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1 Introduction

Fractional differential equations have used to be an excellent instrument in the mathematical mod-
elling of dynamical systems and real world problems, such as aerodynamics, polymer science, frac-
tals and chaotic, nonlinear control theory, signal and image processing, bioengineering and chemical
engineering, etc. However, a number of various definitions of fractional derivative and integral op-
erators of non-integer order can be found in literature. For more details, we refer the reader to
the books [20, 24,29, 32]. Recently, Jarad et al. [22] introduced a new type of fractional derivative
operator, the so-called generalized proportional fractional (GPF) derivatives extended by local deriva-
tives [9]. The characteristic of the new derivative is that it involves two fractional orders, preserves the
semigroup property, possesses nonlocal character and upon limiting cases it converges to the original
function and its derivative. The GPF derivative is well behaved and has a various helpful over the
classical derivatives in the sense that it generalizes previously defined derivatives in the literature.
We list some recent papers which have been refined in frame of GPF derivative and other related
works [2,7,8,37].

Several interesting and important areas of investigation fractional differential equations are devoted
to the existence theory and stability analysis of the solutions. In recent years, many authors have
discussed the questions on existence, uniqueness and different types of Ulam—Hyers (UH) stability
of solutions of initial and boundary value problems for fractional differential equations. The UH
stability is the essential and special type of stability analysis that researchers studied in the field of
mathematical analysis. The concept of Ulam stability of functional equations was firstly initiated by
Ulam [40,41] and Hyers [21] who presented the partial answer to the Ulam question in the case of
Banach space. Thereafter, this type of stability is called the UH stability. In 1950, the Hyers stability
was generalized by Aoki [10]. Rassias [33,34] provided an interesting generalization of the UH stability
of linear and nonlinear mappings. The UH stability was initially applied to a linear differential equation
by Obloza [31]. We refer the reader to the recent works [1,5,11,12,14,17,23,28,36,42,43]. It should be
noted that the above-said areas of interest (existence and stability) have been fabulously deliberated
within the Riemann—Liouville, Caputo, Hilfer or Hadamard derivatives.

In 1908, Paul Langevin [26] introduced a concept of Langevin equation in a sense of ordinary deriva-
tive which is an important equation of mathematical physics. It is well known that a Langevin equation
have been widely used to describe the dynamical processes of various fluctuating environments such
as physics, chemistry and electrical engineering [16, 30,44]. However, for a system in complex media,
the ordinary Langevin equation does not provide the correct representation of dynamical systems.
One of the possible ways of the ordinary Langevin equation is to replace the ordinary (integer-order)
derivative by the fractional-order derivative. The fractional Langevin equation was studied by various
researchers (for some recent works on fractional Langevin equations, see [6,13,15,18,27,38,39,45]). It is
to be noted that most exiting in literature results dealt with a fractional Langevin equation, have been
reported in the case of a constant coefficient H(t). However, the paper [4] has first discussed fractional
Langevin equation containing variable coefficient and supplemented with nonlocal-terminal fractional
boundary conditions. On the other hand, we claim that our approach in this paper is totally different
from paper [4] in the sense that different fractional derivative is accommodated, different boundary
conditions are associated, different fixed point theorems are used and UH stability is discussed which
has not studied in [4].

Motivated by [4,15,38,39], in this paper we study th existence, uniqueness and different types of
UH stability for a nonlinear GPF functional integro-differential Langevin equation involving a variable
coefficient via nonlocal multi-point integral conditions:

SOV (CD™ + A1) (t) = F(tx(t),2(6(), (S2)(1). t€ (aT], a>0,

m (1.1)
z(a) =7, z(n) = Z i P (&) + K,

where D?? denotes the GPF derivative operator of Caputo type of order ¢ € {a, 3}, 0 < o, 8 < 1,
l<a+5<2,p>0, P denotes the GPF integral opertator of order p; >0, p>0,i=1,...,m,
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H € C(la, T],R), f € C([a,T] x R3,R), 0 : [a,T] — [a,T],

t) = /qb(t,s,:c(s)) ds, t € la,T],

¢ :[a,T)?> x R — [a,00) is a continuous function. ~,x,d; € R and n,&; € (a,T),i=1,2,...,m

The manuscript is structured as follows. In Section 2, we give some definitions and lemmas. In
Section 3, we establish some appropriate conditions for the existence results of solutions of problem
(1.1) by applying a variety of fixed point theorems due to Banach, Schaefer and Krasnoselskii. In
Section 4, we set up applicable results for different types of Ulam—Hyers stability to the solution of
problem (1.1). An example illustrating our results is given in Section 5.

2 Preliminaries

This section is devoted to definitions and lemmas that will be used throughout the paper. For their
justifications and proofs, we refer the reader to [22].

Definition 2.1 ([22]). For 0 < p <1, a € C and Re(«) > 0, the GPF integral of f of order « is

(I D)) = ar‘ j/ T 5T () ds = p70e T T e T ()

where ,Z% is the Riemann—Liouville fractional integral [24].

Definition 2.2 ([22]). For 0 < p <1, a € C with Re(a) > 0, the Caputo type GPF derivative of f
of order « is

t
(ED0f)(t) = m / ¢TIt — )" (DM f) (s) ds

where n = [Re(«)] + 1 and [Re(a)] represents the integer part of the real number a.
Lemma 2.1 ([22]). For 0 < p <1 and n = [Re(a)] + 1, we have ({D*? ,ZPf)(t) = f(t), and

(I FDVPf)(E) = f(t) =" (7 “)Z chi, (t—a)*.

Lemma 2.2 ([22]). Let a, 8 € C be such that Re(a) > 0 and Re(8) > 0. Then, for any 0 < p <1
and n = [Re(a)] + 1, we have

(i)

a,pe%s s—a B—1 _ F(IB) G%t —a B+a—1 ela
(e (5 = ) 1) (1) = s 5 = )P, Rela) > .
W “T'(B)
Cpape5 s (5 — q)B1 =L\ bt — )1 e n.
(ED2e s = P )0 = L = @ Re(9) >

(iii)
(acDo"pepTils(s - a)k)(t) =0, Re(a) >n, k=0,1,...,n—1.

Lemma 2.3 (Arzeld—Ascoli theorem [3]). A subset M in C([a,b],R) with norm
If[I' = sup |f(?)]
t€la,b]

is relatively compact if and only if it is uniformly bounded and equicontinuous on [a,b].
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Lemma 2.4 (Banach’s fixed point theorem [19]). Let M be a non-empty closed subset of a Banach
space E. Then any contraction mapping T from M into itself has a unique fized point.

Lemma 2.5 (Schaefer’s fixed point theorem [19]). Let M be a Banach space and T : M — M be a
completely continuous operator and let the set G = {x € M : & = kTx, 0 < k < 1} be bounded. Then
T has a fized point in M.

Lemma 2.6 (Krasnoselskii’s fixed point theorem [25]). Let M be a closed, bounded, conver and
nonempty subset of a Banach space X. Let A, B be the operators such that

(i) Az + By € M whenever z,y € M;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

For the sake of computational convenience, we make use of the following constants:

A= U2 e T i 8i(&i — a)*trie" 7 G

peTl(a+1) po i (a + pug + 1) # 0, (2.1)
Oy = (T — a)a+5
P et T (a+ B+ 1)
(T (O ol — )P (1= a)o+”
+ |A|paF(a—|— 1) (Z pa+ﬁ+ﬂir(a+6 Tt 1) + pO‘+BF(a+B n 1)> (22)
(T _ a)a+ﬁ+1
e potAT (o + B 4 2)
(T — a)“ m 16: (& — a)a+ﬁ+m+1 (n — a)a+5+1 )
+ [AlpeT (a4 1) (Z Pt (o + B+ pi +2) | po Pl (a+ B+ 2) (2.3)

Qg 1= TP |H(s)|(T) + m (Z 16:|a TP | H ()] (&) + aIa’p|’H(s)|(n)>, (2.4)
__ (T 7] 195 | —a)t
e = |A|p0‘F a—|— 1) (2_; (1) Iyl + |f€|> + - (2.5)

Let E = C([a, T],R) be the Banach space of all continuous functions from [a,T] into R equipped

with the norm ||z||g = sup {|]z(¢)|}. In order to transform the main problem into a fixed point
tela,T)

problem, problem (1.1) must be converted to an equivalent Volterra integral equation. Next, we
provide the following lemma.

Lemma 2.7. Let h: [a,T] = R be a continuous function, 0 < o, 3 <1, 1 < a+ <2, and p,p; > 0,
1=1,2,...,m. Then the function x € E is the solution to the following linear GPF Langevin equation
equipped with the nonlocal integral conditions

Ephe(CDN £ :(t))2(t) = h(t), t€ (a,T),

m (2.6)
.T(CL) =7 50(77) = Z(Siazm’px(f
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if and only if x satisfies the following Volterra integral equation:

o(0) = T POhE) = TP HE)2(0)

(t —a)¥e7 (=)
ApeT(a+1)

(X duzsmeonie) -z onio)
i=1

=Y 5L H(E) e (&) + oI H(n)a(n)
=1

m 5 — a #16 b (51 a) p;l(’r]—a) (t a)
Z —ye » + 5| +ye T (2.7)
P pril (i + 1)

where A is given by (2.1).

Proof. Let x be a solution of problem (2.6). By using Lemma 2.1 with Lemma 2.2(i), the first equation
of (2.6) can be written as an equivalent integral equation

(t—a)e T ),

— Oé+5,p — P P
z(t) = T h(t) — oZUPH(t)x(t) + 1 T(a 1 1) + coe , (2.8)

where cq,c3 € R.
From the first condition, z(a) = v, we get co = 7. Taking the GPF integral operator ,ZH* into
both sides of (2.8), we have

R
potiil (o + p; + 1) pril(p; + 1)

JIHP(t) = JLOTPTRPR(t) — (TOTHPH ()3 (t) +

From the second condition, we obtain ¢; as follows:

= % <Z5mla+ﬂ+““ph(f ) = oI * TP h(n Z 0iaT P H (&) (6:)

i=1 i=1

: 79§
+ I H(y 2; plﬁ it D)

where A is defined by (2.1). Substituting ¢; and ¢y into (2.8), we get the Volterra integral equa-

tion (2.7).
Conversely, it is easily shown by direct calculation that the solution z(t) is given by (2.7) and
satisfies problem (2.6) under the given boundary conditions. O

3 Main results

In this section, we establish the existence results of solutions for problem (1.1), which is studied by
applying Banach’s, Schaefer’s and Krasnolselskii’s fixed point theorems. Throughout this paper, the
expression ,Z%? f(s,z(s), z(8(s)), (Sx)(s))(c) means that

WIPPFy(s)(c) := bl" / e (e — )P R, (s) ds, c € [a, T,

where b € {o,a + pj,a+ B,a+ B8+ p;} and c € {¢,T,n,&}, i =1,2,...,m. For simplicity, we set

Fy(t) = f(s,2(s), 2(0(s)), (Sz)(s)) (1).
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In view of Lemma 2.7, an operator A : E — E is defined by

(Az)(t) = TP Fy(s)(1) — oI H(s)2(5)(1)

(t— a)o‘ep*;l(t_a)
ApeT(a+ 1)

(Z 5T B ()(6) — IO, (5) ()
i=1

=Y STV H(s)a(s) (&) + oTPH () (5) (1)

=1

where A is defined by (2.1).
To proceed further, we introduce the following assumptions:

(Hy) The functions f: [a,T] x R* - R and H : [a,T] — R are continuous.

(Hz) There exist the positive constants L1, Lo such that
‘f(t,UhUQ,Us) - f(t,Ul,UQ,U3)| < L1(|u1 — 1| + ug — U2|) + Lolus — vs],
for each t € [a,T] and u;, v; € R, i =1,2,3.
(H3) The function ¢ : [a,T]?> x R — R is continuous and there exists a constant ¢g > 0 such that
o(t, s,u) — @, 5,v)| < olu —vl,
for each ¢, s € [a,T] and u, v € R.

(H4) There exist the functions o, 7, ¢, w € C([a, T],R") such that
£t w,0,0)] < o(t) + 7Ol + O] + w(B)w], wo,weR, te T,

with
*

o= sup o(t), 7= sup 7(t), ¢* = sup p(t), w'= sup w(t).
tela,T] tela,T] te(a,T] tela,T]

(Hs) |f(t,u,v,w)| < g(t), ¥V (t,u,v,w) € [a,T] x R and g € C([a, T],RT).

3.1 Existence and uniqueness result via Banach’s fixed point theorem

The existence and uniqueness result of a solution for problem (1.1) will be proved by using Banach’s
fixed point theorem (Banach contraction mapping principle).

Theorem 3.1. Assume that (Hy)—(Hg) hold. If £L < 1, where
L:=2L1Q1 + Loy + N3, (32)
and Q;, i =1,2,3, are given by (2.2)—(2.4), respectively, then (1.1) has a unique solution in E.

Proof. Firstly, we transform problem (1.1) into a fixed point problem, x = Az, where A is defined
as in (3.1). Observe that the fixed points of the operator A are solutions of problem (1.1). Applying
Banach’s fixed point theorem, we show that A has a fixed point which is a unique solution of problem
(1.1).
Let sup |f(¢,0,0,0)| := M; < co. Next, we define a set B, :={z € E: ||z|g < ri1} with
t€la,T]

Qi My + Q4
(20184 4+ Lagoe + Q3]

7”121_
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Notice that By, is a bounded, closed and convex subset of E. The proof is divided into two steps.

Step 1. We show that AB,, C B,,.
For any z € B,,, we have

(A)(0)] < T P0BL(I(T) + Z0[H(5) ()] (T)
(T — a)a G e iy .
D (2 BT R )]0
DTG )I(E) + oI (o) )

i=1

(1163 — a)
+; TG el ) +h

< TP (|Fa(s) = f(5,0,0,0) + [£(5,0,0,0)[)(T) + oZ%7|H(s)| |2(s)|(T)

+ AT (Z BT H50 (|Eo(s) — £(5,0,0,0)] + |£(s,0,0,0)[) (&)
=1

+ o0 (|Fp(s) — f(5,0,0,0)] + | (5,0,0,0)] +ZI5'| TP [ H(s)] |2 (s)](€)

Iv116:](& — a)t
+ oZUP|H(s)| |z(s)](n) + + v+ 18] ) + -
[H(s)] z; T +1) |

By using the property 0 < 5 (u=s) <lfora<s<u<t<T and (He)-(Hs), we obtain

T
[(A)(1)] < m / (T — 5)"*=1((2L1 + Lago(s — a)rs + My) ds + 11 [H(s)|(T)

(T —a) - |3
" [Alp*T(a+1) <; po Bt (o + B+ )
&i
X /(fi — ) TPt (2L) + Lago(s — a))r1 + M) ds

a
n

1
a+p—1 a,
+ m /(7’] — S) + ((2L1 + L2¢0(S — a))r1 + M1) ds + 11,1 p|H(S)|(77)
a4 ,p |'7| |5 ‘ )
+nZI5I T H(s) (&) Z (a1 T Is)
=1 =1

(T _ a)a-i—,B " (T — a)a
PPl (a+B+1) * |AlpeT(a+1)
- |6:](& — a)@+PHri (n—a)**’ )]
X <; PPt (o + B+ p; + 1) i ptPl(at B +1)
(T _ a)oz+5+1 (T — a)a
+ Lagor Lwﬂf(a +8+2) AT (a+1)

B L e U s
L ot BT (a+ B+ i +2) | ptPT(a+ B 1 2)

= (2L1T1 + Ml) |:

, ap s (T - a)a - ) atpi,p s ) a,p S
TR + O (S T e ) + T ) ) |

=1
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(( [7[10:](& — @)™ )
|A\paI‘oz+ Z ot (s + 1) + [+ 18l ) +

i=1
< (2Lyry + My) + LadoQry + Q311 + Q4 <1q,
then || Az||g < 71, which implies that AB,, C B,,.
Step 2. We show that the operator A : E — E is a contraction mapping.
Let z,y € E. Then for t € [a,T], we have
[(Az)(t) = (Ay) ()] < TP F(s) = Fy()[(T) + TP [H(s)] |2(s) — y(s)|(T)

(T —a)* S a Hisp ) a+f8,p
+|A|pap(a+1)(;l5mf FOTOP Fy(s) = Fy(s)](&0) + o222 (|Fa(s) — Fy(s)]) ()

+ Z [0iaZ TP [H ()] (s) — y()](&) + oL [H(s)] [(s) — y(S)I(??))

(T — a)>*h (T —a) o~ 0i|(& — a)titm (n —a)>*?
- {2L1 {pa+ﬂF(a+ﬁ+1)+|AP“F(a+1) (;wﬁw(wmm + 1)+pa+BF(a+ﬁ+1)>}

+ Lyo { (T - a)a+ﬁ+l (T — a)* (i |6:](& — a)a+,8+u,;+1 (n— a)o‘+ﬁ+1 )]
290 pa+ﬁ1“(a+ﬁ+2) [AlpeT (a+1) — pa+ﬂ+ﬂir‘(a+ﬁ+ui+2) pa+,81'\(a_’_5+2)

+ aICYvP

(T'—a)* S atpi,p . a,p _
M) + e s (ST o)) + T |H<s>|<n>)}||x yle

i=1
= [2L1Q1 + LagoS + sl [lz — ylle = Lllz — ylle,

which implies that | Az — Ay|lg < L||z — y||g. As £ < 1, hence, by Banach’s fixed point theorem
(Lemma 2.4), the operator A is a contraction mapping. Therefore, .4 has only one fixed point, which
implies that problem (1.1) has a unique solution in E. O

3.2 Existence result via Schaefer’s fixed point theorem

Next, the second existence result is based on Schaefer’s fixed point theorem.

Theorem 3.2. Assume that (Hy) and (Hy) hold. Then problem (1.1) has at least one solution on
[a,T7].

Proof. To show that A has at least a fixed point in E, the proof is divided into four steps.

Step 1. We show that the operator A is continuous.
Let {z,} be a sequence such that z,, — = in E. Then, for each ¢ € [a,T], we get

|(Az) (1) = (A2) ()] < TP\ Fy, (5) = Fo()(T) + oL [H(5)| |2 (5) = 2(s)|(T)

w N | qoatBtiui.p s) — I(E: s) — s
+|A|PQF(04+1)(;|6’|“I [P (5) = Fa(s)|(&) + o (5) = Fu(s)| ()

+ Y 10T [H(s) [on(s) — 2(9)I(&) + oL H(s)l[@n(s) — x(8)|(77)>

=1

(T — a)ot? (T — a)® m 103 (&5 — a)o+B+m
< {paJrﬁI‘(a +5+1) + |A|poT (a + 1) (Z pe Bl (a4 B+ pi + 1)

(77 _ a)a+ﬁ ,p
T (ot B+ M |Fa,, = Felle + [af H(s)|(T)

s (B ) + T ) ) o - ol

= W||Fy, — Fellg + Qal|zn — 2||&-
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Since f and H are continuous, by the Lebesgue dominated convergent theorem, we have
[(Azy,)(t) — (Ax)(t)] — 0 as n — oo.

Hence,
|Az, — Az||g — 0 as n — oo.

Therefore, the operator A is continuous.

Step 2. We show that the operator A maps a bounded set into the bounded set in E.

Indeed, we show that for any 7, > 0, there exists a constant M, > 0 such that for each z € B,.,, =
{z €E: ||z|lg < ra}, we have ||Azx||g < Mo.

Then, for any ¢ € [a,T] and = € B,.,, we have

[(Az)(t)] < a

w($)[(T) + oZP[H(s)] |2(s)[(T)

v eEsy (ZW TTHEIIE(5)](6) + o

x(5)|(n)

+ Z |0iaZoF 1P [H(3)| (5)[(&) + o7 |H(s)] |2 () (n)

=1

+g DI b+ 1) + 1
< 27 (o(s) + 7(8)a(s)] + P((0(3))| + w(5)|(S2) ()] ) (T) + T [H(5) [2()|(T)

+ mff;(a)m (Z 0:laTo 0150 ((s) + 7(5) a(s)| + (5)(8(5)) | + w(s)|(S2)(5)]) (&)

+ IO (o(s) + 7(s)|z(s)] + @(s)|z(0(s))[ + w(s)l(Sx)(s)l) (n)
+ ; 8l ZOHHPIH(s)] |2(8)[(&) + TP [H(s)| (s) 2 vaf & (s + 1)) + v+ |f<> + 17l
(T —a)**? (T —a)”
ptB(a+ B +1)  |AlpeT(a+1)
- [0i] (& — @)@+ oHm (n—a)**?
g (2_; I T (ot B+ 1) | prAT(at B+ 1)”
(T — a)**+o+! (T —a)"
po T+ B+2)  |ApoT (a4 1)
m |5Z|(£z _ a)a+6+m+1 (77 _ a)a+ﬂ+1
* (Z; PR T(a+ B+ +2) | pol(a +B+2))}

P (s (T —a)* S | ot | (g . 0|1 (g
b D)+ (s (ST 6 + s )

<(c*+T1ra+ 4,0*7’2)[

+w*r2[

i (
+|A|(p°‘Fa+1 (; W))L & T (1 +1)) + 7|+|n> + 17l
= (0" 4+ 7 re + ©"1r2) % + (W' Qg + Q3)7r2 + 4,
and we get the estimate
[Az||g < [(7% 4 @) + w* Qo + Q3re + 001 + Qy = Mo,

where ;, i = 1,2, 3,4, are given by (2.2)—(2.5), respectively.
Step 3. We show that the operator A is equicontinuous.
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Let B,, be a bounded set of E as defined in Step 2, then, for x € B,, and t;,ts € [a,T] with
t1 < to, we have

[(Az)(t2) — (Az)(t1)]

ty
1 —1., adf— =1y a+B—
S ot E)/ |57 (1 — ) = T (4 )t |y ()] ds
1 7
221 (ty—s) a+p-1
+——— e to — s F,(s)|ds
po‘+5f(a+ﬂ) ( 2 ) | ( )l

ty
t1

L1 /p,
e r
p°L(a)

2]
1 =1 —S o—
,M@z)/e o (b2 )(tg—s) 1|H(S)||x(s)|ds+|y|
t

2

k2 — )" =T O 0 = )77 M) a(s)] ds

=1y =1y
e (t2—ma) _ = (ti—a)

to —a g5 (t2=a) _ ti—a gty (=) - J;
>
[AlpT (e +1) potAtI T (o + B+ p7)

i=1

+

&

x / T (g, — )t £ (s, n(s), 2(0(s), (S)(s)) | ds

a

1 [ e=lip_ g atB—
+ TR / 55— T (s, (), 2(009)), (52 (5)) | ds

5 == s @ P —
+Z W' C'kw / 7 ET (g — ) T ()] |a(s)] ds

1 e=1 Y[ 10:](&: — @)™
o= (n—>s) a—1
M(a)/e (1~ 5)° 1 [H(s)] ()] ds +§i:1j e i+ I

ty

1 bt -

——— PG (R T el (e s)‘”ﬁ*l’
= AL (a + f) / |

to

1
X (0" +7're + @ *ro + w'ra(s —a ds—i-i/ep(t2 ) (ty — 5) -1
( 2 @Y T2 2( )) pa+5F(o¢+B) ( )

X (U* + 7y + @ re +wira(s — a)) ds

ty

" palr“z(a) /

a

71y — ) = T O — ) ()] ds

to
T2 221 (4y—5) a-1
+ er (ta — 8)* | H(s)| ds
(o /
p ()tl
to—a a
by [e55 eme) _ BR )] (82 — a)2e"T 270 — () — a)oe" 7 (170

[AJp"T(a + 1)
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&

- |63 ot Btpi—1 (gx 4 ¥ * *
X (;p“"‘ﬁ‘*‘“if(a—i—ﬂ—l—ui) (& —9) (0 + 7 + 9y +w T2(sfa))ds
n
1

/(77 - s)"”rﬁ*l (0* + 7y + @ ro +wira(s — a)) ds

a

* e a1 B)

6| L=2 s) a ;i —
+T22 a+#1‘ (o + ) / 7 ETI(g — )y (s) ds

wi ]
=1 P

2 %(nfs _ a1 |’YH5| )
a>/€ s + 30 MGl ),

which implies that
[(Az)(t2) — (Az)(t1)| — 0, as t — t,

As a result of Steps 1-3 together with the Arzeld—Ascoli theorem (Lemma 2.3), we conclude that
the operator A : E — E is completely continuous.

Step 4. We show that the set D ={z € E: 2 =cAzx, 0 < e < 1} is bounded (A priori bounds).
Let x € D, then « = e Az. For any ¢ € [a,T], one can get the estimate

(Az)(t) = € [“Iﬁﬁ’pr(S)(f) — ol (s)2(s)(1)

(t—a)¥e 25t (t-a)
ApoT(a+1)

(3 bz e )6 = TR )0
=1

=3 BT P H()a(s)(€) + T H(5)(5) ()

=1

It follows from (H3)-(H4) and 0 < € < 1 that for any ¢ € [a, T},

* * * (T - a)a+6
0] = E(AD)0)] < (0" 4 7772+ 7ra) |
T-a) (&6l a)y (- a)**"
T AT+ 1) <Z P (a+ B+ +1) | p o (a+ B+ 1) ﬂ
(T a1 (T ap

+ *
©r LMM +6+2) AT+ 1)

x i |65 (& — a)otPrritt + (n — a)>tAt1
2 paABrm (ot B+ +2) | p Tt B+ 2)

. a,p s (T - a)a - i o+ ,p s . «@,p s
72 {THONT) + ity (25 T HOE) + T )

i=1

(T - ( o 13l (& — ) )
_(T-a .
+|A|para+1 2 gy )

= (0" +7"re + ¢©"1r2) Q1 + (W' Qo + Q3)7r2 + Q4.

Thus,
||.CL'||E S [(T* + (P*>Ql +UJ*QQ =+ 93]7“2 =+ O'*Ql + Q4 =N < 0.
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This implies that D is bounded.
Hence, as a consequence of Schaefer’s fiexd point theorem (Lemma 2.5), the operator A has at
least one fixed point which is the solution of problem (1.1). O

3.3 Existence result via Krasnoselskii’s fixed point theorem
By using Krasnoselskii’s fixed point theorem, we obtain the last existence theorem.

Theorem 3.3. Assume that (Hy), (Hs), (Hs) hold. Then problem (1.1) has at least one solution on
[a,T) if Q3 < 1, where Q3 is defined by (2.4).

Proof. Let sup |g(t)| = ||g|lz- By choosing a suitable Br, = {x € E: ||z||g < T3}, where
t€la,T]

—s Shllglle +
g > —LIIE T 4
1-0Q3
with ||g|le = sup |g(t)|, we define the operators A; and Ay on By, by
t€la,T]

(All')(t) :aIa+5,pFZ(S)(t)+ (t—a) e p 221 (t—a)

( Z S;aZOTBTHP R (5)(&) — aI(X*B’pFI(s)(n)) ,
i=1

ApeT(a+ 1)
() = 0T e gals)o - 3 BT M se(e)E)
2 Apal“(a—kl) a n pat ia %
Z’}/(S -_a “Le pl(&‘,—a) e = e=lp_ a)-l—li) _"_,ye - =L(t—a) _ Ia’p’;‘-[(s)x(s)(t).
pD(p; 4+ 1)

i=1

To show that Ayxz + Ay € Br,, let z,y € Br,. Then we have

[ A1z + Asylle < sup {aIa+B’p|Fx(8)(t)+aI°"”|H(8)IIy(S)I(t)

t€la,T]

(t — a)e 7 (=)
|A|pa1"(a +1)

(ZMI TOHEHRL|Fy(5)](&) + 00| Fu(s)] ()

+ Z |5| Tattip

H(s)[ ly()[(&) + oZP|H(s)| [y(s)|(n)

_ a Hze ) (&1_a)

7] 104] (& 2=1(p—a) > 2=1(t—a)
+yle e Y k| ) 4 |yvle
I Rl ) +

Tty ($ Bl g ]
po T (a+B+1)  [AlpoT(a+1) \ & po Pt (a+B+pi+1) - potPT(a+B+1)

< ||g||E[

P (s (T —a)* - | ot s ) P (s
el [T D)+ e s (ST ) + o))

Y[0:|(§i — a) _ _
b (5 IO O ) + o < g+ 7+ 0 < 7

This implies that Az + Agy € By, which satisfies assumption (i) of Lemma 2.6.

Show that assumption (ii) of Lemma 2.6 is satisfied, the continuity of f and A implies that the
operator A, is continuous. For « € By, we obtain ||A1:1:H]E < Q|g|lg. This means that the operator
A; is uniformly bounded on Bg,. Next, we show that the operator 4; is equicontinuous. Setting

sup |f(t, 21, 22, 23)] = [* < o0,
(t721722,23)6[a,T]><B-73.3
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for a <t; <ty <T, we have

(A1) (t2) = (Aiz)(t)] < [ TP Fy(s)(t2) — P Fa(s) (1)

to —a)® L;l(@_a)i t —a)® pf;l(tl—a) m
1 Lo AlpaF(oE ina) : | (Z5iIaI“+"+““PIFz(s>|(&>+aI°“+5’P|Fx(s>(77>)
i=1
</ pa+ﬁr(a1+ 1) (|(t2 — @)t = (= @) = (b — )| 4 (g — t1)°“+5>

+!<t2—a>ae”f“2‘”—(tl—a)ae”ﬂ““>|( (=9 N (& =9 )

[Alp*+AT(a + 1) poT(a+B+1) & prtul(a+ B+ pi+1)

1=

which is independent of z and |(A1z)(t2) — (A1x)(t1)| — 0 as t1 — to. Therefore, the operator A;
is equicontinuous. So, the operator A; is relatively compact on Br,. Then, by the Arzeld—Ascoli
theorem, the operator A, is compact on Br,, and assumption (ii) of Lemma 2.6 is satisfied. It is easy
to see that, using Q23 < 1, we come to the conclusion that the operator A is a contraction mapping,
and also assumption (iii) of Lemma 2.6 holds. Hence, the operators A; and As satisfy all assumptions
of Krasnoselskii’s fixed point theorem (Lemma 2.6). Therefore, problem (1.1) has at least one solution
on [a,T]. O

4 Ulam—Hyers stability results

In this section, we investigate some necessary and sufficient conditions for Ulam—Hyers (UH) stabil-
ity, generalized Ulam-Hyers (GUH) stability, Ulam-Hyers-Rassias (UHR) stability, and generalized
Ulam-Hyers-Rassias (GUHR) stability of problem (1.1).

Definition 4.1 ([35]). Problem (1.1) is UH stable if there exists a real number ® > 0 such that for
€ > 0 and solution z € E! = C1([a, T],R) of the inequality

’C?DB»P(GCDW +H(E))2(t) — f(t,2(t),2(0(1)), (Sz)(t))' <e tela,T), (4.1)
there exists a solution z € E' of problem (1.1) with
|2(t) — z(t)] < Pe, t € [a,T].

Definition 4.2 ([35]). Problem (1.1) is GUH stable if there exists @y € C(RT,RT) with ®;(0) =0
such that for each solution z € E! of inequality (4.1) there exists a solution z € E! of problem (1.1)
such that

|z(t) —x(t)] < Pye, tea,T).

Definition 4.3 ([35]). Problem (1.1) is UHR stable with respect to @y € C([a, T],R™) if there exists
a real number Cf ¢ > 0 such that for ¢ > 0 and for each solution z € E! of the inequality

‘gpw(gpa»p FHE) () — (£ 2(1), 2(0(2)), (Sz)(t))‘ < edy(t), telaT), (4.2)
there exists a solution z € E! of problem (1.1) with
|2(t) — x(t)] < CroePy(t), te la,T].

Definition 4.4 ([35]). Problem (1.1) is GUHR stable with respect to @5 € C([a,T],R") if there
exists a real number Cf¢ > 0 such that for each solution z € E! of the inequality

SDA (DM 4+ (W) 2(t) — (1 2(8), 2(0(0)), (S2)(B) | < (), t€ [a,T],

there exists a solution z € E! of problem (1.1) such that

|2(t) — x(t)] < Cra®y(t), tela,T].
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Remark 4.1. It is clear that
(i) Definition 4.1 = Definition 4.2;
(ii) Definition 4.3 = Definition 4.4;
(iii) Definition 4.3 for ®;(-) =1 == Definition 4.1.

Remark 4.2. A function z € E! is a solution of inequality (4.1) if and only if there exists a function
v € C([a,T],R) (dependent on z) such that

(i) [v(@)| <€ Vit € a,T).
(i) §DPP (DY +H(1)2(t) = f(t, 2(t), 2(0(1)), (S2) (1)) + v(t), t € [a, T].
By Remark 4.2, the solution of the problem
SDIP(TDNP + H(t))2(t) = f (1, 2(8), 2(8(1)), (S2)(t)) + (1), € [a, T,
can be written by

2(t) = ITPPEL(5)(t) — TP H(5)2(s) (1)

a E(t—a) m
t—a)% »r ) o
: Apﬁnw ) (Z&aﬂ*ﬁ”l’%(s)(&) — IUPE () ()
i=1

=D G TP H(s)2(8) (&) + TP H(5)2(s) (1)

=1
m =l (e _
¥0i(& — a)ries G =10y _q) > =1 (t—q) +6
+ —ve» +K|+vyer + TP Pu(s)(t)
; pHil (i +1)
1
(t— a)o‘epT(tfa) n o . o
T D) (Do P (5) (€)= TP Pu(s))).
=1

Firstly, we present an important lemma that will be used in the proofs of the first stability theorem.
Lemma 4.1. If z € E! satisfies (4.1), then the function z is a solution of the inequality
|2(t) — (A2)(t)] < e, 0<e<, (4.3)
where Q1 is given by (2.2).
Proof. From Remark 4.2, we obtain the inequality

t— a)o‘epT_l(t*a)
ApeT(a+1)

12(6) — (A2)(0)] < 'GIM%(S)“) i

(BT 86 — T () )|

=1
{ (T—a)*? = (T-a)?
T Lpeth(a+ B +1)  [AlpeT(a+1)

G — ) (1= @)+ ﬂ
) (Z P+ Bt 1) | T+ A1) ) O T

i=1
where 5 is given by (2.2), from which inequality (4.3) follows. O

Now, we present the UH and GUH results.
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Theorem 4.1. Assume that (Hy), (Hs), (Hs) are satisfied with £ < 1, where L is defined by (3.2).
Then problem (1.1) is both UH stable and GUH stable on [a,T).

Proof. Let z € E! be a solution of (4.1) and let z be the unique solution of problem (1.1),
S DIP(IDNP + H())a(t) = f(t (t), 2(0(1)), (S2)(1)), t € (a,T]

(@) =7 o) =3 Gl Pa(&) + 5
i=1
By applying the triangle inequality |u — v| < |u| + |v| and Lemma 4.1, we have
|2(t) = 2(t)] = |2(t) = I PP FL () (1) + oI H(s)a(s)(t)

t—a ae”;pl(tfa) m . ‘ §
- Apa)r(a+ 1) (ZW PP F(8)(&) = TP Fa(s) (m)
i=1

=D i TP H(s)2(5) (&) + oL H(5)a(s) (1)
i=1
'-)/6 —a 'u'le P (51 ll) (77 a) P— 1(t a)
+Z p“l"ul—i-l) 'ye + K| —ne

= |Z(t)—(AZ)(t)+(AZ)( )= (Az)(t)] < [2(t) = (A2) (1) +[(A2) (1) — (Az)(8)] < Que+L]2(t) —z(2)].
This yields

By setting ® =
|2(t) — z(t)] < Pe.

Hence, problem (1.1) is UH stable. Moreover, if we set ®¢(e) = Pe, with ®¢(0) = 0, then problem
(1.1) is GUH stable. O

Remark 4.3. A function z € E! is a solution of inequality (4.2) if and only if there exists a function
w € C([a, T],R) (dependent on z) such that

(i) 1©()] < ePe(t), Vi € [a,T].
(ii) §DPP(F DN +X(t))=(t) = f(t, 2(t), 2(0(1)), (S2)(8)) + O(1), t € [a, T).
By Remark 4.3, the solution of the problem
e DPP(THNP + H(D)2(t) = f(t,2(1), 2(0(1)), (S2)(1) + O(1), t € [a,T],

can be written by

2(t) = ITPPEL(5)(t) — TP H(5)2(s) (1)

—a (t—a)
+(tApa)r<a+ <Zf5 TP E, (8)(&) — o TP FL(s) ()

=Y ST H(5)2(s) (&) + o TP H(5)2(5) (1)

=1

~1(¢,—a)
¥8i(& —a)tie" 221 () =l(—a) | Tatp,
+ Z sz M + 1) —ne p tr|+ e # + I pw( )(t)

(t—a)%e 5 (t=a)
ApT(a+1)

( Z 6iaIa+,8+“i7pw(5)<§i) - aI(l"erPw(s) (77)) .

Next, we construct lemma that will be used in the proofs of the second stability theorem.
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Lemma 4.2. Let z € E! be a solution of inequality (4.2). Then the function z satisfies the inequality
[2(t) — (A2)(t)] < Q1 Te(t)e, 0<e<1, (4.4)
where Q1 is given by (2.2).

Proof. From Remark 4.3, we obtain the inequality

(t— a)ae%l(t_a)

ApeT(a+1)

2(0) — (A=) (1) < ‘azwﬁ»ﬂ@(sm T

< (L suz i mrete) - e )|

=1
{ (T —a)>*F L (T
P BT (a+ B +1)  |A|poT (a4 1)
- |6:](& — a)otPHmi (n — a)o+P
’ (; T (ot B+ 1) | (et BT 1)” Tolt)e
=M Ue(t)e,

where 25 is given by (2.2), which leads to inequality (4.4). O
Next, we are ready to prove UHR and GUHR stability results.

Theorem 4.2. If assumptions (Hy), (Hs), (H3) are satisfied, L < 1, where L is defined by (3.2), then
problem (1.1) is both UHR stable and GUHR stable on [a,T).

Proof. Let z € E! be a solution of inequality (4.2) and let x be the unique solution of problem (1.1).
By applying the triangle inequality and Lemma 4.1, we get

|2(t) = 2(t)] = |2(t) = PP Fu(s)(1) + oI H(s5)2(5)(1)

(t—a)ee T
ApeT(a+1)

(Z 5ia TP, (5) (€) — TP Fy(s) ()
i=1

=D 81T TP H(s)a(s) (&) + oL H(s)2(s) ()

i=1
m i o 25E (&i—a)
V6i(§ —a)tie @ =1 (y—q) £=1(4—q)
+; Pl (i + 1) e + K e

= |2(t) — (A2)(t) + (A2)(t) — (Az)(?)

< [2(8) = (A2)(D)] + [(A2)(t) — (Az)(D)|
< We(t)e+ LIz(t) — z(1)],

where L is defined by (3.2), which implies that

Qll:[/@(t)ﬁ
t)—x(t) < ————.
J2(6) = a(t)] < =27
By setting C't0 = ﬁlﬁ with £ < 1, we get the inequality

|2(t) — z(t)] < CroePe(t).

Hence, problem (1.1) is UHR stable. Moreover, if we set ®f(t) = e¥g(t), with ®;(0) = 0, then
problem (1.1) is GUHR stable. O
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5 An example
In this section, we present an example which illustrates the validity and applicability of the main
results.

Example. Consider the following boundary value problem for the nonlinear GPF integro-differential
Langevin equation

§DFF (D5 + 1i6< — a2 T )a(t) = f(t2(t), 2(0(1)), (S2)(®)). t € [0,2],

©=0. 20 = vEorbFa(l) L gt fa(H) _rifa(?) s L &)
T =V, x{l)= 0 T 5 50 T 3 0 T 3 0
Here
a3 g VT V2
- 2’ - ) y P = 27
a=0, T=2 m=3, v=0, n=1,
B L3 .2
K 107/*61 27M2_27M3_2a
1 4 3
51_57 62 57 53_§a
1
5 =V2, br=—5, Ga=-1 0(t)=;
and .
H(t) = < (t— a)e’s (=)

Obviously, the function H satisfies the assumption (H;) for all ¢ € [a, T]. From the all given all data,
we obtain that A ~ 1.49603 # 0, Q; =~ 8.26497, s ~ 4.17132, Q3 ~ 0.17389 and Q4 ~ 0.17303.

(i) Let f:[a,T] x R® = R be a function defined by

t
5 2sin®(mt) x| x(1.5t) t+13/ cos?

1
R - I W P R A S R 692+3

[t 2(t),2(0(1)), (Sz)(1)) =

For x1,x9,y1,Y2, 21,22 € R and t € [a, T], we have

1
‘f(t7x1ay1721) - f(t7$27y2522)‘ S %

1
|¢(t,8,$1) - ¢(t785y1)| = TG ‘xl - Z/1|

The assumptions (H;)—(Hgs) are satisfied with L; =

1
(Jz1 — ya| + |22 — yal) + 3 |21 — 2],

25 , Ly = %, and ¢9 = 7= . Hence

L:=2L,0Q1 + L2¢QQQ + Q3 ~ 0.92199 < 1.
This ensures the existence of the unique solution for (5.1) according to Theorem 3.1. Further, we
compute

d = ~ 105.95156 > 0.

1-L
Thus, by Theorem (4.1), problem (5.1) is UH stable and, consequently, GUH stable.

(ii) Let f:[a,T] x R® — R be a function defined by

et 6e 2t |z

f(t7x(t)7x(0(t))v (Sl‘)(t)) = (t+ 8)2 + (t+8)2 2+ |{,13|

+

¢
5 0.25¢ t+3)3 (t—
x( )| (t + 3)3 cos? /mn s) +(s) ds.

|
4(2+t)? |2(0.25¢)| + 9 (et +2)2 (et=s +2)2
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It is easy to see that for all x1, 22, y1,Y2, 21,22 € R and t € [a,T], we get
1
32
1
|¢(t,5,$1> - (b(tasayl)' < 5‘371 - y1|

1
|f(t, 21,91, 21) — f(t, @2, 2, 22)| < o= (Jo1 — wu] + |w2 — w2]) + 3 |21 — 22|,

The assumptions (Hy)—(Hs) are satisfied with Ly = 35, Ly = %, and ¢ = § . Hence
L:=2L:01 + L2¢OQQ + Q3 ~ 0.84495 < 1.

Furthermore, for z,y,z € R and t € [a,T], it follows that

13,2 € s+ 2 el b ey
R (F ) PR TSI E stz YT (et oy P
The hypothesis (Hy) is also valid with
et 2e~ 2 1 27
)= ——, 7(t) = )=, wt)= ————
0=y "= e W= s Y0 @y
and
R S L SRR |
T T T T3 ¥ Ty Y Ty

Therefore, all the assumptions of Theorem (3.2) are fulfilled, which allow to conclude that system
(5.1) has at least one solution on [a,T]. Moreover, we obtain

Q
Cro = ﬁ ~ 53.30408555 > 0.

Thus, by Theorem 4.2, system (5.1) is UHR stable and, consequently, GUHR stable.

6 Conclusion

In this paper, we construct the equivalence between problem (1.1) and the Volterra integral equation.
We prove the existence results of solutions for the GPF integro-differential Langevin equation via a
variable coefficient with nonlocal integral conditions (1.1) using a variety of fixed point theorems due
to Banach, Schaefer and Krasnoselskii. Moreover, we discuss the stability analysis of UH, GUH, UHR
and GUHR for the proposed problem (1.1). In addition, an example was given to illustrate our main
results. We believe that the all results of this paper will provide considerable potential to interested
researchers to develop relevant results concerning qualitative properties of nonlinear GPF differential
equations. In a forthcoming work, we shall focus on studying the different types of existence results
and stability analysis to an impulsive GPF differential equation with nonlocal integral multi-point
conditions.
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