� � 52 (2000), 55–61

UDK 515.122.2 � � � research paper

ON CHARACTERIZATIONS OF SOME COVERING PROPERTIES IN L-FUZZY TOPOLOGICAL SPACES

H. Aygün and S. R. T. Kudri

Abstract. In this work, various characterizations of some weaker and stronger forms of L-fuzzy compactness are obtained in L-fuzzy topological spaces, where L is a fuzzy lattice.

1. Introduction

The notion of compactness is one of the most important concepts in general topology. Therefore, the problem of generalization of the classical compactness to fuzzy topological spaces has been intensively discussed over the past 30 years. Many papers on fuzzy compactness have been published and various kinds of fuzzy compactness have been presented and studied. Among these compactness’, the fuzzy compactness in L-fuzzy topological spaces introduced by Warner and McLean [10] and extended to arbitrary fuzzy sets by Kudri [4] possesses more satisfactory properties than others. Good extensions of some weaker and stronger fuzzy covering properties (e.g. almost, near, S-closed, strong) were introduced and studied by Kudri and Warner. As a result, it is sufficient for an adequate compactness theory in L-fuzzy topology, being a good extension [10], defined on arbitrary L-fuzzy sets [4], proposed other fuzzy covering properties [5,6], and with a general Tychonoff theorem.

In the present paper, we first provide a different description for the L-fuzzy compactness and its some weaker and stronger forms (almost, near, strong compactness and S-closedness) and then obtain characterizations of these fuzzy covering properties by α-nets.

2. Preliminaries

We assume that the reader is familiar with the usual notations and most concepts of fuzzy topology and lattice theory.

AMS Subject Classification: 54 A 40 Keywords and phrases: L-fuzzy topology, fuzzy lattice, fuzzy compactness, almost compactness, near compactness, S-closedness, strong compactness, α-nets. 55

Throughout this paper X will be a non-empty ordinary set and L = L(⩽, ∨, ∧,^′) will denote a fuzzy lattice, i.e. a completely distributive lattice with a smallest element 0 and a largest element 1 (0 ≠ 1) and with an order reversing involution a → a^′ (a ∈ L). We shall denote by L^X the lattice of all L-fuzzy subsets of X. The interior and closure of an L-fuzzy set f will be denoted respectively by int(f) and cl(f). P r(L) and M(L) will denote respectively the set of all the prime elements and the set of all the coprime elements of L [3].

Let (X, τ) be an L-fuzzy topological space (for short L-fts) and let D be a directed set. A net in (X, τ) is a function S : D → M(L^X ). For m ∈ D, we shall denote S(m) by S_m and the net S by (S_m)_{m∈D}. The net S is called a net contained in f if and only if S_m ⩽ f for each m ∈ D, i.e. h(S_m) ⩽ f(Supp S_m) for each m ∈ D [4].

Let α ∈ M(L). A net (S_m)_{m∈D} is called an α-net if and only if for each γ ∈ β^∗(α) the net h(S) = (h(S_m))_{m∈D} is eventually greater than γ. If h(S_m) = α for all m ∈ D, then we shall say that (S_m)_{m∈D} is a constant α-net [4].

3. Some characterizations

In this section, we present various characterizations of the covering properties (compactness [4], almost compactness [5], near compactness [5], strong compactness [6] and S-closedness [6]) in L-fuzzy topological spaces.

Lemma 3.1. Let (X, τ) be an L-fts and let p ∈ pr(L). Then the family ϕ_p(τ) = { f^{−1}({t ∈ L : t ⩽̸ p}) : f ∈ τ } is an ordinary topology on X.

Proof. (i) ∅, X ∈ ϕ_p(τ) because 0, 1 ∈ τ.

(ii) Let f^{−1}({t ∈ L : t ⩽̸ p}), g^{−1}({t ∈ L : t ⩽̸ p}) ∈ ϕ_p(τ) where f, g ∈ τ. Then f ∧ g ∈ τ. Since p ∈ pr(L), by Lemma 3.2 in [1], we have f^{−1}({t ∈ L : t ⩽̸ p}) ∩ g^{−1}({t ∈ L : t ⩽̸ p}) = (f ∧ g)^{−1}({t ∈ L : t ⩽̸ p}). Hence, f^{−1}({t ∈ L : t ⩽̸ p}) ∩ g^{−1}({t ∈ L : t ⩽̸ p}) ∈ ϕ_p(τ). (iii) Let f^{−1}_i ({t ∈ L : t ⩽̸ p}) ∈ ϕ_p(τ) where f_i ∈ τ, i ∈ I. Then ⋁ i∈I f_i ∈ τ. On the other hand, by Lemma 3.3 in [1], we have ( ⋁ i∈I f_i)^{−1}({t ∈ L : t ⩽̸ p}) = ⋃ i∈I f^{−1}_i ({t ∈ L : t ⩽̸ p}) and therefore ⋃ i∈I f^{−1}_i ({t ∈ L : t ⩽̸ p}) ∈ ϕ_p(τ). Consequently, ϕ_p(τ) is an ordinary topology on X.

The next theorem shows that the compactness in an L-fuzzy topological space (X, τ) is characterized by the compactness in the ordinary topological spaces (X, ϕ_p(τ)), where p ∈ pr(L).

Theorem 3.2. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is compact if and only if for every p ∈ pr(L), G_p = {x ∈ X : g(x) ⩾ p^′} is compact in the ordinary topological space (X, ϕ_p(τ)).

Proof. Necessity. Let p ∈ pr(L) and let (A_i)_{i∈J} be an open covering of G_p, where A_i = f^{−1}_i ({t ∈ L : t ⩽̸ p}) and f_i ∈ τ for each i ∈ J. Then , G_p ⊆ ⋃ i∈J f^{−1}_i ({t ∈ L : t ⩽̸ p}), i.e., ( ⋁ i∈J f_i)(x) ⩽̸ p for all x ∈ X with g(x) ⩾ p^′. Due to the compactness of g , there is a finite subset F of J such that ( ⋁ i∈F f_i)(x) ⩽̸ p for all x ∈ X with g(x) ⩾ p^′, i.e., for all x ∈ G_p. Hence, G_p ⊆ ⋃ i∈F A_i and so G_p is compact in (X, ϕ_p(τ)).

Sufficiency. Let p ∈ pr(L) and let (f_i)_{i∈J} be a p-level open cover of g. Then, ( ⋁ i∈J f_i)(x) ⩽̸ p for all x ∈ X with g(x) ⩾ p^′. Then, G_p ⊆ ⋃ i∈J f^{−1}_i ({t ∈ L : t ⩽̸ p}) and f^{−1}_i ({t ∈ L : t ⩽̸ p}) ∈ ϕ_p(τ) for each i ∈ J. By the compactness of G_p in (X, ϕ_p(τ)), there is a finite subset F of J such that G_p ⊆ ⋃ i∈F f^{−1}_i ({t ∈ L : t ⩽̸ p}) which implies that ( ⋁ i∈F f_i)(x) ⩽̸ p for all x ∈ X with g(x) ⩾ p^′. Hence, g is compact in (X, τ).

Corollary 3.3. An L-fuzzy topological space (X, τ) is compact if and only if for every p ∈ pr(L) the ordinary topological space (X, ϕ_p(τ)) is compact.

Proof. This follows directly from the previous theorem.

The next theorem provides a different description for the compactness in Lfuzzy topological spaces.

Theorem 3.4. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is compact if and only if for every p ∈ pr(L) and every collection (f_i)_{i∈J} of open L-fuzzy sets with ( ⋁ i∈J f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X, there is a finite subset F of J such that ( ⋁ i∈F f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X.

Proof. Necessity. Let p ∈ pr(L) and let (f_i)_{i∈J} be a collection of open Lfuzzy sets with ( ⋁ i∈J f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X. Then, ( ⋁ i∈J f_i)(x) ⩽̸ p for all x ∈ X with g(x) ⩾ p^′. Since g is compact, there is a finite subset F of J such that ( ⋁ i∈F f_i)(x) ⩽̸ p for all x ∈ X with g(x) ⩾ p^′.

Take an arbitrary x ∈ X. If g^′(x) ⩽ p then g^′(x) ∨ ( ⋁ i∈F f_i)(x) = ( ⋁ i∈F f_i ∨ g^′)(x) ⩽̸ p because ( ⋁ i∈F f_i)(x) ⩽̸ p. If g^′(x) ⩽̸ p then we have g^′(x) ∨ ( ⋁ i∈F f_i)(x) = ( ⋁ i∈F f_i ∨ g^′)(x) ⩽̸ p. Thus, we have ( ⋁ i∈F f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X.

Sufficiency. Let p ∈ pr(L) and let (f_i)_{i∈J} be a p-level open cover of g. Then, ( ⋁ i∈J f_i)(x) ⩽̸ p for all x ∈ X with g(x) ⩾ p^′. Hence, ( ⋁ i∈J f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X. From the hypothesis, there is a finite subset F of J such that ( ⋁ i∈F f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X. Then, ( ⋁ i∈F f_i)(x) ⩽̸ p for all x ∈ X with g^′(x) ⩽ p. Hence, g is compact.

As stated in the next theorems similar descriptions are valid for the strong, almost and near compactness’ and S-closedness in L-fuzzy topological spaces.

Theorem 3.5. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is strong compact if and only if for every p ∈ pr(L) and every collection (f_i)_{i∈J} of pre-open L-fuzzy sets with ( ⋁ i∈J f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X, there is a finite subset F of J such that ( ⋁ i∈F f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X.

Proof. This is very similar to the proof of the previous theorem.

Theorem 3.6. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is almost compact if and only if for every p ∈ pr(L) and every collection (f_i)_{i∈J} of open L-fuzzy sets with ( ⋁ i∈J f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X, there is a finite subset F of J such that ( ⋁ i∈F cl(f_i) ∨ g^′)(x) ⩽̸ p for all x ∈ X.

Proof. This is very similar to the proof of Theorem 3.4.

Theorem 3.7. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is nearly compact if and only if for every p ∈ pr(L) and every collection (f_i)_{i∈J} of open L-fuzzy sets with ( ⋁ i∈J f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X, there is a finite subset F of J such that ( ⋁ i∈F int(cl(f_i)) ∨ g^′)(x) ⩽̸ p for all x ∈ X.

Proof. This is very similar to the proof of Theorem 3.4.

Theorem 3.8. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is Sclosed if and only if for every p ∈ pr(L) and every collection (f_i)_{i∈J} of semi-open L-fuzzy sets with ( ⋁ i∈J f_i ∨ g^′)(x) ⩽̸ p for all x ∈ X, there is a finite subset F of J such that ( ⋁ i∈F cl(f_i) ∨ g^′)(x) ⩽̸ p for all x ∈ X.

Proof. This is very similar to the proof of Theorem 3.4.

With the next four theorems we obtain characterizations of the almost, near and strong compactness’ and S-closedness in terms of closed (pre-closed, semiclosed) L-fuzzy sets.

Theorem 3.9. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is almost compact if and only if for every α ∈ M(L) and every collection (h_i)_{i∈J} of closed L-fuzzy sets with ( ⋀ i∈J h_i)(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α, there is a finite subset F of J such that ( ⋀ i∈F int(h_i))(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α.

Proof. Using the fact (int(h))^′ = cl(h^′) for every h ∈ L^X [7], this follows easily from the definition of almost compactness.

Theorem 3.10. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is nearly compact if and only if for every α ∈ M(L) and every collection (h_i)_{i∈J} of closed L-fuzzy sets with ( ⋀ i∈J h_i)(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α, there is a finite subset F of J such that ( ⋀ i∈F cl(int(h_i)))(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α.

Proof. Using the fact (int(h))^′ = cl(h^′) and (cl(h))^′ = int(h^′) for every h ∈ L^X [7], this follows easily from the definition of nearly compactness.

Theorem 3.11. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is Sclosed if and only if for every α ∈ M(L) and every collection (h_i)_{i∈J} of semi-closed L-fuzzy sets with ( ⋀ i∈J h_i)(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α, there is a finite subset F of J such that ( ⋀ i∈F int(h_i))(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α.

Proof. Using the fact (int(h))^′ = cl(h^′) for every h ∈ L^X [7], this follows easily from the definition of S-closedness.

Theorem 3.12. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is strong compact if and only if for every α ∈ M(L) and every collection (h_i)_{i∈J} of pre-closed L-fuzzy sets with ( ⋀ i∈J h_i)(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α, there is a finite subset F of J such that ( ⋀ i∈F int(h_i))(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α.

Proof. This follows immediately from the definition of strong compactness. Now we define θ-cluster point, δ-cluster point, semi-θ-cluster point and precluster point of a net (S_m)_{m∈D} and then characterize almost compactness, near compactness, S-closedness and strong compactness by α-nets.

Definition 3.13. Let (X, τ) be an L-fts, let x_α be an L-fuzzy point in M(L^X ) and let S = (S_m)_{m∈D} be a net. The L-fuzzy point x_α is called a:

(i) θ-cluster point of S iff for each closed L-fuzzy set f with f(x) ⩾̸ α and for all n ∈ D, there is m ∈ D such that m ⩾ n and S_m ⩽̸ int(f), i.e. h(S_m) ⩽̸ int(f)(Supp S_m).

(ii) δ-cluster point of S iff for each closed L-fuzzy set f with f(x) ⩾̸ α and for all n ∈ D, there is m ∈ D such that m ⩾ n and S_m ⩽̸ cl(int(f)).

(iii) semi-θ-cluster point of S iff for each semi-closed L-fuzzy set f with f(x) ⩾̸ α and for all n ∈ D, there is m ∈ D such that m ⩾ n and S_m ⩽̸ int(f).

(iv) pre-cluster point of S iff for each pre-closed L-fuzzy set f with f(x) ⩾̸ α and for all n ∈ D, there is m ∈ D such that m ⩾ n and S_m ⩽̸ f.

Theorem 3.14. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is almost compact if and only if every constant α-net contained in g has a θ-cluster point x_α ∈ M(L^X ), with height α, contained in g, for each α ∈ M(L).

Proof. Necessity. Let α ∈ M(L) and let (S_m)_{m∈D} be a constant α-net contained in g without any θ-cluster point with height α contained in g. Then, for each x ∈ X with g(x) ⩾ α, x_α is not a θ-cluster point of (S_m)_{m∈D} , i.e. there are n_x ∈ D and a closed L-fuzzy set f_x with f_x(x) ⩾̸ α and S_m ⩽ pint(f_x) for each m ⩾ n_x. Let x^1, . . . , x^k be elements of X with g(x^i) ⩾ α for each i ∈ {1, . . . , k}. Then, there are n_{x1} , . . . , n_{xk} ∈ D and closed L-fuzzy sets f_{xi} with f_{xi} (x^i) ⩾̸ α and S_m ⩽ int(f_{xi} ) for each m ⩾ n_{xi} and for each i ∈ {1, . . . , k}. Since D is a directed set, there is n_0 ∈ D such that n_0 ⩾ n_{xi} for every i ∈ {1, . . . , k} and S_m ⩽ int(f_{xi} ) for i ∈ {1, . . . , k} and for each m ⩾ n_0.

Now consider the family Γ = (f_x)_{x∈X} with g(x) ⩾ α. Then ( ⋀ f_x ∈Γ fx)(y) ⩾̸ α for all y ∈ X with g(y) ⩾ α because f_y(y) ⩾̸ α. We also have that for any finite subfamily Λ = {f_{x1} , . . . , f_{xk} } of Γ, there is y ∈ X with g(y) ⩾ α and ( ⋀_k i=1 f_{xi} )(y) ⩾ α since S_m ⩽ ⋀_k i=1 int(f_{xi} ) for each m ⩾ n_0 because S_m ⩽ int(f_{xi} ) for each i ∈ {1, . . . , k} and for each m ⩾ n_0. Hence, by the previous theorem, g is not almost compact.

Sufficiency. Suppose that g is not almost compact. Then, by the previous theorem, there exist α ∈ M(L) and a collection Γ = (f_i)_{i∈J} of closed L-fuzzy sets with ( ⋀ i∈J f_i)(x) ⩾̸ α for all x ∈ X with g(x) ⩾ α, but for any finite subfamily β of Γ there is x ∈ X with g(x) ⩾ α and ( ⋀ i∈β int(f_i))(x) ⩾ α.

Consider the family of all finite subsets of Γ, 2^{(Γ)}, with the order β_1 ⩽ β_2 if and only if β_1 ⊆ β_2. Then 2^{(Γ)} is a directed set. So, writing x_α as S_β for every β ∈ 2^{(Γ)}, (S_β )_{β∈2}(Γ) is a constant α-net contained in g because the height of S_β for all β ∈ 2^{(Γ)} is α and S_β ⩽ g for all β ∈ 2^{(Γ)}, i.e. g(x) ⩾ α. (S_β )_{β∈2}(Γ) also satisfies the condition that for each closed L-fuzzy set f_i ∈ β we have x_α = S_β ⩽ int(f_i).

Let y ∈ X with g(y) ⩾ α. Then, ( ⋀ i∈J f_i)(y) ⩾̸ α, i.e. there exists j ∈ J with f_j (y) ⩾̸ α. Let β_0 = {f_j }. So, for any β ⩾ β_0, S_β ⩽ ⋀ f_i ∈β int(fi) ⩽ ⋀ f_i ∈β_0 int(fi) = int(fj ). Thus, we got a closed L-fuzzy set fj with fj (y) ⩾̸ α and

β_0 ∈ 2^{(Γ)} such that for any β ⩾ β_0 S_β ⩽ int(f_j ), that means that y_α ∈ M(L^X ) is not a θ-cluster point of (S_β )_{β∈2}(Γ) for all y ∈ X with g(y) ⩾ α. Hence the constant α-net (S_β )_{β∈2}(Γ) has no θ-cluster point with height α, contained in g.

Corollary 3.15. An L-fts (X, τ) is almost compact if and only if every constant α-net in (X, τ) has a θ-cluster with height α.

Proof. This follows immediately from the previous theorem.

Theorem 3.16. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is nearly compact if and only if every constant α-net contained in g has a δ-cluster point x_α ∈ M(L^X ), with height α, contained in g, for each α ∈ M(L).

Proof. Using Theorem 3.10, this is very similar to the proof of Theorem 3.14.

Corollary 3.17. An L-fts (X, τ) is nearly compact if and only if every constant α-net in (X, τ) has a δ-cluster with height α.

Proof. This is an immediate of the previous theorem.

Theorem 3.18. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is S-closed if and only if every constant α-net contained in g has a semi-θ-cluster point x_α ∈ M(L^X ), with height α, contained in g, for each α ∈ M(L).

Proof. Using Theorem 3.11, this is very similar to the proof of Theorem 3.14.

Corollary 3.19. An L-fts (X, τ) is S-closed if and only if every constant α-net in (X, τ) has a semi-θ-cluster with height α.

Proof. This follows immediately from the previous theorem.

Theorem 3.20. Let (X, τ) be an L-fts and g ∈ L^X . The L-fuzzy set g is strong compact if and only if every constant α-net contained in g has a pre-cluster point x_α ∈ M(L^X ), with height α, contained in g, for each α ∈ M(L).

Proof. Using Theorem 3.12, this is very similar to the proof of Theorem 3.14.

Corollary 3.21. An L-fts (X, τ) is strong compact if and only if every constant α-net in (X, τ) has a pre-cluster with height α.

Proof. This follows immediately from the previous theorem.

REFERENCES

[1] Aygün, H., Warner, M. W. and Kudri, S. R. T., On smooth L-fuzzy topological spaces, Journal of Fuzzy Mathematics 5, 2 (1997), 321–338.

[2] Azad, K. K., On fuzzy semicontinuity, fuzzy almost continuity and fuzzy weakly continuity, J. Math. Anal. Appl. 82 (1981), 14–32.

[3] Gierz, G. et al., A Compendium of Continuous Lattices, Springer-Verlag, 1980. [4] Kudri, S. R. T., Compactness in L-fuzzy topological spaces, Fuzzy Sets and Systems 67 (1994), 329–336.

[5] Kudri, S. R. T. and Warner, M. W., Some good L-fuzzy compactness-related concepts and their properties I, Fuzzy Sets and Systems 76 (1995), 141–155.

[6] Kudri, S. R. T. and Warner, M. W., Some good L-fuzzy compactness-related concepts and their properties II, Fuzzy Sets and Systems 76 (1995), 157–168.

[7] Pu, P. M. and Liu, Y. M., Fuzzy Topology I; Neighborhood structure of a fuzzy point and Moore-Smith convergence, J. Math. Anal. Appl. 76 (1980), 571–599.

[8] Singal, M. K. and Prakash, N., Fuzzy preopen sets fuzzy preseperation axioms, Fuzzy Sets and Systems 44 (1991), 273–281.

[9] Warner, M. W., Frame-fuzzy points and membership, Fuzzy Sets and Systems 42 (1991), 335–344.

[10] Warner, M. W. and McLean, R. G., On compact Hausdorff L-fuzzy spaces, Fuzzy Sets and Systems 55 (1993), 103–110.

[11] Zhao, D., The N-compactness in L-fuzzy topological spaces, J. Math. Anal. Appl. 128 (1987), 64–79.

(received 21.09.1998., in revised form 17.10.2000.)

Department of Mathematics, Kocaeli University, Atatürk Bulvari, 41300-Izmit, TURKEY E-mail: halis@kou.edu.tr

Departamento de Matemática, Universidade Federal do Paraná, Centro Politécnico, Caixa, Postal 19081, Curitiba-Paraná, 81531-990, BRASIL