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1 Statement of the problem and formulation
of the main results

The Cauchy problem for ordinary differential and functional differential equations has been studied in
sufficient detail for both regular case and the case where these equations have nonintegrable singularity
in an independent variable at the initial point (see [1-8] and the references therein). In [9], optimal
sufficient conditions are established for the solvability of that problem for singular in phase variables
higher order differential equations. As for singular in phase variables functional differential equations
and, namely, for delay differential equations, for them the Cauchy problem still remains unstudied.
The present paper is devoted to filling this existing gap.

We use the following notation.
m

ul =1 for p €] —1,0], and p! = [] (@ + po) for 4 = m + po, where o €10,1[, and m is a
nonnegative integer; =

R, =1[0,400[; R, 4+ =]0,+00[;

L([a, b)) is the space of Lebesgue integrable on [a, b] real functions, while Lj,.(]a,b]) is the space of
real functions which are integrable on [a + €, b] for any € €]0,b — a[;

C™([a,b]) is the space of m-times continuously differentiable on [a,b] real functions whose mth
order derivative is absolutely continuous.

We study the delay differential equation
u™(t) = f(tu(ri(t)), ..., ul" "D (m(1))) (1.1)

with the weighted initial conditions

(i=1) (¢
lim sup 4 ®)

Here f :]a,b[ xR, — R, is a measurable in the first and continuous in the last n arguments function,
7 ¢ [a, 0] = [a,b] (i =1,...,n) are continuous functions satisfying the inequalities

a<Tti(t)<t for a<t<b (i=1,...,n), (1.3)
and « is a positive constant.

An important particular case of Eq. (1.1) is the differential equation
u(t) = 3 (pa(tut D () + (O 0) ) + o), (1.4)
i=1
with nonnegative coefficients p; € Lio(]a,b]) (i = 1,...,n), ¢ € L([a,b]) (: = 0,...,n), and with
positive exponents A; (1 =1,...,n).
A function u € C""1([a, b]) is said to be a solution of Eq. (1.1) if it satisfies the inequalities

wV#) >0 for a<t<b (i=1,...,n), (1.5)

and satisfies Eq. (1.1) almost everywhere on a,b[. A solution of Eq. (1.1), satisfying the initial
conditions (1.2), is said to be a solution of problem (1.1), (1.2).
For an arbitrary function ¢ € L([a,b]) we put
¢

1 n—i .
wilq)(t) = m/(t—s) g(s)ds (i=1,...,n), (1.6)

a

D, = {(t,zl, e y) s a<t<b wi(q)(n(t) <z <H00,...,wu(q)(Tn(t)) <z, < +oo}. (1.7)

Theorems proved below on the solvability and unique solvability of problem (1.1),(1.2) concern
the cases when there exists a nonnegative function ¢ € L([a, b]) such that the function f in the domain
Ja, b xR, admits the lower estimate

flt,x, .. xn) > q(t), (1.8)
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and on the domain D, either admits the upper estimate
n
flt,xy,. .. Z )i + qolt), (1.9)
or satisfies the Lipschitz condition
n
|f(t 21, xn) — fGyn, )| < Zpi(t”% - ¥il- (1.10)
i=1

The solvability and unsolvability of the above-mentioned problems are investigated separately in
the cases where the function f in the domain Ja,b[ xR” , admits one of the following two estimates

q(t) < ftan, ) <Y ()i + 487 ) + qo(t), (1.11)
i=1
n
Fltr,mn) =) (pit)zi + @t ™) + qolt). (1.12)
i=1
Here and everywhere below it is assumed that X\; (i = 1,...,n) are positive constants, p; €

Lioe(la, b)) (i=1,...,n), ¢; € L([a,b]) (i =0,...,n), ¢ € L([a,b]) are nonnegative functions, and
t
/q(s)ds>0 for a <t <b.

a

Theorem 1.1. Let the function f in the domain |a,b[ xR" , admit estimate (1.8), and on the domain
D, admit estimate (1.9). If, moreover,

t—a n—1i+a)l
a

lim sup (é (OW /t(ﬂ(s) —a)" ", (s) ds) <1, (1.13)

t

lirtnj?p <(t - a)*o‘/qo(s) ds> < 400, (1.14)

then problem (1.1),(1.2) has at least one solution.

Corollary 1.1. Let the function f in the domain |a,b[ xR" , admit estimate (1.11), and let inequality
(1.13) hold. Let, moreover, there exist a number > o such that

t

lim inf ((t— a)—ﬁ/q(s) ds) >0, (1.15)

t—a
a

t

lim sup <(t - a)_o‘/ (i(n(s) — q)~ (=B g () + qo(S)) ds> < +o0. (1.16)

t—a i—1

Then problem (1.1),(1.2) has at least one solution.

The restrictions imposed on the function f in Theorem 1.1 and its corollary are optimal in a certain
sense. The following theorem is valid.

Theorem 1.2. Let the function f in the domain |a,b[ xR, admit estimate (1.12), and let, moreover,
either the condition

t

lim sup ( (t—a)~ / — )~ (TG (5) + go(s )) ds) = 400 (1.17)

t—a
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hold, or there exist numbers by € la,b] and 6 > 0 such that in the interval |a,bo] the inequalities

n t t

al(t —a)”® n—i+a —a
; (n(—i—i-)oz)! /(TZ(S) —a) + pi(s)ds>1, (t—a) /QO(S) ds > § (1.18)

a a
are fulfilled. Then problem (1.1),(1.2) has no solution.

The following two corollaries of Theorems 1.1 and 1.2 contain conditions guaranteeing, respectively,
the solvability and unsolvability of problem (1.4), (1.2).

Corollary 1.2. If for some 8 > « along with the conditon
t

hminf((t—a)—ﬁ/qo(s) ds) >0 (1.19)

t—a
a

inequalities (1.13) and (1.16) are satisfied, then problem (1.4), (1.2) has at least one solution. And if
condition (1.17) holds, or for some by €la,b] and § > 0 in the interval |a, by] inequalities (1.18) are
satisfied, then problem (1.4),(1.2) has no solution.

Corollary 1.3. Let

t—a

¢

lim inf ((t - a)_o‘/qo(s) ds) >0, (1.20)
a

and let there exist numbers by € la,b] and € > 0 such that the equality

253<(C¥__1ﬂ!<Txt>—-a>"i*azn<t>::£<t—-a>“1 (1.21)

P n—1i+a)

is satisfied almost everywhere on |a,bo[. Then for problem (1.4),(1.2) to be solvable, it is necessary
and sufficient that the inequalities

t—a

¢< 1, limsup ((t - a)_a/ (i(n(s) —a)”(PTIEON g (5) + qa(s)) ds) < 400 (1.22)

hold.

The last theorem of this section and its corollaries concern the unique solvability of problems
(1.1),(1.2) and (1.4), (1.2).

Theorem 1.3. Let the function f in the domain Ja,b[ xR? . admit estimate (1.8), and on the domain
D, satisfy the Lipschitz condition (1.10). If, moreover,

t—a

imsup (=) [ (5@, w07 (6)) ds) < +oc, (1.23)

and inequality (1.13) holds, then problem (1.1), (1.2) has a unique solution.

Corollary 1.4. Let for some 8 > « along with (1.19) the condition

lim (Zn:(t — a)_o‘ /(Ti(S) — a)_(n—i)ki—(l—i-)\i)ﬂ-‘roéqi(s) dS) =0 (1.24)

t—a .
i=1
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be satisfied. If, moreover, the functions p; (i = 1,...,n) satisfy inequality (1.13), then for problem
(1.4), (1.2) to be uniquely solvable, it is necessary and sufficient that the condition

¢
lim sup <(t —a)™® /qo(s) ds) < 400 (1.25)

t—a
a

hold.
Corollary 1.5. Let along with (1.20) the condition

n

fin (-0 / (7(5) — ) ) ds ) =0

i=1 a

be satisfied, and let there exist numbers by € la,b] and £ > 0 such that equality (1.21) holds almost
everywhere on |a,bg[. Then for problem (1.4), (1.2) to be uniquely solvable, it is necessary and sufficient
that along with (1.25) the inequality

(<1

hold.
As an example, we consider the differential equation

Ay Sm Lol =@y (t—a)e < =
(t) Z(Ti(t)fa)” — +Z <n1 g et -a’T (.26)

i=1
where lg; >0 (i=1,...,n), m € {1,. n},nie{l,...,n}(z:l,...,m),ni<njfori<j,€i>0,
’yl>07ul>0(z—l,. )€0>052a.

For this equation, the following statements are valid.

Corollary 1.6. If f > «a (8 = «), then for problem (1.26),(1.2) to be solvable, it is sufficient
(necessary and sufficient) that the inequalities

iLﬁzm <1, (1.27)

be satisfied.
Corollary 1.7. If along with (1.27) the inequalities

i > (i =14+ B)pu; (i=1,...,m)
hold, then problem (1.26), (1.2) has a unique solution.

Remark 1.1. Conditions for the solvability (unique solvability) of the weighted initial value problem
in Theorem 1.1 (in Theorem 1.3) and its corollaries cover the case where the differential equation
under consideration has a singularity of inifinite order with respect to the time variable at the initial
point of the interval ]a,b[, i.e. the case, where

/f(t,(t—a)klxl,...,(t—a) ") dt =400 for k; >0, x; >0 (i=1,...,n). (1.28)

Indeed, let

Ti(t):a+eXp(*tL)(t7Q) for a<t<b (i=1,...,n),

n—1+a
fi(tvzla"'v ZEOZ tfal " leXP(( t—a ) )xz

m
o Vit \ _ .
—|—Z€i(t—a)7”+°‘ 1exp(—ﬁ)mnf’+€0(7§—a)ﬁ Lfor a<t<b (i=1,...,n),
i=1
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where r; (¢ = 1,...,n) are positive constants, and m, n;, v;, p; (i = 1,...,m), £, 5 are numbers,
satisfying the conditions of Corollary 1.6 (Corollary 1.7). Then condition (1.28) holds but nevertheless
problem (1.1),(1.2) has a unique solution.

2 Auxiliary propositions

In this section, we study the differential inequality

™ ()] < Zp )l (7i())] + qo(2), (2.1)

and the auxiliary differential equation

u™ () = folt,ulmi(#)),- .., u" "D (1)) (2.2)

with the weighted initial conditions

(i=1) (¢
lim sup v ®)]

Here, as in the first section, it is assumed that p; € Lio(Ja,b]) (i = 1,...,n), ¢o € L([a,b]) are
nonnegative functions, 7; : [a,b] — [a,b] (i =1,...,n) are continuous functlons satisfying inequalities
(1.3), and « is a positive constant. As for the functlon fo ]a, b xR™ — R, it is measurable in the
first argument, continuous in the last n arguments and in the domain ]a, b[ xR™ admits the estimate

|folt, 21, ...,z Z ()]s + qo(t). (2.4)

By a solution of problem (2.1),(2.3) (problem (2.2),(2.3)) we mean a function v € C"([a, b])
which satisfies the differential inequality (2.1) (the differential equation (2.2)) almost everywhere on
Ja,b[ and along with this satisfies the initial conditions (2.3).

2.1 Lemma on a priori estimate of solutions of problem (2.1),(2.3)

Lemma 2.1. If inequality (1.13) holds, then there exists a positive constant r such that for any non-
negative function qo € L([a,b]), satisfying condition (1.14), an arbitrary solution of problem (2.1), (2.3)
admits the estimates

WD) < )t - @) (= L) for a<t<b, (25)
where

v(qo) = sup {(t — a)o‘/tqo(s) ds: a<t< b}. (2.6)

a

Proof. In view of (1.13), there exist numbers by € ]a,b[ and § €]0, 1] such that

Z (O‘é'. /(Tl(s) —a)"" T pi(s)ds < 6(t —a)® for a <t < by. (2.7)

Put

r= 1% (blz):(jl)aexp <i/Wpi(s) ds). (2.8)



70 Ivan Kiguradze, Nino Partsvania

Let u be a solution of problem (2.1), (2.3). Then
p=sup{(t— a) V()] : a<t<by} < +oo,

D) < mww”ﬂ*a (= 1Looon) for a <t <ty

If along with these estimates we take into account notation (2.6) and condition (2.7), then from the
differential inequality (2.1) we find

t

(1 |<Z/pz O (sl ds+ [ aols)ds

a
t

<P<Z < '/ it (s )ds) (t—a)®v(go)<(t—a)*(dp + v(qo)) for a <t < by.
=1
Hence we get
p< T(%(%v
and, therefore,
WD < LA grmike 1) for a<t<b.  (29)

1-0)(n—i+ )

We introduce the function

t
'/t—sn 1|u”)( )| ds for a <t <b.

’U
It is clear that
=D ()] <otV (¢t) < (t(;_a);'_iv("_l)(t) (i=1,...,n) for a <t <D, (2.10)
» !
< Z/pi(s)w(i*l)(n(s)n ds + (b—a)*v(qo) for a <t <b. (2.11)
=1 a

By virtue of conditions (2.7), (2.9) and (2.10), from (2.11) we obtain

’U(n_l)(t) < :(EO(g( n

R / @Wm@)v(n-“(s) ds for by <t <b.

bo

According to the Gronwall-Bellman lemma, the last inequality yields

p=D (1) < (blf a)* v(qo eXP(Z/ e (n — 1)

—1

pi($) ds> for by <t <b.
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Thus
oY) < ru(go)(t —a)® for by <t < b,

where 7 is a number given by equality (2.8). The estimate obtained together with inequalities (2.9)
and (2.10) guarantees the validity of estimates (2.5), where r is a positive constant independent of the
functions qg and wu. O

Example 2.1. Let p; :]a,b[— Ry (i =1,...,n) be measurable functions satisfying the equality
- (Oé — 1)' n—ita a—
> s () = o)) = f(t = )
i=1 ’

almost everywhere on |a, b, where ¢ is a positive constant. Then for condition (1.13) to be satisfied,
it is necessary and sufficient that the inequality

l<1

hold. On the other hand, if £ > 1 and g9 € L([a,b]) is a nonnegative function, satisfying condition
(1.14), then for any ¢ > 0 the function

u(t) = c(t — a)" 11

is a solution of problem (2.1), (2.3). Consequently, there is no positive constant r such that an arbitrary
solution of problem (2.1), (2.3) admits estimates (2.5).

The above-given example shows that condition (1.13) in Lemma 2.1 is unimprovable and it cannot
be replaced by the condition

t

lim sup <§; m /(Ti(s) —a)" " pi(s) dS) <1

2.2 Lemma on the solvability of problem (2.2),(2.3)

Lemma 2.2. If along with (2.4) conditions (1.13) and (1.14) hold, then problem (2.2),(2.3) has at
least one solution.

Proof. Let r > 0 be a number appearing in Lemma 2.1. We introduce the functions
ri(t) = rv(qo)(ri(t) —a)" ™t (i=1,...,n),

PR for |z| < r;i(t) . "
wilt: ) {Ti(t)sgn(:c) for |z > r4(t) (i=1,....m),

fl(t,xl,...,l'n) = fO(tagpl(tvml)?' ..,cpn(t,xn)),

qi1(t) = qo(t) + Z i (t)pi(t),

and consider the initial value problem

e (t)=f1 (t, u(m(¢)),. .. 7u("fl)(m(t))), (2.12)
uwV(@)=0 (i=1,...,n). (2.13)

According to estimate (2.4), the function f; in the domain ]a,b[ xR™ admits the estimates

lfilt,zr, . zn)l < a(t), (2.14)

it 2, wa)| < pi()|wil + qo(t). (2.15)

i=1
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On the other hand, by conditions (1.13) and (1.14) we have

@1 € L([a, b)), (2.16)

lim sup <(t —a)"® j a1(s) ds> < +o0. (2.17)

By virtue of the Schauder principle, conditions (2.14) and (2.16) guarantee the solvability of
problem (2.12), (2.13). Let u be a solution of that problem. Then in view of (2.15), it is a solution of
the differential inequality (2.1) as well. On the other hand, due to (2.14) and (2.17) we have

o e < e (G2 [ (520) o)

lim sup

t

< lim sup ((t - a)fo‘/ql(s) ds) <400 (i=1,...,n).
t—a

Consequently, u is a solution of problem (2.1), (2.3).
By virtue of Lemma 2.1 and the choice of a number r, the function u admits estimates (2.5), i.e.,

WD (@) < ri(t) (i=1,...,n) for a<t<b.
Thus the equality
frltu(r(t), ... u" (1, (1)) = fo(t,ulri(t)),. .., u" V(7 (1))

holds almost everywhere on ]a, b[. Therefore, u is a solution of problem (2.2), (2.3). O

3 Proof of the main results

Proof of Theorem 1.1. Suppose

for = > w;(q)(7i(t)) (i=1 n)
) yee ey )

X, (t,z) = {wi(q)(%‘(t)) for = < w;(q)(7i(t))
fo(t,xh ceey aﬁn) = f(t>X1(tax1)a cr X <t’x”))'

In view of conditions (1.7)—(1.9), the function fy in the domain |a, b[ xR™ along with (2.4) admits the
estimate

folt,z1,...,zn) > q(). (3.1)

By Lemma 2.2, problem (2.2), (2.3) has a solution . In view of conditions (1.6) and (3.1), we have
V() > wi(q)(t) >0 for a<t<b (i=1,...,n).
Thus y, (t,u D (7;(t))) = ul~V(7;()), and the equality
fo(t,u(ma(t)), ..., u(”fl)(rn(t))) = f(t,u(m(t)),... ,u(”*l)(rn(t)))
holds almost everywhere on ]a, b[. Therefore, u is a solution of problem (1.1),(1.2). O
Proof of Corollary 1.1. Due to conditions (1.6), (1.15), there exists a positive number ¢ such that

wi(q)(t) > 6(t —a)" P for a <t <b (i=1,...,n). (3.2)
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If along with these estimates we take into account conditions (1.7) and (1.11), then it becomes clear
that the function f in the domain Ja,b[ xR”, admits estimate (1.8), and on the domain D, admits
the estimate

f(t,xl, L. ,J?n) < Zpi(t)mi +60(t),
=1

where
n

Qo(t) = D6 M (nilt) — a) "D Nig (1) + gol1).

i=1

On the other hand, according to (1.16) we have

¢
lim sup ((t —a)”™® /%(s) ds) < +o0.
t—a

a

Consequently, all the conditions of Theorem 1.1 are satisfied which guarantees the solvability of
problem (1.1), (1.2). O

Proof of Theorem 1.2. Assume the contrary that problem (1.1), (1.2) has a solution w.
According to inequalities (1.2) and (1.5), there exists a number r > 1 such that

0<ul™ D) <r(t—a)" ™ for a<t<b (i=1,...,n).

By virtue of these estimates and condition (1.12), the inequality

n

D (malt) — )" THEONG (1) + go(t) < rou™ (1)

i=1

holds almost everywhere on ]a, b[, where

ro = max{r*, ... r*}.
Therefore,
t n
s (=) [ (3000 = @) 0 6) 4 al) ds ) < o iUl
im su —a 7i(s) —a iqi(s s)) ds ) <rolimsu < ror.
P Gils) T e G-y =

@ =1

Consequently, inequality (1.17) is violated, and it remains to consider the case where for some by € |a, b]
and ¢ > 0 inequalities (1.18) are satisfied in ]a, b].

Put
¢ w1 (1)
=i - 7 < .
p ln{(t—a)o‘ a<t_b0}
Then
WD) > X (—a) for a <t <by (i=L...,n),
“n—ita) T s

By these estimates and inequalities (1.12), (1.18), we have

ul" (1) > / (ZPi(S)U(i_l)(Ti(S)) + qo(S)) ds > (p+6)(t —a)* for a <t <by.

Hence we get
p=p+o.

The contradiction obtained proves that problem (1.1),(1.2) has no solution. O
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Corollaries 1.2 and 1.3 immediately follow from Corollary 1.1 and Theorem 1.2 in the case, where

f(t,l’l,...7 E

n
1=

pz )xi + qi( ) ) + qo(t). (3.3)

Proof of Theorem 1.3. In view of conditions (1.8), (1.10), the inequality

q(t) < f(t7w1(Q)(t)7 e 7wn(Q)(t))

holds almost everywhere on |a, b[, and the function f admits estimate (1.9) on the domain D, where

g0(t) = f(t, w1 (@) (1), .., wa(q) (1)) + Y pi(t)wilg)(#). (34)
i=1

On the other hand, by virtue of inequality (1.23), there exists a positive number r such that

/q(s) ds < /f(s,wl(q)(s), o wn(q)(s))ds < r(t—a)® for a <t <b.

Thus
ro!

m(t*d)nii‘%a for (LStSb (Zil,,n)

w;(q)(t) <
If along with these estimates we take into account inequality (1.13), then from equality (3.4) we find
t "ol ) t
al(t—a)™@ :
lim su t—a) @ s)ds | <r+rlimsu ,7/7’18 — )" (s)ds | < 2r.
wsup (00 [ an(s)as ) e (3 E iy [0 =
a - a
Consequently, all the conditions of Theorem 1.1 are satisfied which guarantees the solvability of
problem (1.1), (1.2).
It remains to prove that the problem we are considering has at most one solution.
Let u; and ug be solutions of problem (1.1),(1.2), and let
u(t) = ua(t) — uy(t).

In view of (1.8), the inequalities

hold almost everywhere on |a, b[. Thus
uTV) > wi(q)(t) for a<t<b (i=1,...,n; k=1,2),
and, consequently,
(t,ur (T (1), - ul" "V (1, (8))) € Dy for a<t<b (k=1,2).

If now we take into account the fact that the function f on the domain D, satisfies the Lipschitz
condition (1.10), then it becomes evident that the function w is a solution of the differential inequality

[ul™ (t) \<Zp (Ol (r: (1)) (3.5)

under the weighted initial conditions (1.2). However, by Lemma 2.1, problem (3.5),(1.2) has only a
trivial solution. Therefore, uq(t) = us(t). O
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Proof of Corollary 1.4. By virtue of Corollary 1.2, for problem (1.4), (1.2) to be solvable, it is necessary
that condition (1.25) hold. Thus it remains to consider the case when that condition is satisfied.

Let f be a function given by equality (3.3). Then Eq. (1.4) coincides with Eq. (1.1), and in the
domain Ja, b[ xR? | inequality (1.8) holds, where

q(t) = qo(?)-

On the other hand, in view of (1.6), (1.19) and (1.25), there exists a number ¢ €]0, 1[ such that the
functions w;(q) along with (3.2) admit the estimates

wi(q)(t) <5t —a)" 7 for a<t<b (i=1,...,n). (3.6)
Let (¢t,z1,...,2,) and (¢,y1,...,Yn) be any two points from the domain D,. Then due to (1.7)
and (3.2) we have

i

|z; Y M < N0 (i) — @)A1 ) (i =1,...,n).

Thus from (3.3) it follows that

‘f(t7x17' .. 7‘%'71) - f(t7y17 e 7y’n)| S Zﬁz(t”xl - y’i|7 (37)
i=1

where .
Pit) = pi(t) + X6 N (7i(t) — )TN G (1) (i =1,...,n).

On the other hand, in view of (3.2), (3.3) and (3.6), the inequality

Ftwi(@)(ri(®)), -, wa(@)(7a(t)))

n

<07 (mlt) = @) () + 0T (mi(t) — @) T TN, () + qo ()

holds almost everywhere on ]a,b[. If now we take into account conditions (1.13), (1.24) and (1.25),
then it becomes obvious that along with (1.23) the inequality

tm sup (Z m / (7i(s) — )"+ s) ds) <1 (3.8)

is satisfied. However, by Theorem 1.3, conditions (1.8), (1.23), (3.7) and (3.8) guarantee the unique
solvability of problem (1.4), (1.2). O

Corollaries 1.5-1.7 immediately follow from Corollaries 1.1-1.4.
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