� � 53 (2001), 71–76

UDK 517.548 � � � research paper

APPROXIMATE SOLUTION OF A BOUNDARY PROBLEM FOR A LINEAR COMPLEX DIFFERENTIAL EQUATION OF THE SECOND ORDER

Miloš Čanak and Ljubomir Protić

Abstract. The paper considers the problem D^{(2)} w + a(z, z̄)Dw + b(z, z̄)w = f(z, z̄), with boundary conditions c_1(z)α_{g(z)} w + c_2α_{g(z)} Dw = c_3(z), d_1 (z)α_{h(z)} w + d_2 α_{h(z)} Dw = d_3 (z).

The problem is solved approximately, by using the formulas 2 z^2 h^2

(w_{i+1} − 2w_i + w_{i−1}) + a_i z h (w_{i+1} − w_{i−1}) + b_i w_i = f_i, i = 1, . . . , n − 1,

c_1(z)w_0 + c_2(z) z h (−w_2 + 4w_1 − 3w_0) = c_3(z),

d_1(z)w_n + d_2(z) z h (3w_n − 4w_{n−1} + w_{n−2}) = d_3 (z).

1. Introduction

Many systems consisting of two partial equations with two unknown functions u(x, y) and v(x, y), which arise in various problems of physics, techniques and mechanics, can be reduced to one complex differential equation with an unknown complex function w(z, z̄) = w(x, y) = u(x, y) + iv(x, y). The theory of complex differential equations is currently researched with success by W. Tutschke, V. Gabrinovič, G. Manžnavidze and others.

S. Fempl and J. Kečkić ([1], [2]) studied the following linear complex differential equation of the n-th order

D^{(n)}w + a_1(z)D^{(n−1)}w + · · · + a_{n−1}(z)Dw + a_n(z)w = 0,

AMS Subject Classification: 34 M 20, 65 L 10 Keywords and phrases: Complex ψ differences, boundary problem 71 where Dw = (u^′_x − v^′_y) + i(u^′_y + v^′_x) = 2w^′_{z̄} is the known Kolosov differential operator, while a_k(z), k = 1, 2, . . . , n, are given analytic functions. If r_k (z), k = 1, 2, . . . , n, are the solutions of the corresponding characteristic equation ξ^n + a_1ξ^{n−1} + · · · + a_{n−1}ξ + a_n = 0 for which it is assumed that they are all mutually different, the authors proved that the general solution of the differential equation (1) has the form w(z, z̄) =^n ∑ k=1 φ_k(z) exp(^{rk (z)}_2 z̄), (1)

where φ_k(z) are arbitrary analytic functions. M. Čanak [3] obtained the same result after several years, by means of the method of complex areolar series. Later on, that result was reached by D. Dimitrovski and B. Ilijevski, using the calculus of residues and contour Laplace integral, respectively.

In this paper, we consider the following linear, complex differential equation of the second order D^{(2)}w + a(z, z̄)Dw + b(z, z̄)w = f(z, z̄), where it is assumed that a(z, z̄), b(z, z̄) and f(z, z̄) are complex continuous functions.

2. Differential equation with analytic coefficients Let us consider the linear, complex differential equation of the second order with analytic coefficients D^{(2)}w + a(z)Dw + b(z)w = f(z, z̄). (2) The general solution of this equation (bearing in mind (1)) is w(z, z̄) = φ_1 exp(^{r1}_2 z̄) + φ_2 exp(^{r2}_2 z̄) + w_p, (3) where r_1 and r_2 are the roots of the characteristic equation r^2 + a(z)r + b(z) = 0, and φ_1(z) and φ_2(z) are arbitrary analytic functions, while w_p is a particular solution of equation (2). Since the general solution contains two arbitrary analytic functions, their determination requires two additional conditions. It is of great importance, both theoretically and practically, to consider the following boundary problem.

Boundary problem. Let us consider two simple, smooth closed contours L_1 and L_2 whose equations are L_1: z̄ = g(z) and L_1: z̄ = h(z). It is necessary to find the solution of differential equation (2) which satisfies, on the contours L_1 and L_2, the following boundary conditions c_1(z)α_{g(z)}w + c_2α_{g(z)}Dw = c_3(z), d_1(z)α_{h(z)}w + d_2α_{h(z)}Dw = d_3(z), (4) where c_i(z) and d_i(z) (i = 1, 2, 3) are given analytic functions. In the special case c_2(z) = d_2(z) = 0 the boundary problem (4) reduces to the Dirichlet-Schwarz problem, while in the case c_1(z) = d_1(z) = 0 it reduces to the Neumann problem.

Remark 1. The meaning of the operator α_{g(z)} is the following. Let W = { w | w = w(z, z̄) } be the set of complex functions which are continuous in z and z̄ in some region T , and let Ω = { ω | ω = ω(z) } be the set of analytic functions in T . The function ω(z) = α_{g(z)}w is obtained from the function w(z, z̄) by replacing z̄ with g(z), while the value of z remains unchanged. The function ω = α_{g(z)}w does not contain variable z̄, so in the general case it is analytic. It can be easily proved that the operator α_{g(z)} maps the set W onto the set Ω, and that one and only one image ω corresponds to each original w.

In the geometrical sense, this operator means the following. If z̄ = g(z) is the equation of a simple, smooth closed contour, then the functions w(z, z̄) and α_{g(z)}w have the same boundary value on this contour.

If the operators α_{g(z)} and α_{h(z)} are applied to the solutions of equation (2) given by (3) and to its areolar derivative

Dw = r_1(z)φ_1(z) exp(^{r1(z)}_2 z̄) + r_2(z)φ_2(z) exp(^{r2(z)}_2 z̄) + Dw_p, we obtain

α_{g(z)}w = φ_1(z) exp(^{r1(z)}_2 g(z)) + φ_2(z) exp(^{r2 (z)}_2 g(z)) + α_{g(z)}w_p,

α_{h(z)}w = φ_1(z) exp(^{r1(z)}_2 h(z)) + φ_2(z) exp(^{r2(z)}_2 h(z)) + α_{h(z)}w_p,

α_{g(z)}Dw = r_1(z)φ_1(z) exp(^{r1 (z)}_2 g(z)) + r_2(z)φ_2(z) exp(^{r2 (z)}_2 g(z)) + α_{g(z)}Dw_p,

α_{h(z)}Dw = r_1(z)φ_1(z) exp(^{r1 (z)}_2 h(z)) + r_2(z)φ_2(z) exp(^{r2(z)}_2 h(z)) + α_{h(z)}Dw_p. (5) Further, using (4) and (5), we obtain φ_1(z) exp(^{r1(z)}_2 g(z))[c_1(z) + r_1(z)c_2(z)] + φ_2(z) exp(^{r2 (z)}_2 g(z))[c_1(z) + r_2(z)c_2(z)] = c_3(z) − c_1(z)α_{g(z)}w_p − c_2(z)α_{g(z)}Dw_p,

φ_1(z) exp(^{r1 (z)}_2 h(z))[d_1(z) + r_1(z)d_2(z)] + φ_2(z) exp(^{r2 (z)}_2 h(z))[d_1(z) + r_2(z)d_2(z)] = d_3(z) − d_1(z)α_{h(z)}w_p − d_2(z)α_{h(z)}Dw_p. (6) It is obvious that (6) is a system of two linear equations with two unknowns φ_1(z) and φ_2(z). The determinant of this system is D = | | | exp(^{r1g}_2 )[c_1(z) + r_1(z)c_2(z)] exp(^{r2g}_2 )[c_1(z) + r_2(z)c_2(z)] exp(^{r1 h}_2 )[d_1(z) + r_1(z)d_2(z)] exp(^{r2 h}_2 )[d_1(z) + r_2(z)d_2(z)] | | | = exp(^{r1g+r2 h}_2 )(c_1 + r_1c_2)(d_1 + r_2d_2) − exp(^{r1 h+r2g}_2 )(d_1 + r_1d_2)(c_1 + r_2c_2) ≠ 0, and therefore the system has a unique solution φ_1(z) and φ_2(z). Replacing their values in relation (3), we obtain the solution of boundary problem (4) for the complex differential equation (2).

3. Differential equation with non-analytic coefficients

Let us consider the complex, linear differential equation of the second order D^{(2)}w + a(z, z̄)Dw + b(z, z̄)w = f(z, z̄) (7) whose coefficients a(z, z̄), b(z, z̄) and f(z, z̄) are continuous, non-analytic, complex functions (in the region G). It is necessary to find the solution of equation (7) which satisfies boundary conditions (4) on the given circles L_1: z̄ = a/z, L_2: z̄ = b/z, a < b, where c_i(z) and d_i(z) (i = 1, 2, 3) are given analytic functions.

Let us take a finite interval [a, b], which can be divided into n equal parts a = x_0, x_1 = x_0 + h, . . . , x_k = x_0 + kh, . . . , x_n = x_0 + nh = b. Further, a system of circles k_i: z̄ = x_i/x (i = 0, 1, . . . , n) can be constructed. The nonanalytic complex function, which is the solution of boundary problem (7)–(4), can be expressed in an explicit form. However, when this is not possible, it can be represented in a tabular form, if its boundary values on the given circles w(z, z̄)|_{ki} are known. In some cases, by using operator α, we can compute a series of analytic functions w_0(z), w_1(z), . . . , w_n(z) whose boundary values on circles k_i are identical with the boundary values of non-analytic function w(z, z̄) on the same circles. The representation of non-analytic function w(z, z̄) by the following tabular form

k_i k_0: z̄ = x_0 z k_1: z̄ = x_1 z · · · k_n: z̄ = x_n z w_i(z) w_0(z) w_1(z) · · · w_n(z) (8)

is called α-representation of the function w(z, z̄) on the system of circles k_i. If α_{xi/z}w(z, z̄) = w_i(z) (i = 0, 1, . . . , n), then representation (8) is unique, i.e., one and only one analytic function w_i(z) corresponds to each value (each circle) z̄ = x_i/z. This α-representation, which is very important in the theory of complex interpolation, appeared for the first time in paper [4]. In that paper the author constructed the so-called α-interpolation, complex polynomial which corresponds to table (8), and which approximates non-analytic function w(z, z̄).

By using a similar idea, we can search for an approximate solution of problem (7)–(4) in the form (8), that is, in the form of a series of analytic functions w_i(z) (i = 0, 1, . . . , n) whose boundary values on the circles z̄ = x_i/z are approximately equal to the boundary values of the exact solution of the boundary problem on these circles. By using the notation a_i(z) = α_{xi/z}a(z, z̄), b_i(z) = α_{xi/z}b(z, z̄), Dw_i = α_{xi/z}Dw, D^{(2)}w_i = α_{xi/z}D^{(2)}w, w_i(z) = α_{xi/z}w(z, z̄), f_i(z) = α_{xi/x}f(z, z̄), and substituting the values of areolar complex derivatives by approximate ψ differences, defined in the following way α_{x1/z}w − α_{x0/z}w h/z = ψ ( x_0 z , x_1 z ) , . . . . . . . . . α_{xn/z}w − α_{xn−1/z}w h/z = ψ ( x_{n−1} z , x_n z ) , . . . . . . . . . ψ ( x_{n−1} z , x_n z ) − ψ (x_{n−2} z , x_{n−1} z )

2 h z = ψ ( x_{n−2} z , x_{n−1} z , x_n z ) , . . . . . . . . . ψ (x_1 z , x_2 z , . . . x_n z ) − ψ ( x_0 z , x_1 z , . . . , x_{n−1} z )

n h z = ψ ( x_0 z , x_1 z , . . . , x_{n−1} z , x_n z ) , we obtain ψ (x_0 z , z_1 z ) = z h (w_1 − w_0), . . . , ψ (x_{n−1} z , x_n z ) = z h (w_n − w_{n−1}), ψ ( x_0 z , x_1 z , x_2 z ) = z^2 2h^2

(w_2 − 2w_1 + w_0), . . . , ψ (x_{n−2} z , x_{n−1} z , x_n z ) = z^2 2h^2

(w_n − 2w_{n−1} + w_{n−2}). (9)

It is well-known that for the areolar derivative in the sense of Vekua, we have

DW |_{z̄=g0 z} = 2 lim_{g1→g0} α_{g1} W − α_{g0} W g_1 − g_0

= α_{g0} DW, (10)

where L_0: z̄ = g_0(z) and L_1: z̄ = g_1(z) are two simple, smooth, closed contours such that contour L_1 encircles contour L_0 and which, using some continuous transformation, can be shrinked to it. It follows form (9) and (10), where g_i(z) = x_i/z, that we can take the approximate values Dw_i = z h (w_{i+1} − w_{i−1}),

D^2w_i =

2z^2 h^2

(w_{i+1} − 2w_i + w_{i−1}), (i = 1, 2, . . . , n − 1).

(11)

Taking into account equation (7) and boundary conditions (4) on the circles z̄ = x_i/z we obtain 2 z^2 h^2

(w_{i+1} − 2w_i + w_{i−1}) + a_i z h (w_{i+1} − w_{i−1}) + b_iw_i = f_i, (i = 1, . . . , n − 1), (12)

c_1(z)w_0 + c_2(z) z h (−w_2 + 4w_1 − 3w_0) = c_3(z), (13)

d_1(z)w_n + d_2(z) z h (3w_n − 4w_{n−1} + w_{n−2}) = d_3(z). (14)

Relations (12), (13) and (14) form a linear system of n + 1 equations with n + 1 unknowns. By solving this system, we find the required analytic functions w_0(z), w_1(z), . . . , w_n(z), and therefore we get the required α-representation of the approximate solution with the given boundary problem.

Remark 2. Using the approximations for the derivatives given by (11), as well as for the derivatives in w_0 and w_n given by

Dw_0 = z h (−w_2 + 4w_1 − 3w_0), Dw_n = z h (3w_n − 4w_{n−1} + w_{n−2}),

it can be proved that on the circles z̄ = x_i/z the error of the proposed method is given by R = L(w) − L_h(w_n) = o(h^2).

We refer to [5] and [6] for more details about the proof.

REFERENCES

[1] Fempl, S., Areoläre Exponentialfunktion als Lösung einer Klasse Differentialgleichungen, Publ. Inst. Math. 8(22) (1968), 138–142.

[2] Kečkić, J., O jednoj klasi diferencijalnih jednačina, Mat. Vesnik 6(21) (1969), 71–73. [3] Čanak, M., Metode diferencijalnih i funkcionalnih jednačina za rešavanje nekih tipova konturnih problmea, Ph. D. thesis, Beograd 1977.

[4] Čanak, M., Über die α-Interpolation einer nichtanalytischen komplexen Funktion durch ein areolares Polynom, ZAMM 5 (1) (1987), 463–464.

[5] Demidovič, B.P., Maron, I.A., Šuvalova, E.Z., Numerical analysis (in Russian), Moscow 1967. [6] Samarskii, A.A., Introduction into numerical methods (in Russian), Moscow 1982.

(received 23.03.1999)

Poljoprivredni fakultet, Univerzitet u Beogradu, Nemanjina 6, 11080 Zemun, Yugoslavia Matematički fakultet, Univerzitet u Beogradu, Studentski trg 16, 11000 Beograd, Yugoslavia