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EXISTENCE OF AN OPTIMAL ELEMENT FOR A CLASS
OF NEUTRAL OPTIMAL PROBLEMS



Abstract. In the paper, for an optimal problem containing neutral differential equation with two
types of control, whose right-hand side is linear with respect to the prehistory of the phase velocity,
the existence theorems of optimal element are proved. Under the element, we imply the collection of
delay parameters, initial vector and control functions.
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1 Introduction

In the present paper, we consider an optimal problem for the controlled neutral differential equation
i(t) = A(t,z(t), z(t — 0),v(t)i(t — o) + f(t,z(t), z(t — 7),u(t)), x(t) €R", tE€ [to,ts], (1.1)

with the initial condition
z(t) = (t), t<to, x(to)= o, (1.2)

where v(t) and u(t) are bounded piecewise continuous and measurable functions, respectively; ¢(t) is
an absolutely continuous initial function with |¢(t)| < const.

The neutral differential equation is a mathematical model of such a system whose behavior at
a given moment depends on the velocity and state of the system in the past. Many real processes
are described by neutral equations [1,3,4]. To illustrate this, here we consider a model of economic
growth.

Let p(t) be a quantity of a product produced at the moment ¢ expressed in monetary units. The
fundamental principle of economic growth has the form

p(t) = alt) +i(t), (1.3)

where a(t) is a quantity of money for the salaries and social programs; i(t) is a quantity of money for
the induced investment (purchase of new technologies, etc). We consider the case where the functions
a(t) and i(t) have the form

a(t) = a(t, p(t), u(t)), (1.4)
i(t) = B(t,p(t — 7),p(1), p(t — 7),A(t)) +B(t) + < (¢, p(t — 0),p(1), p(t — 0),0(t))p(t — o), (1.5)

where u(t) € [u1, u2] and ¥(t) € [01, V2] are control functions (investment from the government or from
the private firms), with uy > u; > 0 and v > v; > 0; v > 0 is a given number; § > 0,0 > 0and 7 > 0
are the so-called delays. Formula (1.5) shows that the value of investment at the moment ¢ depends:
on the quantity of money at the moments ¢ — 7 and ¢ — @ (in the past); on the velocity (production
current) at the moments ¢, t — 7 and ¢ — 0; on the acceleration at the moments ¢ and t — 0. From
formulas (1.3)—(1.5) we get the equation

0= [P0 =t p(0),T0) =3t p(t=7).p(0) 5 —7),5(0) =< (1. plt=6). 0). 5(1=0),5(0) it 0]
which is equivalent to the following controlled neutral equation:

@'(t) = 312(75),

#2(t) = 5 [wl(t) —alt,z'(t),a(t) = Bt a' (t —7),2%(t), 2> (t — 1), u(t)) (1.6)

(L, (t = 0),22(t), 2%(t - 0), 5(8) #*(t — o)

here, x1(t) = p(t).

In this paper, under an element we mean the collection of delay parameters 6, ¢ and 7, initial
vector xg, control functions v(t) and wu(t).

The essential novelty here is the existence theorem of an optimal element (6y,00,70, Zoo, Vo (- ),uo0( - ))
for the optimal problem containing equation (1.1), initial condition (1.2), the general boundary con-
ditions

¢ (0,0,7,10,2(t1)) =0, i=1,...,1,
and the functional
(0,0,7,z0,2(t;)) — min.

The existence theorems for various classes of neutral optimal problems with the fixed delay pa-
rameters are given in [5,7]. For the neutral optimal problems, where A(t, z(t), z(t — 0),v(t)) = A(t),
the existence theorems are proved in [8-10].

The paper is organized as follows. In Section 2, the main theorem and its corollaries are formulated.
In Section 3, some auxiliary assertions are given. The main Theorem is proved in Section 4.
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2 Statement of problem and the existence theorems

Let R™ be the n-dimensional vector space of points x = (x!,...,2™)T, where T means transposition;
let I = [tg,t1] be a fixed interval and let 3 > 6; > 0, o3 > 01 > 0, 72 > 71 > 0 be the given numbers
with ¢; — tg > 7 = max{fs, 03, 72}. Suppose that O C R" is an open set and V' C R™ and U C R"
are compact sets; the n x n-dimensional matrix function A(t, z, y, v) satisfies the standard conditions:
it is continuous on the set I x O? x V and continuously differentiable with respect to 2 and ¥; the
function

f(t7 :L’, y? u) = (fl(t7 ',1:7 y’ u)? ctt fn(t7‘r7y7 u))T

satisfies the standard conditions on the set I x O? x U; further, denote by A = A(I,V,k, L) the set
of piecewise continuous functions v : I — V satisfying the conditions:

(a) for each function v(-) € A, there exists a partition
tozfo < - <§k+1 =1t

of the interval I such that the restriction of the function v(t) satisfies the Lipschitz condition on
the open interval (&;,&41),1=0,...,k, ie.,

[o(t") — o) < LI —t"|, V', t" € (&,&41), i=0,...,k;

(b) the numbers k£ and L do not depend on v(-).

By Q@ = Q(I,U) we denote the set of measurable functions u : I — U. Let
qi : [91,92] X [0’1,0’2} X [Tl,TQ] x Xg x O —>R1, iZO,...,l,

be continuous functions, where Xy C O is a compact set.
To each element

w=(0,0,7,20,v(),u(-)) € W =1[01,0s] X [01,02] X [11,T2] X Xo X A X
we assign the neutral differential equation
i(t) = A(t,z(t),z(t — 0),v(t))i(t — o) + f(t,z(t), z(t — 7),u(t)), t €I, (2.1)

with the initial condition
xz(t) = p(t), t € [to—T,t0), z(to) = o, (2.2)
where ¢ : [to — T, to] = O is a given absolutely continuous function with |p(¢)| < const.

Definition 2.1. Let w = (0,0, 7,20,v(),u(-)) € W. A function z(t) = z(t;w) € O, t € [, =
[to—T, 1], is called a solution corresponding to the element w if it satisfies condition (2.2), is absolutely
continuous on the interval I and satisfies equation (2.1) almost everywhere (a.e.) on I.

Definition 2.2. An element w € W is said to be admissible if there exists a corresponding solution
z(t) = x(t; w) satisfying the condition

q(0,0,7,20,2(t1)) =0, (2.3)
where ¢ = (¢',...,¢").
We denote the set of admissible elements by W,. Now we consider the functional
J(w) = ¢°(0, 0,7, 20, x(t1;w)).
Definition 2.3. An element wo = (0o, 00, To, oo, vo( - ), ua(-)) € Wy is said to be optimal if

J(wg) = wienvf/o J(w). (2.4)

(2.1)—(2.4) is called the neutral optimal problem.
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Theorem 2.1. There exists an optimal element wy € Wy if the following conditions hold:
2.1. WO 7& @,’
2.2. there exists a compact set K C O such that for an arbitrary w € Wy,

z(tiw) e K, tel;

2.3. for each fized (t,x,y) € I x K2, the set
G(t,xz,y) = {ft:z:,y,):uEU}
s convez.

Remark 2.1. Let U be a convex set and

ft,z,y,u) = B(t,z,y) + Ct,z,y)u.
Then condition 2.3 of Theorem 2.1 holds.
Now we consider the optimal problem with the integral functional and with fixed ends
i(t) = A(t,z(t),z(t — 0),v(t))@(t — o) + f(t,z(t), z(t — 7),u(t)), t €I,

z(t) = p(t), tE€[to—T,t0), =(to) =z0, =(t1)=2z1,

/ [ao (t,2(t), z(t — 0),v(t))a(t — o) + £O(t,x(t), a(t — 7), u(t))} dt — min .

to

Here, a®(t,z,y,v) : I x O?> x V.— R™ and f°(t,z,y,u) : [ x O? x U — R! are continuous functions,
o, 1 € O are fixed points.
Evidently, this problem is equivalent to the following problem:

i0(t) = a®(t, z(t), 2(t — 0),v(t))i(t — o) + fO(t,z(t), z(t — 7),u(t)),
i(t) = A(t,z(t), z(t — 0),0(t)@(t — o) + f(t, z(t), z(t — 7),u(t
(tg) =0, x(t) =(t), tE€[to—T,t), x(to) =m0, x(t

2°(t;) — min,

which is a particular case to the similar problem (2.1)—(2.4) in the space R!*". For the last posed
neutral optimal problem, by Zy we denote the set of admissible elements z = (6,0, 7,v(-),u(-)) €
Z = [01,02] X [01,02] X [11,72] X A x Q and by zo = (6o, 00,00, v0(+),uo(-)) we denote an optimal
element (see Definitions 2.2 and 2.3). Let us introduce the function F = (f°, ).

Theorem 2.2. There exists an optimal element zg € Zy if the following conditions hold:

2.4. Zy # ;

2.5. there exists a compact set Kqg C R! x O such that for an arbitrary z € Z,,

(2%(t; 2), z(t; 2))T € Ko, t € [to, t1];

2.6. for each fized (t,x,y) € I x K&, the set
{F(t,x,ym) D u € U}

s conver.
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Theorem 2.2 follows from a theorem similar to Theorem 2.1 formulated for the space R'*".
Now we consider the optimal problem for the economic growth model (1.6) with the initial condition

gl(t) = ¢ (1), 2*(t) = (1), tE[to—T to), ='(to) =g, 2°(to) =a}

and with the functional
—z!(t1) — min.

Here, ©!(t) and ¢?(t) are absolutely continuous functions with |¢! ()| < const and [p?(t)| < const;
x} and 23 are the fixed numbers. It is assumed that the functions involving in equation (1.6) satisfy
the standard conditions on the corresponding sets. In this case, by Ey we denote the set of admissible
elements

e=(0,0,1,0(-),u(-)) € E=[01,02] X [01,02] X [11,T2] X A(I, [V1, V2], ko, Lo) x QI [u1, Us])
and by eg = (6o, 00,60, U0( ), Uo(-)) we denote the optimal element.
Theorem 2.3. There exists an optimal element ey € Ey if the following conditions hold:
2.7. By # 2;
2.8. there exists a compact set K; C R such that for an arbitrary e € Ey,

2 (t;e) € Ky, te;

2.9. for each fized (t,x', 22, y',y?) € I x K¢, the set
{Oé(t,:tl,a) +B(t,y1,x2,y2,ﬂ) L € [a17a2]}
1S convez.

It is clear that Theorem 2.3 is a simple corollary of Theorem 2.1.

3 Auxiliary assertions

Theorem 3.1. Let v;(-) € A,j = 1,2,.... Then there exists a subsequence of the sequence
{vi(+)}521 such that it converges to a function vo(-) € A for each t € I, except for not more
than k points.

Proof. By assumption, the function v;(t), ¢t € ( f, fﬂ), satisfies the Lipschitz condition with fg =to,
&1 = t1 (see conditions (a) and (b) in the previous section). By virtue of the Cauchy criterion, from
this follows the existence of one-sided limits

lim v;(t)=v;,, i=1,...,(k+1), lim vjt)=v,, i=0,...,k.

- 1,27 -
t—&l — a t—&l+
On the interval I, we set the continuous function

v, to<t<ée,

5
95.(t) = Qui(0), te (€.6),
v &y <t<t,
and the piecewise continuous function
k—1
95 () =Y x(16,60,1)) 954 (0) + x (8 61, €144 )) 25 (1)
i=0

Here, x(t; In) denotes the characteristic function of an interval I.
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Obviously, o
U5(t) = 9;4(t) = v;(t), t € (&, &), 3.1)

therefore, ¥;(-) € A.
For each fixed i = 0,..., k, the sequence {1J;;(t)}32, satisfies the conditions

05:(t) € K, tel; |9,(t') —0;:(t")| < LIt —t"|, Vt', " € 1.

Therefore, for each fixed ¢ =0, ..., k, the sequence {9, (¢) 52 is uniformly bounded and equicontin-
uous on /. Thus, by virtue of the Arzela—Ascoli lemma, from {9, ;(¢)}72; we can pick out a uniformly
convergent subsequence and again denote it by {1, (¢)}52;.
Thus
lim 9¥;,(t) = ¢;(t) uniformly for ¢ € I
J]—0
and v;(t) satisfies the Lipshitz condition with the constant L.
Without loss of generality, we assume that

lim & =¢;, i=1,...,k

Jj—o00
Consequently, we have
jlgrglox(t; €l.60)) = jlij)lox(t; [t €1)) = x(t; [0, 1)),

and
Jim x(t 1€, €.)) = Jim X (1€ t1]) = x (£ &, Erral), t # &

It is not difficult to see that

k—1
jli{go V;(t) = Jo(t) = Zx(t; €6, 1)) i) 4+ X (& €k Epta]) Yr(2)
1=0

for each t € I except for not more than k points &;, ¢ = 1,...,k, besides ¥g(-) € A. Taking into
account (3.1), we can conclude that

lim v;(t) =vo(t) :=9(t), tel, t#&, i=1,... k. O

J—00

Theorem 3.2. Let x;(t) K,te L, i=1,2..., be a solution corresponding to the element
w; = (Gi,di,Ti,.TQi,Ui('),Ui(')) € W, 1= 1,2,. ce and

lim o; = 0p. (3.2)
1—> 00

Then there exists a number M > 0 such that for a sufficiently large i,
|Z:(t)] < M, t €, i>io. (3.3)

Proof. Let t € [to — T,to), then |z;(t)] = |¢(t)] < My = const. It is not difficult to see that for a
sufficiently large 7o, we have

t1 —1 t1 —t
CET U
ag; ago
(see (3.2)), i.e.,
to+d0’i<t1<t0+(d+1)0'i,

where [« means the integer part of a number a.
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If t € [to,to + 0y), then
|2:(t)] = ‘A(tvmi(t)vxi(t = 0:),0i(1) @t — 0i) + f (8 a(t), wi(t — Ti)»ui(t))‘ <|[A|Mo + N = M,
where
JAll = sup {JA(t, 2, y,0)|+ (6,2,,0) € T x K x (K Ug(lto -7, 1)), V) |,

N = sup {|f(tz, g w)l : (ba,y,u) € Tx K x (K Up(to — 7,t0]), U) }.

Let t € [to + o4, to + 20;), then
(0] < JA] 74t — 03)| + N < [JAIMy + N = M.
Continuing this process, we obtain
i3 () < JAIM;_1 + N = M;, t€[to+ (j— Dowto+joi), j=3,....d.
Moreover, if tg + do; < ty, then we have
|2:(t)| < Mgy1, t € [to+ doji,ta].
It is clear that for M = max{My, ..., M441} condition (3.3) is fulfilled. O
Theorem 3.3 ([2,6]). Let g(t,u) € R™ be a continuous function on the set I x U and let the set
G(t)={g(t,u): wueU}

be conver and
gi(-) € Li(I), ¢i(t) e G(t) ae. onl, i=1,2,....

Moreover,
lim g;(t) = g(t) weakly on I.
11— 00
Then
g(t) € G(t) a.e. onl

and there exists a measurable function u(t) € U, t € I such that

g(t,u(t)) = g(t) a.e. onl.

4 Proof of Theorem 2.1

Let
w; = (givaiaTivaivvi(')7“4(')) S W07 1= 1727"' }

be a minimizing sequence, i.e.,
lim J(w;) =J = inf J(w).

1— 00 weWy
Without loss of generality, we assume that

lim 0; =60y, lim o; =09, lim 7, =17, lim xg; = Too
i—00 1—00 1—00 1—00

and
lim v;(t) = vo(t)

i—00

for each t € I, except for not more than k points.
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Let x;(t), t € I1, be a solution corresponding to the element w; € Wy. By assumption, z;(t) = ¢(t),
t € [to—T,t0), and z;(t) € K, t € I. For Vt',t" € I, we have

t/
|z (1) — 2 (t")] < '/a’ci(tﬂdt‘ <Mt —t"|, i >

!

(see Theorem (3.2)).

The sequence z;(t), t € I, i > i, is uniformly bounded and equicontinuous. By the Arzela—Ascoli
lemma, from this sequence we can extract a subsequence, which will again be denoted by x;(t), i > 4o,
such that

lim x;(t) = yo(t) uniformly in I.

i—00

Thus
lim z;(t) = zo(t) uniformly in I,
1—> 00

where

. (p(t), t e [t() — ?, t0)7
@o(t) = {yo(t), tel.

Further, by the Dunford—Pettis theorem, from the sequence @;(-) € Li(I1), i > ip, we can extract a
subsequence, which will again be denoted by #;(t), ¢ > ig, such that

lim ;(t) = v(t) weakly in I;.

1—> 00

Obviously, on the interval I, we get

1—00

¢ ¢
xo(t) = lim z;(¢) = lim {xm + /x,(s) ds} = 2o + /'y(s) ds.
1—> 00
to to

Thus zo(t) = y(¢), i.e.,
lim @;(t) = &o(t) weakly in I.
1—00
We have
xi(t)::vori-zli(t)—i—zm(t), tel, 1>, (4.1)

where

t

z14(t) = /A(s,xi(s),xi(s - Gi),vi(s));ti(s —0y), zu(t) = /f(s, xi(8), zi(s — 70), ul(s)) ds.

to
First of all, we transform the expression z1;(t) for ¢ € I and obtain
214(t) = 23,(t) + 24,

where
z%l(t) = / [A(swi(s),xi(s — 9i),vi(s)) — A(&xo(s), xo(s — 90)71)0(3))}@(5 —0;)ds

and
t

2(t) = /A(S,xo(s)’xo(s —60),v0(s))di(s — 0;) ds.

to
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It is not difficult to see that

lim [A(s,zi(s),xi(s — 9@),%’(5)) - A(S,IO(S),xo(S - 90)700(3))} =0

1—00

a.e. on I and
lim &;(s — 0;) = @o(t — 0¢), weakly in I.

11— 00
Therefore,
71— 00
t
lim 2%(t) = /A(s,a:o(s),xo(s - 00),1)0(5))500(5) ds.
11— 00
to
Thus
t
lim zy;(t) = /A(s, zo(s), zo(s — 6o),vo(s))do(s — 00) ds. (4.2)
1—> 00

to
Now we transform the expression zo;(¢) for ¢t € I and get
224(t) = 23,(t) + 25;(1),

where

za () = /f(s,:co(s),xo(s - 'ro),ui(s)) ds

and

23.(t) = / {f(s,xi(s),xi(s — Tl),ul(s)) - f(s,xo(s),xo(s - To),ui(s))} ds.

From the sequence
fils] = f(s,xo(s),xo(s — To),ui(s)) € G(s,zo(s),xzo(s —10)), @ >19, s€I,
we extract a subsequence, which will again be denoted by f;[s], ¢ > i, such that

lim f;[s] = fols] weakly in the space Li(I).
1—> 00
By Theorem 3.3,
fols] € G(s,20(s), z0(s — 70))

and there exists a function ug(-) € Q such that

fols] = f(s,20(s), o(s — 70), uo(s)).

Consequently,
¢ ¢

lliglo 23:(t) = /fo[s] ds = /f(s,xo(s),aro(s —7),uo(s)) ds. (4.3)

Next,
lim [f(s,xi(s),xi(s —7),u) — f(s,z0(s), zo(s — To),u):| =0

1—00

a.e. for s € I and uniformly for u € U, i.e.,

lim 22,(t) =0, tel.
1—> 00
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Thus

1—00

lim z9,(t) = /f(s, 2o(s), zo(s — 7),uo(s)) ds. (4.4)

From (4.1), taking into account (4.2)—(4.4), we obtain

'lim .’L’i(t) = Jfo(t)

1—00
t

= oo +/ [A(S>$0(3)a$(8 —00),v0(s)) (s — 00) + f (s, x0(s), zo(s — T)aUO(s))] ds, tel.

to

The function zo(t), t € I, on the interval [tg — 7, to] satisfies the initial condition
{E()(t) = gﬂ(t), t e [t() -7, to), LU()(t()) = 200,

and on the interval [tg, t1] satisfies the differential equation
do(t) = A(t, zo(t), zo(t — 00),vo(t))Lo(t — 00) + f(E, xo(t), zo(t — 70), uo(t)).
Clearly, the function z((t) is the solution corresponding to the element
wo = (o, 00, 0, Too, Vo (- ), uo(-)) € W

and satisfying the condition
q(6o, 70, 70, Too, To(t1)) = 0,
i.e., wy € Wy and xo(t) = x(t; wp). Moreover,
J = 11_1}{.10 ¢°(0i, 04, 7 woi, 23 (t1)) = q°(80, 00, 70, Too, To(t1)) = J(wo).

Thus the optimality of the element wg is proved.
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