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LIMIT CYCLES FOR A CLASS
OF KUKLES TYPE DIFFERENTIAL SYSTEMS



Abstract. In this work, we study the number of limit cycles which can bifurcate from periodic orbits
of the linear center & = —y, ¥ = x of generalized polynomial Kukles systems of the form

i=—y+12)y*, y=a— f(2)y** —g(z)y** T — h(z) y**? — do y?* T3,
where
l(z) = ey (z) + (), f(z)=efi(z) + € falz),
g(x) = egi(z) + ga(x), h(z) = ehy(x) + 2ho(x) and dy = edy + €*da.

(), fu(z), gr(w) and hy(x) have degree m, ny, ny and ng, respectively, d§ # 0 is a real number for
each k = 1,2, « is a positive integer and € is a small parameter. The main tool of this study is the
averaging method of the first and second order.
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1 Introduction and main results

The main open problem in the qualitative theory of real planar differential systems is the determination
of limit cycles which is related to the second part of the 16th Hilbert problem [8]. Recall that a limit
cycle is an isolated closed orbit defined by Poincaré [16,17]. The knowledge of the existence or the
absence of periodic solutions is very important for understanding the dynamics of the differential
systems. A classical way to obtain limit cycles is perturbing a system which has a center. In this
case, the perturbed system displays limit cycles that can bifurcate either from the center, or from
some of the periodic orbits around the center [18]. The number of limit cycles which bifurcate from
periodic orbits of a differential system with a center (linear or not) has been studied by using many
distinct tools, the first method is the inverse integral factor [11], the second method is the Lyapunov
constants [12], the third method is the Melnikov function [9,21], and the last method is the averaging
theory (see, e.g., [3,4,6] and the references therein).

In different works, the limit cycles problem and the center problem are concentrated on specific
classes of systems; for instance, we refer to the classical Kukles system

{56 - (1.1)

U=+ apy + a12”® + aszy + azy® + asx® + asz?y + agry® + ary’.

In [10], Kukles examined the conditions under which the origin of system (1.1) is a center. In [5], it
was shown that at most five limit cycles bifurcate from the origin of system (1.1). In [19], Sadovskii
solved the center focus problem for systems (1.1) when asaz # 0 and proved that the system can have
seven limit cycles.

In [14], Llibre et al., using the averaging theory of the first and second order, studied the generalized
Kukles system

T =1y,
{@'/ =~z — f(z) — g(@)y — h(z)y? — doy®.

Another class of generalized Kukles system which can be written as

& =—y+I(x),
{y - f(x) — g(@)y — () — doy®, (2

where [(z), f(z), g(z) and h(z) have degrees m, n1, no and ng, respectively, dy # 0 is a real number,
was studied in [15].

Limit cycles of several generalisations of the Kukles system have been also obtained using averaging
theory (see, e.g., [1,2] and the references therein).

In the present paper, using the averaging theory, we study the maximum number of limit cycles
which can bifurcate from the periodic orbits of a linear center £ = —y, ¥ = x of the more generalized

Kukles system
N 2a

y=a— f(x)y** —g(z) y*** — h(z) y>*+2 — do y** 3,

where

f@)=chi(@)+efa(x), g(@) =egi(z) +ga(x),
h(x) = ehy(x) + 2ha(x), U(x) = ely(z) + %lx(2x) and do = ed} + €2d3,

fr(x), gr(z), hi(z) and Ix(x) have degree ny, na, ng and m, respectively, d§ # 0 is a real number for
each k = 1,2, o € N and ¢ is a small parameter. Note that system (1.3) was studied in [15] when
a=0.

The main result of this paper is the following statement.

Theorem 1.1. For |e| # 0 sufficiently small, the mazimum number of limit cycles of the generalized
Kukles polynomial differential system (1.3) bifurcating from the periodic orbits of the linear center
T = —y, y = x using the averaging theory



34 Nassima Debz, Amel Boulfoul, Abdelhak Berkane

(a) of the first order is
I

A =max{A1, Ay +1,A5 + 2},

e (2] 25 (3] 3] -1 (2] 4 (3] v (2],
250 (27 o).

e (S R R

-

(b) of the second order is

where

| +e

and

=[5 (2]}

The proofs of statements (a) and (b) of Theorem 1.1 are given in Sections 3 and 4, respectively.
In [15], it was shown that there exists a generalized Kukles system (1.3) with a = 0 having at least

wmma{ (3] [ ) [3]+ [5] L [P L [P L [R]4 [5)

no +1 ns N9 m—1 ny —1 ng +1
=1, =, | — 1
[ 2 ]+[2}[2}[ 2 }[ 2 ]Jr“’[ 2 }ﬂ"}
limit cycles. The result in Theorem 1.1 improves this lower estimate (A > Ay for all ny > 1, ng > 2,
ng > 1, m > 2and a > 1). For each fixed ny > 1, ng > 2, ng > 1 and m > 2, there exists oy > 1 such

that A > Ay for all a > ay.
In Section 2, we introduce the averaging theory of the first and second order.

2 Averaging theory of the first and second order

In this section, we summarize the main results of the averaging theory of the first and second order
for computing limit cycles of the generalized Kukles polynomial differential system (1.3).
Consider the differential system

i(t) = eFy(t,2) + 2 Fy(t, ) + 3 R(t, x,¢), (2.1)
where Fi,F5 : Rx D = R, R: R x D x (—e5,e5) — R are continuous functions, T-periodic in the
first variable, and D is an open subset of R. Assume that the following conditions hold:

(i) Fi(t,r) € C%(D), Fy(t,z) € CY(D) for all t € R, Fy, F», R, D,F; are locally Lipschitz with
respect to x and R is twice differentiable with respect to . We define Fyg: D — Rfor k =1,2 as

T

Fio(z) = %/Fl(s,z) ds,

1

0T
Fy(z) = T/ (Do Fi(s,2)y1(s, ) + Fa(s, z)] ds,
0

where
S

y1(s,2) = /Fl(t,z)dt7

0
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(ii) For V C D, an open and bounded set, and for each € € (—e¢,e¢) \ {0}, there exists a. € V such
that
Flo(ag) + €F20(a5) = 0 and dB(F10 —+ 6‘}7‘207 MCLE) % 0

Then for |¢] > 0 sufficiently small, there exists a T-periodic solution ¢(t,e) of system (2.1) such
that ¢(0,e) — a. as € — 0. The expression dp(Fig + €F»o, V, a.) # 0 means that the Brouwer degree
of the function Fig + eFyy : V — R at the fixed point a. is not zero. A sufficient condition for this
inequality to be true is that the Jacobian of the function Fjg + eF5g at a. is not zero.

If F1¢ is not identically zero, then the zeros of Fg+¢eF5g are mainly the zeros of Fiq for € sufficiently
small. In this case, the previous result provides the averaging theory of the first order.

If Fyg is identically zero and Fyg is not identically zero, then the zeros of Fig + €Fyy are mainly
the zeros of Fyq for ¢ sufficiently small. In this case, the previous result provides the averaging theory
of the second order.

For a general introduction to the averaging theory, see [13,20].

3 Proof of statement (a) of Theorem 1.1

In order to apply the first order averaging method, we write system (1.3) with £ = 1 in polar coordi-
nates (0,r), where x = rcosf, y = rsinf and r > 0. In this context, we take

ni n2 ns m
fi(z) = Zaixl, g1(z) = Zbiw’, hi(z) = Zcml and li(z) = Zeiw’, (3.1)
i=0 i=0 i=0 =0

then system (1.3) can be written as
7= e(r%‘ cos fsin®* 0 Z eiBio(0) rt — r?*sin**t1 g Py (6, r)) ,
=0
f=1-° (7“20‘ sin?* ! g Z i Bio(0) " + r?*sin®* @ cos 0 Py (6, r)),
r
i=0

where
ni na ns
Pl(g, T) = Z aiBi’O (9) T'i + Z szzwl(G) 7"i+1 + Z CiBi’Q(g)ri_'_Q + d(l) 7"33073(9)
i=0 i=0 i=0
and
B; ;(6) = cos' 0sin’ 6.
Now, taking 6 as the new independent variable, system (3.2) becomes

dr _ 20 - 2 - n i 2a . 2a+1 2
i 6(7‘ cos 0 sin 9;6131’0(9)7“ % sin 9P1(977’)) + O(e%)
=eFy(0,7) + O(e?).

Therefore, based on Section 2 we must study the simple positive zeros of the function

m ni

n2
27TF10(’I“) = Z eiAi+172a (27T) TH_QOL — Z aiAi,ga_H (27‘1’) 7"1+2a — Z biAi72a+2(27T)’l“z+2a+1
=0 =0 =0
n3
— Z 01A172a+3(2ﬂ')7"7'+2a+2 - d(l) 7‘2a+3A072a+4(27T), (33)
=0

where
2m
AZ)](Q’]T) :/Bz,j(g) de.
0

In the next proposition, we obtain the exact expression of Fio(r).
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Proposition 3.1. Fio(r) is a polynomial in r given by

20+1 [%71] .
r ( 2% + 1
0

Fio(r) = 1 Torl 24172 02; 20
7] 2a0+1 b2 d 2a+3)2a+1) , (3.4)
— b9 0990 — 20020 |, )
iva+l 0 T Qat d)(a+ 1)
where

(20 —1)(2a = 3) !
72020 = (2a+22i)(2a1+2i —j) e (12¢+2) (221'1*1) (22>

Proof. From (3.3) and for simplifying the expression of Fy(r), we use the following integrals

0 if ¢ is odd or j is odd,
A (27) = i—1)(i—3)---1 1 ; 3.5
i.g (27) - (] - )(j 3) - — <,Z)7r if ¢ and j are even (3.5)
GHi)G+i—2)--(i+2) 21 \i/2
and
0 . cost™1hsin®tle -1 / o
/cosltsin“tdt = — . + - /Cosl_ tsin® tdt
1+ « 1+ «
0 0
i+1 Osi a—1 0 1 0
_ s Ush a- /cosi tsin® 2t dt (3.6)
1+« 14+ «
0
(for more details see [7]). We obtain
2041 /175 (2]
reet 2i 2i 2
Fio(r) = o Z €2i417°" Agiyo.24(2m) — boir* Ao 20+2(2m) — do 1° A 20+4(27)
i=0 =0
ot (L2091 9
= Para—— 1] * Agi2q(2
4 < = z+a+1e2+lr 2’2(7T)
%]
2a0+1 % 2a+3)2a+1) ,
- by 1" Ay 2, (2T) — d Apoa(2 .
Zoita+1 2i2a(2m) = do "5 =y gy T Aoza(27)
This completes the proof of Proposition 3.1. O

From Proposition 3.1, the polynomial Fyo(r) has at most {[Z51],[%2],1} positive roots.
Hence statement (a) of Theorem 1.1 is proved.

4 Proof of statement (b) of Theorem 1.1

We write f1(x), g1(z), h1(z) and l;(x) as in (3.1), and

ns m

fa(x) = Zpizi, g2(x) = Zqixi, he(x) = Zsizi, la(z) = Zvixi.
1=0 i=0 i i
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System (1.3) in the polar coordinates (r,0) with r > 0 becomes
m )
F=¢ <r2a cos 0sin** 0 Z eiBio(0) r" — r?*sin®***1 9 Py (0, T))
i=0
+€2 (7'2“ cos 0 sin** 0 Z v; B;o(0) r' — r?® sin?* 1 9 Py (0, r)) ,
m i=0 (4.1)
i _ € (, 20 . 2a+1 i 20 20
0=1—- (r sin 926i3¢,0(9) r 4+ 1% sin 9C089P1(9,7‘))
r
i=0
2 m
_67 (7“20‘ sin?*t1g Z v;Bi0(0) 4 2% sin?* § cos 0 Py (0, r)) ,
i=0
where
ni ) na ] ns )
Py ((9, ’I“) = ZpiBi70(9) r* 4 Z QiBi,l (9) ’I“H_1 + Z SiBi72(9)’I“Z+2 + d% 7“33073(9).
i=0 i=0 i=0
Taking 6 as the new independent variable, system (4.1) becomes
dr 9 3
@ = EFl(eaT) +e F2(T7 9) + O(6 )a
where
Fi(0,7) = 2% cos 6 sin** 0 Z e;Bio(0) ' — r?*sin®* L9 Py (0, 7), (4.2)
i=0
F5(r,0) = I(r,0) + II(r,0), (4.3)
with
I(r,0) = r°* cos f sin®* 4 Z v; B; o(0) r' — r?® sin?* T 9 Py (0, 7), (4.4)
i=0
_ 1 2 . 20 - n. i 2« i 2a+1
II(r,0) = S cos 0 sin“* 6 Z eiBio(0) r" —r%sin 0P (6,r)
=0
X (7“20‘ sin?*t1 ¢ Z eiBio(0) " + r?*sin®* 0 cos § Py (6, r)) . (4.5)
i=0

In order to compute Fo(r), we need Fio(r) to be identically zero. From (3.4), Fip = 0 if and only

if
200+ 1 . .
C2it1 = 5 V2 0<i<p and i#1,
by = —> do(20+3), i=1
=_——e3— « i=
2T 20410 ’ ’
ba; = €241 =10, wA1<i< )\,
where

e ([ 2] =250 (2]}
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First, using (4.6) and by substituting in (4.2), we have

[Z]
r) = Z €2; r2i+2a32i+1,2a(9) + €3T2a+3B4,2a(9)
i=0

ni n2 1]
2 p2i+20+2
— Y aiBigas1(0)r — Z boip1 T2 2 By 202 (6)

n3

- Z i 2B 501 3(0) — by 1?3 By 4 19(0) — dg 12T By 2a14(0)
i—0

|2 M .
it %0, 21+ 2a+ 2 it 90,
- Z b2i 7“2 +2 +1B2i,2a(0) + Z 727; T 1 bgi 7“2 +2 +1B2i+2,2a(0). (47)

=0 =0

= 2(22 + 20&)621' 1"2i+2a7132i+172a (9) + (20( + 3)63T2Q+ZB472()¢ (0)
=0

[221]

— Z 1+ 20é H_Qa IBZ 2o¢+1(9) — Z (22 + 2a + 2)b2i+1 T2i+2a+132i+1’2a+2 (9)
=0

ng
— Z(Z + 2o + Q)CiTi+2a+1Biy2a+3(9) — (2a + 3)[)27“20‘4_23272&4_2 (0) — (204 + S)d(l) T2a+2Bo)2a+4 (0)
1=0

_222+2a+1

%+ 1 227,21’—',—204((22» + 1)B2i,2a+2(9) — (20é + 1)Bgi+2’2a(9)). (48)

=0

In the next proposition we obtain
0
y(r,0) z/Fl(s,r) ds.
0

Proposition 4.1.

(%]
y(?", 0) _ €2 T22+2aA2i+1,2a (0) — Z aiAi,2a+1(9) T1+2a
i=0
(%] . ,
— boig17” P2 Agi g1 2a42(0) — Z cir'T T2 A 0015(0)
=0 =0
"
Z 22T () 4 eg208 () + dir2e T3 R(9), (4.9)
=0
where
1 a—1
Tz( ) = —2a T <B2i+1,2a71(6) + Z 72i,2aB2i+1,2a72l71(9))
1=1
02i,2a —
+ 5 (Bgi,m(G) + ZﬁQi,OB2i72l71,1(9)>
1=1
1 a—1
) <B2i+372a_1(9) + Z 721‘+2,2aB2i+3,2a—2l—1(0)>

=1
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a+i+1 ‘
— < 024220 (B2i+1,1(9) + E 772¢+2,032¢—2l+1,1(9)>,
(20 4+1)(i+1) —

3
2a+1)(2a+4)

(33,2a—1(9) + Z 72,2a+2B3,2a—2l—1(9))

=1

S(0) =

a—1

5 ! (35,20171(9) + ; 74,2(135,2(172171(9))

C22a+1) Bra(9) - (20 + 4)

4 Yo (Bl 1(0) + H (Bsa(6) — 3173(6»)’

2 4

R(0) = (2a +3) { - m <B3,2a—1(9) + ;V2,2a+233,2a—21—1(9)) + 52,22(1+2B1,1(0)]
1 atl -
“Zatd <B1,2a+3(9) + ; ’70,204+4Bl,2a72l+3(9))5
with
2a—1)(2a—3) - (2a—20+1)
T2 = ot i—2)2a+i—4) - (2a+i—2l)’

200 —1)2a—3)---1
Cat+i)2ati—2)-(i+2)’
(20 —1)(2i —3) - (2 — 21 + 1)

52’,204 -

TR0 TG )i —2) - (i 1)
Proof. We have
2t + 20+ 2 3
T;(0) = Agi2q(0) — ol Asiy224(0), S(0) = As2.(6) — a1 Az 2042(0)

and
R(0) = (2a + 3) A2.20+2(0) — Ao 20+4(0).

Take into account that

1 (2 20+ 2a+2 3 1 1
02 20 2 ( ; > T 02i+2,2a = 0, %13 02,2042 (5 9) + 94,24 (5 9) =0
and 20 +3 (20 + 3)!
o+ o+ 3)!!
02 24 ————09=0.
220020 = o o ! =0
Thus Proposition 4.1 follows. O
Now, we determine the corresponding function
Fao(r) = Fy(r) + Fiy(r)
with
2m 2m
Fyo(r) = i/QF 0,7)y(0,7)d0 and F3(r) = i/F (0,7)do
20 - o or 10, 1)y, 20 - 2 2\Y, .
0 0

In order to obtain Fi,(r), it is necessary to evaluate the integrals of the form

2

/Bp,q(e)Ai,j(Q) de.

0

In the following lemma, we compute these integrals.



40 Nassima Debz, Amel Boulfoul, Abdelhak Berkane

Lemma 4.1. Let
27

B35,(27) = [ Bya(6).41,(6) db.
0

Then the following equalities hold:
(a) The integral ®2IF12*(2m) is zero if p is odd or q is even and it is equal to

a—1

(Ap+2j+2,q+2a71 (27T)+ZV?]’«H,2aAp+2j+2,q+2a72l71 (27T)) +02j41,2a @270 (27),
=1

1
20425 +1

where

5110 (2r)
! & 2PN -D)
= Ap+2j,9+1(2 Apr2i—o1-2,g+1(2
2j+1< pr2iati( 7T)Jrg(2]'_1)(2j_3)...(2j_21_1) p+2j-21-2,0+1( 77)),

if p is even and q is odd.
(b) The integral ®27:2*T1(2m) is zero if p is even or q is odd and it is equal to

1 a—1

(Ap+2j+17q+2a(277) +y 52j72a+1f4p+2j+17q+2a—2l(QW))7

2042541 1:1

where
2lafa—1)- - (a—1+1)
200425 —1)(2a+25—-3) - 2+ 25 — 21+ 1)’

B2j20+1 = (
if p is odd and q is even.

(¢) The integral ®29F12+1(2m) is zero if p is even or q is odd and it is equal to

a—1
1
e (Ayiaiingiaa(2 ot A o a,z),
200+ 2j + 2 ( p+2j+2,g+2a( W)Jr;ﬁzﬁu +1Ap42j42,g+2a+q—21(27)

where
2lafa—1) - (a—1+1)

20+2))(20+2j —2) - 20 +2j — 2 +2)

B2j+1,2a+1 = (

if p and q are both even.

(f) The integral

2m
, . 2 +20+2
Sy (2m) = [ Bya(6)73(6) do = @2 (2m) - A g om)
0

is zero if either p or q is even and it is equal to

1 a—1
ST (Ap+2j+1,q+2a—1(27r) + ; 72j,2aAp+2j+1,q+2a—21—1(27r)>
o -1
+ 25320 (Ap+21—1,q+1(27r) + Znzj,oAp+2j_zz_1,q+1(27r))

=1
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a—1

1

+ 541 (Ap+2j+3,q+2a71(27f) +> 72j+2,2a14p+2j+3,q+2a72171(27T))
=1

a+j+1 J
— s T 02i+2,2a (Ap+2j+1,q+1(27f) +y° 772j+2,0Ap+2j72171,q+1(27T))
2i+1)0+1) —

if p and q are both odd.

(g) The integral

27
[e% « 3 « «
T, (2m) = / Byq(0)S(6) df = &2 (27) — a1 2222 (2m)
0

is zero if either p or q is even and it is equal to

(e

G (
Aptagroa—(2m) +) 7272a+2f4p+3,q+2a72l71(277))
2a+1)(2a+4) —
3 1 =
T 3@at D) Apt1,g+1(2m) — ) (Ap+5,q+2a—1(27f) +> ’74,2aAp+5,q+2a—1(27f))
=1

04,24 1
+ 222 (Aprr g1 (2m) + 7 (Apragsa (2m) = Aprrg(27))

if p and q are both odd.
(h) The integral

2m
Ue,(2m) = / By g(0)R(6) d6 = (20 + 3)®227+2(27) — G020+ (97r)
0

is zero if either p or q is even and it is equal to

(2a+3) [ - ﬁ (AP+3,Q+20¢+1(27T>

(0%
1)
+> 72,2a+2Ap+3,q+2a—2l+1(27T)> + 2’2;+2 Ap+1,q+1(277)}

1=1
1 a+1
_ m (Ap+1,q+2a+3(277) + Z 7072a+4Ap+1,q+2a72l+3(2ﬂ'>)
=1
if p and q are both odd.
Proof. The six equalities are easily deduced by direct calculation (for more details see [7]). O

Lemma 4.2. The integral F),(r) is given by

g

(5] [%] (3] %]
27TF210(7‘) _ Hil,j,a (27T),r,2i+2j+4a—1 + ];I2 . a(27r) 2i4+2j+4a+1

=0 j=0 =0 j=0

(™11 (%3]
+ Z 271_ 27,+4a+3+ Z 2’/T) 2i+4a+5
=0
(5] [*2%5] (M52 p
+ Hz ' Q(Qﬂ_) 2i+2j+4a+1 + Z Z H & a 2z+2j+4a+1

i=0 j=0 =0 45=0
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ng—1qyrn ng—1
(=115 (=] w

+ Z ng’a(Qﬁ)T2i+2j+4a+3 + Z Zng,a(Qﬂ)T2i+2j+4a+37 (410)
i=0 j=0 i=1 ;=0
where

H}, ,(27) = azes; ( — (20 + 20) 457 5070 (2m) — (25 + 2a)¢§§ﬁf{fg;(2ﬁ)),
HE, o(2m) = eniea; (= (20 + 20+ 2063 1075 (2m) — (27 + 200633055 (2m) ).
H} o (2m) = aziga |20+ 3) (dh (635077 2m) — (20 + 3)03 515 (2m)
. 3 .
2i+1,2a+1 2i+1,2a+1
+ 63( 4,;; * (2m) — m%,;mrz * (27))>
+ (20 + 20+ 1)(d(1JU§i+l,2a+l(27T) - 63T2o§+1,2a+1<27r)):|’
H2, (27) = caien |20+ 3) (db (62,202 (2m) — (20 + 3)63 50557 (2m)
. 3 .
2i+1,204-3 2i+1,204-3
(0352 2m) — S el em)) )
+ (20 + 20+ 3)(d(1)U§i+1,2a+3(277> - 63T202+1,2a+3(27r)):| )

H?; ,(21) = agibaji ((Qz' +20)p5 50202 (2m) + (25 + 20+ 2) 57 T b +2(2@),

Hij,a@”) = a2i11b2; ((% + 20+ 1)55%i1,2a+1 (2m)
2j + 20 +1

2j 41
Hpj o (27) = baiyaca; ((22' + 200+ 2)¢5T a0 o (27) + (25 + 20 + 2)¢§§gzi°§“<2w)),

((27 + 13525 2m) — 20+ Db 2m) ),

HE ;,0(27) = caisaba; (20 + 20+ 3)SE5 50 a(27)
2j+2a+1 . ; 120
et (@ DeRLAs T en) - ot eg iR em)),

Proof. From (4.8) and (4.9), we have

2mFyy (1) = My(r) + Ma(r) + Ms(r) + My(r) + Ms(r) + Mg(r) + Mz(r),

where
2m (2] _
My (’/‘) = (21 + 2()()62i7‘2l+2a71B2i+1,2a (9)3/(0, ’I“) dt9,
1=0
MQ (’I‘) = (20& + 3)637’2a+2 (B4 2 (0) — 3 )B2 2 2(0)y(0 ’I") do
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Mg (T) = —(2a + 3)d(1)7‘2a+2 (Bo7ga+4(9) — (2a + 3)Bg’za+2 (9))y(9, 7‘) d0,

o\:‘m

and

27
2’ 2 1 .
/ ! +_ at bQiTQH_Qa <(2’L + 1>B2i 2a+2(9) — (2a + 1)Bgi+2 QQ(Q))y(& T) d9

2t+1 ’ ’
0

=0

By using Lemma 4.1, we find that from the 49 products between the different sums only 20 will not
be zero after the integration with respect to € between 0 and 27. So, the sum of all these terms gives

us polynomial (4.10). Hence Lemma 4.2 is proved. O
Lemma 4.3. The integral F3,(r) is given by
(51
27TF20 Z Ml 27'(' 2i4+2a+1 Z 271' 2z+2a+1_|_M3(2ﬂ_) 200+3
=0
11%] 211%]
22 2j+4a—1 21 2j+4a+1
+ZZ Lja(2m)rtE +ZZ NG
=0 7=0 1=0 7=0
[ra-t 1 [713—1]
+ Z 27‘(’ 21+4a+3+ Z 27‘(’) 2i+4a+5
=0
(]2 11 (M=
2i+2j+4a+1 2z+2 +4a+1
+ Ja (2m)r= + Z Z ig,al !
=0 75=0 =0 j=0
(21 151 (%3]
+ Z zga 27‘() 2'L+2j+4a+3+ Z Z z]a 2'L+2j+4a+3 (411)
=1 j=0
where
20+ 1
M, (2m) = ———— v3i11 A2 24(27),
i,a(27) Trag tride (2m)
200+ 1
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<2ia+z’—12a—4a2—8A 2 )>]
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27
Proof. First, we calculate [ I(r,0)df:
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For an explicit expression of the [ II(r,0)df, using first (4.6) and substituting in (4.5), we have
0
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From the 42 products between the different sums only 18 will not be zero after the integration

2m
with respect to 6 between 0 and 27. So, the terms of [ II(r,6)d# which will contribute to Fi,(r) are
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2
We have that the sum of the integral [ I(r,)df and the integrals from (by) to (bis) is the polynomial
0

(4.11). Hence Lemma 4.3 is proved. O
Finally, we obtain that Fyq(r) is a polynomial in the variable r? of the form
27TF20(7‘) = ,,,2a+1 [Pl(T’Z) + ’I"QPQ(T‘Q) + T4P3(T2)],

where P;(r?), Py(r?) and P3(r?) are polynomials in the variable 72 of degree, respectively,

Alzmax{{m} + {m_l} +a, [E} + [@} ~1+a, [%} + {@} +a, [@}7

2 2 2 2 2 2 2
m—1 ny—1
{ 2 }[ 2 }JF“JFO"I}’
ny —1 ng — 1 n ny — 1
AQ_maX{[lz } ’[22 }Jr[?S]“L ’{32 }“L“JFO‘}’
-1
A3:|:n3 :|+Oé

Then to find the real positive roots of Fhy(r) we have to find the zeros of a polynomial in 72 of degree
A = max {Al, Ao +1,A3+ 2}

We conclude that Fyg(r) has at most A positive roots. Hence statement (b) of Theorem 1.1 follows.

Example
The computations of the following example have been obtained by using Maple.

We have m =2, no =2, n7, =1and ng = 1.
If o = 1, we consider system (1.3), where

373
ll(l‘):1+3I+I3, f1($)21+@93, gl(x):1+x—5x27 hl(x)zifi

br) =z +a2% fole) =, go(e) = -3+ "2 ho(x)=2, dj=1
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We have that Fjq is identically zero, so, to look for the limit cycles, we have to solve the equation
Fy0(r) = 0 which is equivalent to

3

=3 (r® — 147" 4 497% — 36).

Fgo(’f')

This equation has exactly three positive zeros.
If o = 2, we consider system (1.3), where

5 9005 1312 , 32 .
ll(x) 9 + 5z + 594 €, .fl (l’) 2097 z, g1 (1‘) +a—Tz ’ hl(x) 297 €T, dO ’
8
lo(x) = 1z + 22, folz) =2, go(z) = —1+ 2422 ho(x) =z, di= -

An easy computation shows that Fjp = 0 and
5

=% (r® — 30r° 4 273r* — 8201 + 576).

Fgo(’l")

This equation has exactly four positive zeros.
In [15], this system for @ = 0 has at most two positive zeros using the averaging theory of the
second order.
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