smooth function such that W (x) = O(|z|?) as |x| — 0. In general, W does not commute
with H, on the other hand, we do not have enough information on this perturbation, for that we will
use the Birkhoff normal form of P which is a transformation of the previous type, but more adapted
and less restrictive.

Let m,d € R, and S™9 be the space of smooth functions a(x,&;h) : RY x ]Révx 10,1] — C such
that for all o € N2V, |06, eya(z, & h)| < Cohd(1 4+ |z|? + [£]?)™/? uniformly with respect to z, & and
h, Co > 0. S%(m) is called the semiclassical space of symbols of order d and degree m. For a € S™¢
and u € C§°(R?Y), we set

z+ 2
2 b

(Opu(@u)(a) = (2a) ™ [

R2n

13 h)u(x’) dz’ de. (2.1)

Opw(a) is an unbounded linear operator on L?(RY) with domain C5°(R2Y), the space of infinitely
differentiable functions on R*V with a compact support. Op,(a) : C§°(R2Y) — C°°(R2Y) is called a
semiclassical pseudodifferential operator (or h-Weyl quantization) with h-Weyl symbol a of order d and
degree m. Different classes of symbols can also be defined, but for our purpose this class is enough. For

N
example, the h-Weyl symbol of the harmonic oscillator H is the polynomial H(z,§) = Y. 4 (m? —1—5?).

j=1
Now, we introduce the space S to be the set of formal series:

S= { Z ta’g’libag’@h[ D tagl € (C},

a,BeNN | LeN

where the degree of z*¢Ph is defined by ||+ | 8| +2¢, for technical reasons that of h is double-counted.
Let M € N and Dy, be the finite-dimensional vector space spanned by monomials z*¢°h? of degree M
and let Oy be the subspace of S consisting of formal series, whose coefficients of degree < M vanish,

-]

Om = { Z tayg,lfl,‘af’ghe D otapr =0 1if |a|+ (8] +20 < M}
a,BeNN, LeN

ta7571xa§ﬁhf : o tapl € (C},
a,BENN | LeN; |a|+|B|+20=M
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Note that (Opr)aren is a filtration, S =0y D O1 D -+, [ On ={0}.
MEN

Let (f,9)w = fﬁ — §f be the Weyl bracket on S, where fand g are the h-Weyl quantizations of
symbols f and g, respectively. Precisely,

(frogr)w = ow (f§—31),

where fr and gp are the formal Taylor series at the origin of f and ¢ in S, respectively, and o
denotes the h-Weyl symbol. Then (-, - )y is antisymmetric satisfying the Jacobi identity

((fr, 9w, heyw + ((hr, fryw, gr)y, + (9o, hr)w, fr)y, =0
and the Leibniz identity

(fr,grhr)w = (fr,97)whr + 97 (fr, hr)W .

Thus, the space S equipped with the Weyl bracket is a Lie algebra such that if x = (z1,...,2x) and
€= (&,...,6n) € RN then

(h,zj)w = (h,&)w =0 and (&;,z;)w = —ih for every j=1,...,N.

The filtration of S has a nice behaviour with respect to the Weyl bracket, if M + My > 2, f € Oxyy
and g € Oy, then h=Y{(f, g)w € Ony+n,—2. For any S € S, we define the map adg, called the
adjoint action:

adg: § — S
S — ads(S/) = <S, S/>W.

Let us consider the important special case of this concept, which is the adjoint action adg for S € Do
and, especially, adp(y¢). Let C[z,Z,h] be the C-linear space of polynomials spanned by 2078 pt
of degree |a| + 8| + 20; o, € NV, ¢ € N, where z = (11 + ify,...,2nx +iy) € CVN and z =
(1 —i&,...,oN —ify) is the complex conjugate of z. Then B = {2z : 2 € CN, o, 8 € NV} is
a natural basis of C[z,Z,h]. We are particularly interested in the adjoint action of elements of the
subspace Dy of S. Such elements are of the form hHy + H, where Hy € C and H is a quadratic form
in (z,€). Furthermore, when H is positive, it can be written as harmonic oscillators in some canonical
coordinates.

The next proposition gives some important properties and results on adp, ¢) denoted by ady for

N
short, where H(z,&) = > % (a3 +&2).
j=1
Proposition 2.1 ([5,6]).

N
(1) ih~tady(S) = {H(x,£), S}, where S € S and {H (z,£),S} = > % 25 _oH % is the classical
j:1 J J J J

Poisson bracket.
(2) ady is diagonal on B, in the sense that ady (2°Z%) = h{B — a,v)2°Z", a, B € NV,

We say that an element G in D, is admissible when the algebraic sum ker(adg) + Im(adg) of the
kernel of adg and the image of adg coincides with Dy;, M € N. A typical example is the harmonic
oscillator H(z,§).

N
Example. H(z,£) = Y 5 (23 +£2) is admissible on Dy for all M € N. Indeed, let S € Dy, then
j=1
S = Z ta’g’lzaf’ghé
o,BENN | LeN; |a|+|B|+2(=M
= Z ta,ﬁ)lzazﬁhe + Z ta,,@,lzazﬁhga

lee|+|B|+26=M; (B—cr,v)=0 lee|+|B|+26=M; (B—cr,v)F#0
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where t, g; € C and v = (11, ...,vy). By using Proposition 2.1, we obtain

(B—a,v) =0<= 2z" € ker(adp),

thus
Z tap12°Z°h € ker(ady),
la|+|B]+26=M; (B—a, v)=0
h—l
(B—a,v) #0227 = ———ady(2°z") <= 2°2z" € Im(adp),
<B - Q, V>
and hence
Z ta757lza25hl € Im(adg).

lae|+B8]+2¢=M; (B—ar,v)#0
The Birkhoff normal form theorem can be expressed as follows.

Theorem 2.1. Let H € Dy be the harmonic oscillator and L € Os. Then there exist S and K in the
subspace Oz such that
eih—lads(H+L) — H+ K,

where K = Ks+ K4+ -+ and K; € D; commutes with H : (H,K)w = 0. Notice that the sum
ethlads (4 ) = > 4 (+ ads)'(H + L) is convergent on S because + ads(Orr) C Opr41. Moreover,

1
if L has real coefficients, then S and K can be chosen to have real coefficients, as well.

Proof. We construct S and K by successive approximations. Let M > 1, we show that there exist
Sy € Oz and K € O3 such that

e adsy (H+L)=H+ K3+ -+ Kyq1 + Ryrv2 + Oy, (2.2)

where Syy = B3+ By + -+ + Byy1, B € Dy, K; € D;, K; commutes with H and Ry;12 € Dprya.
Indeed, if M = 2, find S; = B3 € D3 and K3 € D3 which commutes with H and R4 € D4 such that

e tadmy (4 L) = H + K3 + Ry + O3 = H + K3 + Oy, (2.3)
(23) <= H+L+ih " (Bs,H+ L)yw +---=H + K3 + O4.

As L € O3, then L = Ly + Lo with L1 € D3 and Ly € O4. So,
(2.3) <= Hy + Ly + Ly +ih (B3, H)w +ih (B3, L)w + --- = H + K3 + Oy4.

Since H is admissible, it follows that D3 = ker(ih~tady)®Im(ih~tady) and Ly = L} +ih =Y (H, L})w,
where L) € D3 and commutes with H, L] € D3. Thus, since ih~1(Bs, L)y € Oy4, we have

(2.3) <= Hy + L} +ih "(H,L))w — ih ™" (H, Bs)w + Oy = H + K35 + O,.

So, it suffices to take K3 = L} and Sy = B3 = LY.
If M = 3, we need to find By € Dy and K4 € Dy, K4 commutes with H, such that

e ldss (1 4 L) = H + Ky + Ky + Os, (2.4)
where S3 = Sy + By = B3 + By. Using again the fact that H is admissible, we find
(2.4) = ¢t adna(gihNedns (4 L)) = H + Ky + K4 + O
s ¢ih ladsy (H+ K3+ Ry+0O5) =H+ K3z + K4+ Os

= H+ K3+ Ry +O05+ih ' (By, H+ Kz + Ry + Os)w + - = H + K3+ K4+ O3
= R) +ih " (H,R)w —ih ' (H,B))w + Os = K4 + Os
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with Ry = R} +ih='(H, R)w .

We then take Ky = R) € D4y and By = R] € Dy. Assume that the statement (2.2) holds for
some arbitrary natural number M > 1, and prove that (2.2) holds for M + 1. Thus, we want to find
Bpryo € Dypyo, where Spypi1 = Sy + Basao, and Kpyyo € Darya, Kpyrio commutes with H, so that

et adsn (H+L)=H+Ks+--+ Ky + Kpyqo + Onrys: (2.5)
(2.5) <= eihfladBMH(eih*ladsM (H+L)=H+Ksz+-+Kyi1+Kyio+ Onys

e M B (H+Kz+-+ Ky + Rute + Onmys)
=H+Ks+ -+ Kyy1+Kyrpo+Onrgs

= H+Kz+ -+ Kyp1+ Ryyo — ih ™Y H, Byra)w + Onras
=H+Ks+ -+ Kyt1+EKyi2+Omys

< Ryq2 — ih ' (H, Byg2)w + Onrgs = Kngo + Oy

= Ry p +ih ™ (H, Ry o)w — ih™ (H, By2)w + Onrss = Knro + O

We can therefore take Ko = Ry, and Baryo = R/ ,.
Now, if we assume that L and Kj;, j < M + 1, have real coefficients, then Rj;42 is real, too.
ih~'adg is a real endomorphism on each Dy, hence (2.5) can be solved with real coefficients. O

Remark 2.1. The Birkhoff normal form theorem remains valid for any element of the subspace Dy
of § and in a neighborhood of the origin, via similar canonical transformations defined near 0.

3 Born—Oppenheimer approximation

The Born-Oppenheimer approximation is based on the fact that the mass of the nucleus is much
greater than that of the electron [3]. This principle is exploited in order to approximate the complete
molecular Schrédinger operator by a reduced Hamiltonian, acting on the positions of the nuclei only,
and in which the electrons are involved through the effective electric potential they create only. The
Born—-Oppenheimer approximation shows how the electronic motions can be approximately separated
from the nuclear motions. Let us explain the results on the Born Oppenheimer reduction for diatomic
molecules with singular Coulomb-type interactions.

Consider a molecule system composed of two atomic nuclei A and B whose positions are defined
by the vectors x4 and zp and one electron of position x.. The nuclei are assumed to be heavy with
a mass of order M > 1 and the electron is light with a mass one. The Hamiltonian of the system is
given by

1 1 1
P= —m[)ﬁA — maﬁB — 5326 +V(ra—2x)+V(zg —xe) + W(za —zB),
where V' and W represent the Coulomb interactions V(z) = —1o7 and W(z) = ‘% ; o and 3 are real

constants, a > 0, § > 0. P is the sum of kinetic energy of the atomic nuclei —ﬁ 92 — ﬁ 8%3, kinetic
1

energy of the electrons —35 8&, internuclear repulsion W (x4 — zg), and electronic-nuclear attraction
V(zxa—xe)+ V(g — x.). Removing the center of mass motion of this system and choosing properly
the coordinates, one can correctly describe this approximation. Indeed, we consider the center of a

mass coordinate system

R_MIA—FM.Z‘B-FI@ . Yy _ZEA+CCB
- oM +1 0 T AT IR Y= e 2
In these coordinates, the Hamiltonian P becomes
P= ! of + P
To22M 1) BT

P=—t (14 )R+ V(E ) + v (5 ) + W),
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If we remove the center of mass motion, the study of P is reduced to that of the operator P on
L?(R%), where the spectrum of P defines the energy levels of the molecule. The Born-Oppenheimer
approximation is a very important method for analyzing this spectrum when M, the mass of nuclei,
tends to infinity. In general, molecular systems of n + p + 1 particles (n + 1 nuclei and p electrons)
in the semiclassical limit, where the mass ratio h? of electronic to nuclear mass tends to zero, are
described by the many-body Hamiltonians of the type

P=—h?A, — Ay +V(z,y),

where V is the sum of all interactions between the particles, z € RY, N = 3n, denote the relative
positions of the nuclei, and y € RN | N’ = 3p, those of the electrons. P is defined on L?(RY x R?]f ),

we denote by Q(z) the electronic Hamiltonian —A, + V(z,y) on Lz(RéV'). Then, one can define the
so-called electronic levels being the discrete eigenvalues Aj(z) < Az(x) < --- of the operator Q(x).
Born and Oppenheimer [3] realized that the study of P can be approximately reduced, when h is
small, to the diagonal matrix diag(—h?A, + A\;(z)), j = 1,2,... on @ L*(RY). In particular, when,

J
for example, the first simple eigenvalue A; (x) admits a non-degenerate point well at some energy level
E, the eigenvalues of P near E should admit a complete asymptotic expansion in half-powers of h
(WKB expansions). This principle has been widely used by chemists, but the mathematically rigorous
justifications of this reduction and WKB expansions for eigenfunctions and eigenvalues of a diatomic
molecule are more recent. Such a result was proved for smooth interactions (see, e.g., [4]), it was
generalized later by Belmouhoub and Messirdi to singular Coulombic potentials where they introduced
some z-dependent changes in the y-variables that will regularize the associated eigenfunctions, localize
in a compact region the x-dependent singularities with respect to y in the interactions and construct
a kind of semiclassical pseudodiffcrential calculus, adapted to these changes [1].

3.1 Pseudodifferential calculus with operator-valued symbols

In the literature, there exist several versions of operator-valued pseudodifferential calculus, each
adopted to some particular, more or less general, situation. We recall here the constructions made
mainly in [10]. Let © be a bounded open subset of RY, and H, K, £ be complex Hilbert spaces.
B(H, K) is the algebra of all continuous linear operators from A into K. We denote by C>° (€2, A) the
set of all infinitely differentiable functions from Q to A = H,K, L. Given v € C*°(Q,R) and V a
neighborhood of 0 in RY, we set

O = {(2,6) eQx CN : £ —iVi(x) € V}.

Pseudodifferential operators can be considered in the following more general context. For m € R,
consider the spaces of formal power series

H) = {iherj/zsj(z) L 55 € COO(Q,H)},

j=0

—v@)/hgm(Q), M) {Zh m+i2e=v @)/ hg (1) ;s GCOO(Q,H)},

7=0
SO B(H,K)) = {Zhjaj(x,g) :a; € COO(Q*,B(H,/C))}.
§=0
The operator-valued functions in S°(Q*, B(#H,K)) are called symbols. For any symbol a = a(x,&; h

in S°(Q*, B(H,K)), one can define an operator Op(a) from e~*®)/"§™(Q H) into e~**)/h§™(Q, K)
by the formula

Op(@)e™ s, 1)) = = 3 (e i) IO (X sy, )
a€eNN
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x(@,y) = ¥y —¥(@) = (y — 2).Ve(z) = O(lz —yl?), s € S™(QH). Op(a) is called an h-

pseudodifferential the operator with operator-valued symbol a(z,&;h) = > hia;(x,€). The function
7=0

ao(z, &) (coefficient of hY) is called principal symbol of Op(a). Furthermore, such operators verify

e?@/hOp(a)(e=?®)/hs(x, h)) € S™(Q,H) and can be composed by using the formula

Op(b) 0 Op(a) = Op(bta), (3:1)
lex]
bha(e. )= Y2 O, & WOale, € ) € SO B, K)).

aeNN

where a € S°(Q*, B(H,K)), b € S°(Q*, B(K, L)) and the range of Op(a) is contained in the domain
of Op(b). This formula makes it possible to inverse asymptotically operators Op(a), whose principal
symbol ag(z, £) is invertible as a linear operator from H into K.

3.2 Representation of the effective Hamiltonian

Let Q € RY be an open neighborhood of 0 and V € C>(Q, B(H2(R5ﬂ), L? (Ré\’/))) be A,-compact:
V(@ y)(=0y + 171 € C=(Q BIL*(R]"))). (32)

Thus, P is self-adjoint on L?(RY x R?JJV/) with domain the Sobolev space H?(RY x R?JJV/), as well as
the operator Q(x) is self-adjoint on L? (Ré\],) with domain H? (Ré\’/).

For the sake of simplicity, we take into account only the first electronic level A\;(x) = inf(o(Q(x))
and call wj(x,y) the first eigenfunction of Q(z) associated to Aj(z) and normalized,
[Juq (2, -~-)||L2(R£w) =1in LQ(R{/V/) for any z € RY. We also assume that \;(x) is separated by
a constant gap from the rest of the spectrum o(Q(z)), i.e.,

inf (mf (0(Q(x)) \ {)\1(3:)})) >0, (3.3)

zeRN

and A;(z) has a unique and non-degenerate minimum at 0:

M(x) 20, ATH(0) = {0}, A1(0) =0, N/(0)>0. (34)

It can be shown that A\; € C*°(Q,R) and u; € C™(Q, H2(RZIJV')) (cf. [10]). In particular, the assump-

tions (3.2) and (3.3) imply that the orthogonal projection II(z) on the subspace of L? (Ré\ﬂ), spanned
by ui(z, -+ ), x € Q, is C?-regular with respect to x (see [4]). To construct the effective Hamiltonian
of P, the idea here is to use the pseudodifferential calculus with operator-valued symbols developed
previously.

For A € C, Re A < inf(o(Q(z)) \ {\1(2)}), we consider the Grushin operator

P—-A U1l
P =
A << : ’U'1>y 0 )
acting on L2(RY xR )@ L2(R)"), where (-, u1), is the inner product in L2(RY"). It follows from the
assumptions that Py = Op(ay) is an h-pseudodifferential operator in z, from e~¥(*)/hgm(Q H? (Rflv/))
into e~ ¥@)/hgm(Q, I (R?]IV/)), with the operator-valued symbol ay,

E4+Q(x) -\ w

ax(x,€) = ( (i), o) e S, B(H*(RY ) @ C, L*(RY) @ ©)),

where 1 (z) is the Agmon distance associated to the metric A\ (z) dz?. We show that Py is invertible
and describe a method for finding its inverse. Using the fact that (Vi)2?(x) = A\i(z) and the gap
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assumption (

3.3), one can easily show that for |A| small enough and & close enough to iV (z),
Re(I1(2)Q(x)TI(

) — A) > 0 and thus a) is invertible with inverse
Ti(2)(€2 + T(2)Q(2)T(x) — \) T (x) Uy
(,&A) = ) :
(" u1)y A== \i(z)

where [I(z) = 1—II(z) (see, e.g., [1]). In particular, by(z, &; \) € SO(€*, l’)’(LQ(IR?]j/)EB(C7 HZ(R?JJV,)@(C)).
Then using the composition formula (3.2), it is easy to construct a symbol

ba(@, & h) = bo(w, & A) + hby (2, & X) + h2ba (2, M) +

ba(w,&5h) € S°(, BLA(RY") & C, HA(R)) & C)),

) = 1 and Op(ax) o Op(bn) = I, where I is the identity operator on
@ C). Let us pose

E()\ EL (A
oron = (0 T2(h)-

such that ayfbx(z,&h
e~ Vv@/hgm(Q, L2(R)")

By Lemma 3.1 in [1], we know that E+(X) = Op(ex(z,&; N)) is h-pseudodifferential operator with the
symbol ey (z,&;N) € SO(Q*,C) and its principal symbol is eg(z,&;A) = A — €2 — A\i(z). In particular,
A — E=()) is a scalar h-pseudodifferential operator with the principal symbol 2 + A (z). Moreover,
we have the following fundamental spectral reduction:

A€ o(P) < e oA —E(N).

Hence, the spectral study of the Hamiltonian P on L?(RY x R?]JV l) is reduced to that of the h-
pseudodifferential operator A — Ex()\) on L?(RY), the so-called effective Hamiltonian of P. In fact,
one can show in many situations that A — Ex(\) = P. + O(h?), which makes it easy to compare
(using, for example, the maximum principle) the eigenvalues of P and those of P, = —h%A, + A1 (),
and then identify them when h decays to zero fast enough [4]. In the next section, this reduction will
justify our definition of the normal Birkhoff forms for P as those of the effective Hamiltonian P.,.

4 The Birkhoff normal forms for the Born—Oppenheimer
Hamiltonian and resonances

In the previous section, it has been established that the Born—-Oppenheimer Hamiltonian P can be
reduced to the effective Hamiltonian P, = —h2A, + A(z) on L?(RY), modulo O(h?). Thus, it is
natural to define the Birkhoff normal forms of P as those of P, modulo O(h?).

Definition 4.1. We call normal forms of the Born—Oppenheimer Hamiltonian P the Birkhoff normal
forms of the associated effective Hamiltonian P, when the semiclassical parameter h tends to zero.

Assumption (3.4) implies that A\ (z) € Os, and since H + A;(x) € Da, one can obtain the quantum
Birkhoff normal forms for P, as a direct consequence of the Birkhoff normal form theorem (Theorem
2.1), when the potential energy operator V(z) = Ai(x) is regular and the Hessian matrix A/ (0)
is diagonal with the eigenvalues (v%,...,v%), v; > 0. The complicated behavior of the dynamics
and spectrum of a molecular system happens under a resonance. In this case, to decide wether the

Hamiltonian has resonance frequencies or not, we need the following definitions.

N

Definition 4.2. The frequencies vector v = (v1,...,vy) is non-resonant if k-v = > k;jv; # 0 for all
j=1

k € ZN\{0}. v is resonant if vy, ..., vy are dependent over Z, i.e., there exist integers ki, ..., ky € Z,

N
not all zero, such that ki1 + -+ + kyvy = 0. The number r = ) |k;| is called the degree of
j=1

resonance of P.. In the particular resonant case, where v; = v k; for every j =1,..., N, with v, > 0
and k1,...,kny € N, the frequencies vector v is said to be completely resonant.
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For a theoretical definition of resonances, the interested reader may consult the excellent paper [10].

As an application we study the dynamics near a local extremum of the effective Hamiltonian, for
which the frequencies are in 1 : 1 Darling-Dennison resonance (v;,v;). This is a well-known effect
in the overtone spectroscopy of molecules such as water molecule HyO, acetylene CyHs, methyli-
dynephosphane (phosphaethyne) HCP, ... .

In what follows, we explicitly give the computations of Birkhoff normal forms in the 1 : 1 resonance
for P, therefore, for the effective Hamiltonian P, of P, the situation which can be encountered in
physical models, like small molecules. So, all the following computations are valid modulo O(h?).

Consider the semiclassical harmonic oscillator with the resonant frequencies vector v = (1, 1):

b (R e )+ (- )

and the symbol H(z1,22) = % |21|> + 3 |22|%, where z; = z; +1i¢;, j = 1,2.
To find a Birkhoff normal form for P, we construct a formal series K3 in D5 such that (Hy, K3)w =

0. Thus, K3 = > h'z*Z” and we should verify the resonance relation (v, 8 — ) = 0.
a,BEN?, 20+|a|+|B]=3

Let a = (041,042), ﬁ: (51,/32) GNQ,
<1/,57a>:0<:>51—a1+52—a2:0<:>a1+a2:51+62. (41)

We then look for all monomials of order 3 of type 22 2927/ 2} satisfying the resonance relation (4.1).
The system

oy + o+ 1+ B2 =3,
oy +ag = f1+ B2

does not admit solutions in N. Thus, there is no monomial in D5 verifying |a| + || = 3 and the
resonance relation (4.1), K3 = 0, but one can calculate K4 € Dy. The couples a = (ay,az) € N and
B = (B1, B2) € N? which verify the system oy + g + 1 + B2 = 4 and a1 + ag = 31 + B9, are

a=pg=(11); a=F=(20); a=p5=(0,2)
a=(2,0) and 8=(0,2); «(0,2) and B =(2,0).

Therefore, K, is generated by the monomials |z1|*; |22|%; |21]?|22|?; 22%23; Z222 and h2. Since Ky is
real, we have

Ky = ay|z|* + ag|z|* + as|z1)?|22|* + as Re(22 22) + O(h?); ai,az,as,a4 € R.

We can use Taylor series for A;(z) to determine the coefficients aj, as, az and a4. Remember that
Po=H+ 27 @) + M (@) +--)

1 93N 1 N

A @)= — T )ad 4 L _%h
! 12v2 0z3 1T 42 92301,

1 93\
27" (0 2
4\/§ 8:E18:C§ ( )1’133

0)z2zy + +—— 22 (0)2.
(0)z7z2 212\/581:3()2

By setting y; = % (z; + %), 7 = 1,2, and after a long but straightforward calculation, we can
determine all monomials that are in Ky,

5 (PN V2L (PN VT e B[P 0N L P Ve
T8 {( 93 ©) + (azfaxz ©) } =l - 55 {( 923 ) + (axlaxg ) } 22|

LIPA g 0N Pa O
T8 | oa7 ( )axfazz (0)+ 073 (0) 92202, ¥
83)\1 a3>\1 63)\1 83)\1 ) ,
+M)(0)8$%a$1(0)+3$3(0)5$%31‘2(0)] |z1| |22|
1 93\, 2 BN 9 .
NG _(<az§ax2 ©) + (m@)) )} |21/ ||
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1 [03M 3\ 03\ SN
192 | 043 ( )81‘%8@( ) oz ©) 01013 ()
93N\ 03\ I3\ P\ 2-2

The fourth degree Taylor polynomial for A\;(x) at 0 is given by

(4) - 1 ({94/\1 4 1 (94/\1 4 1 84)\1 3
AL (1, m0) = 1 Tx‘{ (0)z] 1 ng( )Ty + 6 02305 (0)zyx2
1 o'\ . 1 ' )

15 +

6 dx,0x3 ©) 4 922022 (O)zy>.

It is easy to see that only % 8;;13 (0)z, L atz;g;g (0)z%23 and 5 ‘9;;251 (0)z3 contain the terms of Ky,
the remainder terms are absorbed by the rest of the Taylor series

1 1
yr="(an+z)' == (2’1l + 422 21| + 6] 21|t +422|21)? —|—§14),
——

4 4
€K,
471( N % ST TIRT B IR TSRp e TIr g
y2 = 3 (2 +722)" = 7 (22 +dzleel” + blzaf” +4z5]f" +27),
€K,
20 1 = )2 st oo 1 oo 1 o o
Y12 = 5 (z1+71) (22 +72)" = 4 172 + g 172 +2 Z1 |2
€K,
1 1 1 1 1
+ 1A+ S EH Il S sl + 5 alE + [l
—— _
€Ky EK4
Therefore,
1 0%\ 5 [0\ 2 P\ 2
“T 16 oxi 0~ 48 {( oz} (O)> + (896%8962 (O)) }’ (42)
1 0%\ 5 [0\ 2 B\ 2
2= 16 oxj 0~ 48 [( ox3 (O)) + (8x18$§ (0)) }’
1 0%\ 1793\ B\ D3N\ D3N\
BT Ox30x3 0+ 8 [( ox? © 0x30xo 0)+ oz © dx30xq )
PN\ D3N\ 03N\ D3N\
* ( ox? © 3&0%8&01( )+ ox3 © 0x30xy 0 )]
1 D3N\ 2 PN\ 2
"% K(aﬁam ) + (axgaxl ) )]
1 0%\ 1 [03) D3N\ B\ AN
“=3 0z3023 0)- 192 {Bx:f () 023022 (0)+ oz} ) 0z1023 (©)

3 3 3 3
aa:%l () ail?);g 0)+ 83;?31 ©0) aifg;@ }
The Weyl quantization Op,,(K,) of Ky is given by
Opuw(K4) = a10py (|21]*) + a20py (|22]*) + az0pu (|21°|22]%) + aaOpy (Re(2173)) + O(h?).
Furthermore,
21|t = 21 + &1 + 20767,
22" = 23 + &5 + 20363,

|21 |eaf® = 2¥a3 + 2763 + 2387 + €163,
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Re(2773) = zial — 2165 — 2387 + 6165 + 4w12261 6o,

then the Weyl quantization of every monomial gives

o4 0?
Opw(|z1| ) —x‘f+h4? —h? [23:? 922 —|—1},

Oz} Ox?
64 2
4\ _ 4 4 _p2 2~
Opu (|22*) =25+ h a2 h [2332 922 —|—1},
0? 0? , 04 }

Opu 2,12\ — B2 —h
P (|21 *[22]) = 2iz; — [ 022 " 92202

OpulRe(s3a) = atad — w2 —at 2 -3 D ygem D)
w 172 142 1 ax% 2 ax% 8$%81’% 8$13x2

2
b 0x3

Finally, we obtain the following Birkhoff normal form in the 1 : 1 resonance of the Hamiltonian P
with the electronic energy level A\ (x):

H+Opw(K4):1(fh2 ” +xl>+%(—h aa

2 02 T
ot , 02
4 4 Y9 49 o
+ap _:clJrh e h 8 )]
o* , 02
+a2_$%+h467x%* 7% ):|
[ 0? 0 ot
+%?%€**Qﬁéﬁ*’ amaﬁ&@ﬂ
[ 0? 0? o*
ool + R G W g Y G
— 4h%z 2o i + 2h%x, 9 +2h%xy — 0 + O(h?)
0x10x2 oy Oy .

Remark 4.1. To study just a small neighborhood of some fixed energy level, it suffices to take the
first electronic level A1 (z) of Q(x). However, in order to study a larger range of energy, we shall as well
treat the case of several electronic levels A1 (z), ..., Ay (z) (N arbitrary), and assume that there exists
a gap between them and the rest of the spectrum of Q(z). In such a case, the effective Hamiltonian is
an N x N matrix of pseudodifferential operators; does this general situation lead to the same Birkhoff
normal form theorem? We hope to investigate this interesting question in a future work.

5 Numerical results for the 1: 1 resonance

The 1 : 1 symbol H(z,§) = 1 (23 +&3) + 3(23 + &), © = (z1,22), { = (&,&), of the harmonic
oscillator is defined by using the Maple notation as follows:

| let H=Maple. to_poly "0.5  x[1]72+0.5 * xi[1]"240.5 * x[2]"240.5 * xi[2]"2"};

H is converted in the complex coordinates to H (21, 22) = % 212+ § |22]%, zj = % (xj+15), j=1,2.
In order to deal with harmonic oscillators in real variables (z;,&;), we need to use the new variables

T = % (zj +1i5), § = % (x; — i), 7 = 1,2. The harmonic oscillator has now the required form

H = 848 + 2,
| let Hz = coordz H;;
| Maple. of _poly Hz;;
| —:string = 71 % x[1]71 * xi[1] 7141 % x[2] "1 * xi[2]"1”
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We add now a simple perturbation \;(z1,22) = x323, which we convert to complex coordinates:
| let Ay = Maple.to_poly "x[1]72 * x[2]27;;
| let A1z = coordz Ag;;
| Maple.of_poly vz;;
| —:string =
| 71.0606601810596428  x[2] "1 * xi[2] "2+0.3535533936865476 * x[2] "3+
| 1.0606601810596428 * x[2]"2 * xi[2]"14-0.3535533936865476 * xi[2]"3”

Thus, in the complex coordinates (7,¢;) we have

A = 2223 = 0,25 222 + 0,5 22aheh + 0,25 2262 + 0,5 2, 22€,
+ 215861 &5 + 0,5 218165 + 0,25 05€% + 0, 5236776 + 0,25 %67,
We consider now the Hamiltonian P, = H + A;:
| let Hz = Weyl . add Hz vz;;
Define the frequency vector [1; 1] and apply Birkhoff procedure at order 4:

| let freq =[] one; of_int 1 |];;
| let kz = birkhoff freq hz 4;;

Then we get the normalized Hamiltonian kz, which we convert in the real coordinates and print the
result:

| let k = coordx kz;;

| Maple. of _poly k;;

| — :string =

| 70.5 % x[1]72+40.5 % xi[1]"240.5 * x[2]"2+0,5 % xi[2] 2+1,5 * x[1]"2 * x[2] "2

| 40,5 * x[1]72 % xi[2]2+0,5 * x[2]72 * xi[1] 72415 * xi[1]72 x xi[2] 2

| 42 % x[1] * x[2] * xi[1] * xi[2]

We see from formula (4.2) that a1 = az =0, ag = + %(0) =1and ay = § %(0) = 1. Hence,
1 2 1 2

Ky = as|z1*|22]? + as Re(25732) + O(h?)
1
= 2iah + 016 + 258 + G + ;5 (2128 - 21€ — 258 + G + dnma&i&) + O(h7)

3 1 1 3
=3 ziwy + 3 T365 + B x367 + 3 £33 + 2212261 & + O(RP)

and
1 1 1 1 3 1 1 3
H+K,= §x§ + 55? + §x§ + 553 + §x§x§ + §m§§§ + §x§§% + 55?53 + 2x13061 65 + O(R?).

These results are qualitatively identical to those obtained above over a Maple module, the Birkhoff
module and the normal form algorithm.
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