� � 54 (2002), 179–186

UDK 517.957 � � � research paper

A NOTE ON LIMITING BEHAVIOR OF SOLUTIONS OF ONE-DIMENSIONAL NONLINEAR STOCHASTIC WAVE EQUATION WITH FUNCTIONALS OF THE WHITE NOISE AS INITIAL DATA

Danijela Rajter-Ćirić

Abstract. The limitting behaviour of solutions to stochastic wave equations with singularities represented by stochastic terms is considered. In cases when the initial data are the white noise process or its functionals it is proved that the triviality effect appears.

1. Introduction

The modeling of many systems by differential equations requires random parameters. In such cases very often the white noise procces apperas. The appearance of the white noise process in the equations is the reason for treating those problems in the framework of the Colombeau theory. Indeed, it is well known that the white noise process can not be defined in a classical way but only as a generalized stochastic process. But working with generalized stochastic processes involves distribution spaces which are not suitable for multiplication and thus for dealing with nonlinear stochastic PDEs. In order to overcome the multiplication problem we use the theory of Colombeau generalized function spaces (see [3], [6]). This is also done in papers [19], [20], [23] and in a similar way in paper [1].

In this paper we consider the wave equations with the white noise process or its functionals as the initial data. We are interested in the limiting behaviour of solutions. Studying the limiting behavior of generalized solutions to (not only stochastic) PDEs is very important but usually not trivial. Here will answer some of the questions which can arise.

At the beginning of the paper some results given by Oberguggenberger and Ruso about the existence of solutions and their limiting behaviour in case when the initial data is simply the white noise process will be exposed. After that, we will consider some problems of the same kind but with the functional of the white noise

AMS Subject Classification: 35 R 60, 60 H 15 Keywords and phrases: Nonlinear stochastic wave equation, generalized stochastic processes, generalized solutions.

Communicated at the 5th International Symposium on Mathematical Analysis and its Applications, Niška banja, Yugoslavia, October, 2–6, 2002. 179

180 D. Rajter-^´Cirić

process as the initial data. More results about limiting behavior of solutions to this equation with some other initial data will be exposed in the paper [22] which is still in preparation.

We remark that the case when the nonlinear part is not Lipschitz is considered in [14] and [15]. It is out of scope of this paper.

We study the Cauchy problem

(∂^2_t − ∂^2_x)U(x, t) = F (U(x, t)), U(x, 0) = H(x) = h(Ẇ (x)) in the framework of algebra of Colombeau stochastic generalized processes. We suppose that nonlinear part F is smooth and together with all derivatives growing at most polynomially at infinity, globally Lipschitz, bounded function and that H is a Colombeau generalized stochastic process, a functional of the white noise process Ẇ .

2. Preliminaries

We recall some fundamentals of stochastic analysis we will use later for solving equations in the framework of Colombeau generalized functions.

Let (Ω, Σ, μ) be a probability space. A weakly measurable mapping X : Ω → D^′(R^d ) is called a generalized stochastic process on R^d . The space of generalized stochastic processes will be denoted by D^′_Ω(R^d ). The characteristic functional of a process X is C_X (φ) = ∫ e^{i⟨X(ω),φ⟩} dμ(ω), φ ∈ D(R^d ). Take the probability space Ω to be the space of tempered distributions S^′(R^d ) and Σ to be the Borel σ-algebra generated by the weak topology. Then there is a unique probability measure μ on (Ω, Σ) such that ∫ e^{i⟨X(ω),φ⟩} dμ(ω) = e^{− 12 ‖φ‖2L2(Rd)} , φ ∈ S(R^d ). This result follows from the Bochner-Minlos theorem (see [7] or [8]).

White noise Ẇ : Ω → D^′(R^d ) is the identity mapping Ẇ (ω) = ω, i.e., ⟨Ẇ (ω), φ⟩ = ⟨ω, φ⟩, φ ∈ D(R^d ). It is a generalized Gaussian process with mean zero and variance V (Ẇ (φ)) = E(Ẇ (φ)^2) = ‖φ‖^2_{L2(Rd)}, where E denotes expectation. Its covariance is the bilinear functional E(Ẇ (φ)Ẇ (ψ)) = ∫ R^d φ(y)ψ(y) dy repre-

sented by Dirac’s measure on the diagonal R^d × R^d , showing the singular nature of white noise. It is well known that the white noise on R^d can be viewed as the d-fold distributional derivative of (generalized) Wiener process.

Let φ_ε be a mollifier given by

φ_ε(y) = 1 ε^d φ (y ε ) , φ ∈ D(R^d ), ∫ φ(y) dy = 1. A net φ_ε is called a nonnegative model delta net.

Smoothed white noise process on R^d is defined as Ẇ_ε(x) = ⟨Ẇ (y), φ_ε(x − y)⟩, where Ẇ : Ω → D^′(R^d ) is white noise process on R^d and φ_ε is a nonnegative model delta net.

One-dimensional nonlinear stochastic wave equation 181

Finally, we introduce a positive noise process. The analysis of positive noise viewed as a Wick exponential is done in detail in [8]. Here we consider the smoothed positive noise process. We confine ourselves to the one-dimensional case since that is the case investigated in applications. Smoothed positive noise process W^+_ε (x) on R is defined as W^+_ε (x) = exp ( Ẇ_ε(x) − 1 2 ‖φ_ε‖^2_L2 ) , (1)

where Ẇ_ε is the smoothed white noise process on R and φ_ε is a nonnegative model delta net. We will show later that this is the process with mean value 1 and variance V (W^+_ε ) = e^{σ2ε} − 1, where σ^2_ε = ‖φ_ε‖^2_{L2} .

Let us now recall some basic facts from the Colombeau theory that we will need here. For O, an open subset of R^n , we define E(O) as the space of all mappings G : (0, 1) × O → C such that G(ε, ·) = G_ε ∈ C^∞(O), ε > 0.

E_M ([0, T ) × R^n ) is the space of all G_ε ∈ E([0, T ) × R^n ) with the property that for all T > 0 and α ∈ N^n_0 there exists N ∈ N such that ‖∂^αG_ε‖_L∞ has a moderate bound, i.e., ‖∂^αG_ε‖_L∞_{([0,T )×R}n_) = O(ε^{−N} ).

N ([0, T )×R^n ) is the space of all G_ε ∈ E([0, T )×R^n ) with the property that for all T > 0, α ∈ N^n_0 and a ∈ R, ‖∂^αG_ε‖_L∞ is negligible, i.e., ‖∂^αG_ε‖_L∞_{([0,T )×R}n_) = O(ε^a).

Spaces E_M ([0, T ) × R^n ) and N ([0, T ) × R^n ) are algebras and N ([0, T ) × R^n ) is an ideal of E_M ([0, T ) × R^n ). The factor algebra

G([0, T ) × R^n ) = E_M ([0, T ) × R^n )/N ([0, T ) × R^n )

is called the algebra of Colombeau generalized functions of bounded type.

Similarly we define algebras E_M (R^n ), N (R^n ) and G(R^n ). Their elements do not depend on time t. Let Q denote [0, T ) × O or O.

Definition 1. A Colombeau generalized stochastic process on a probability space (Ω, Σ, μ) is a mapping U : Ω → G(Q) such that there exists a function Ũ : (0, 1) × Q × Ω → R with the following properties:

1) For fixed ε ∈ (0, 1), the mapping (x, ω) → Ũ(ε, x, ω) is jointly measurable in Q × Ω.

2) ε → Ũ(ε, ·, ω) belongs to E_M (Q) almost surely in ω ∈ Ω, and it is a representative of U(ω).

By G^Ω(Q) we denote the algebra of Colombeau generalized stochastic processes.

For simplicity, the variable ε will be written as a subindex and ω will usually be omitted; that is, instead of Ũ(ε, ·, ω) we simply write U_ε(·).

Since G^Ω(R^n ) is a differential algebra, Colombeau generalized stochastic processes can be multiplied and have (generalized) derivatives of arbitrary order. In addition, this fact makes superposition of Colombeau generalized stochastic process with polynomially bounded functions (or generalized function) possible.

To any generalized stochastic process one can assign a Colombeau generalized stochastic process with a representative satisfying certain growing property. For

182 D. Rajter-^´Cirić

example, one can define the positive noise wieved as a Colombeau stochastic process in the following way.

Example 1. The positive noise process W^+(x) ∈ G^Ω(R) is defined by

W^+_ε (x) = exp ( Ẇ_ε(x) − 1 2 ‖φ_ε‖^2_L2 ) ∈ E^Ω_M (R),

where Ẇ_ε ∈ E^Ω_M (R) = Ẇ ∗ φ_ε(x) is the smoothed white noise process (φ_ε is a nonnegative model delta net).

3. One-dimensional nonlinear stochastic wave equations with Lipschitz nonlinearities

It is well known that Oberguggenberger and Russo (cf. [19]) showed the existence and uniqueness of generalized solution for n-dimensional stochastic wave equations in case when n = 1, 2, 3. In particular, in case n = 1, they considered the limiting behavior of the solution when the initial value is a white noise process. Here we will present those results, as well as results we obtained which are related to the limiting behavior of generalized solutions in case when the initial data are functionals of the white noise process having certain properties (for instance, the initial data can be the positive noise process). As the reader will see, in that case the phenomenon known as triviality effect appears which means that the solution of the nonlinear equation in some sense behaives at infinity as the solutions of the linear one. Oberguggenberger, Russo, Albeverio and some other authors also have investigated the triviality effect.

3.1. Existence and uniqueness of solutions We study the Cauchy problem (∂^2_t − ∂^2_x)U(x, t) = F (U(x, t)) + H(x, t), U(x, 0) = I(x), ∂_tU(x, 0) = J(x), (2,3) where F is a smooth and globally Lipschitz function with all derivatives growing at most polynomially at infinity and H, I and J are generalized stochastic processes on R^2 , respectively on R.

Te following result is valid in cases n = 1, 2, 3, but for our purpose n = 1 is enough.

Theorem 1. [19] Let (Ω, Σ, μ) be a fixed probability space, F be as above, H ∈ G^Ω(R^2 ) and I, J ∈ G^Ω(R). Then there is an almost surely unique solution U ∈ G^Ω(R^2 ) to problem (2)–(3).

3.2. White noise as initial data and limiting behaviour of the solutions—previous results

In the sequel, we study the Cauchy problem

(∂^2_t − ∂^2_x)U(x, t) = F (U(x, t)), U(x, 0) = H = h(Ẇ )(x), ∂_tU(x, 0) = 0

in the algebra of Colombeau stochastic generalized processes. We suppose that the nonlinear part F is smooth with all derivatives growing at most polynomially

One-dimensional nonlinear stochastic wave equation 183

at infinity, globally Lipschitz, and that H ∈ G^Ω(R) is a Colombeau generalized stochastic process, a functional of the white noise process Ẇ ∈ G^Ω(R). In the previous section one saw that there exists an almost surely unique solution U ∈ G^Ω(R^2 ) to the problem above.

We start with the Cauchy problem

(∂^2_t − ∂^2_x)U(x, t) = F (U(x, t)), U(x, 0) = Ẇ (x), ∂_tU(x, 0) = 0, (4,5) where Ẇ is the white noise process on R, considered as an element of G^Ω(R) and F is smooth with all derivatives growing at most polynomially at infinity, globally Lipschitz and such that it has a limit at infinity lim_{|y|→∞} F (y) = L.

If V ∈ G^Ω(R^2 ) is the solution to the free equation

(∂^2_t − ∂^2_x)V (x, t) = 0, V (x, 0) = Ẇ (x), ∂_tV (x, 0) = 0, (6,7) then it is given by the representative V_ε(x, t) =^1_2 (Ẇ_ε(x + t) + Ẇ_ε(x − t)), where Ẇ_ε(x, t) ∈ E Ω(R) is a representative of the white noise process.

For each fixed (x, t), functions V_ε(x, t) are mean zero Gaussian variables on the white noise probability space (Ω, Σ, μ). The variance of the V_ε(x, t) tends to infinity as ε tends to zero. That implies that every sequence tending to 0 has a subsequence ε_k → 0 such that |V_{εk} (x, t, ω)| → ∞ almost surely in ω ∈ Ω for all (x, t) ∈ R^2 .

Now, we return to the problem (4)-(5) and define the function M =^{t2}_2 L, where L is, as we supposed, the limit of function F at infinity. In the form of representatives problem (4)-(5) reads

(∂^2_t − ∂^2_x)U_ε(x, t) = F (U_ε(x, t)), U_ε(x, 0) = Ẇ_ε(x), ∂_tU_ε(x, 0) = 0. (8,9) The following result holds.

Theorem 2. [19] Let F be smooth with all derivatives growing at most polynomially at infinity, globally Lipschitz and such that it has a limit at infinity, denoted by L. Every sequence tending to zero has a subsequence ε_k → 0 such that for all compact sets K ⊂ R^2 lim_{k→∞} ‖U_{εk} − V_{εk} − M‖_L1_{(K)} = 0

μ-almost surely, where M =^{t2}_2 L.

Remark 1. In space dimension n = 1 the problem (∂^2_t − ∂^2_x)U(x, t) = F (U(x, t)), U(x, 0) = 0, ∂_tU(x, 0) = Ẇ (x), admits a classical, almost surely continuous solution. That follows from d’Alembert’s formula and the fact that by integration of the white noise process one obtains a Wiener process. The Colombeau generalized solution is almost surely associated with that classical solution.

3.3. Positive noise process as initial data and the limiting behaviour of the solutions

The positive noise process W^+(x) ∈ G^Ω(R) is defined by

W^+_ε (x) = exp ( Ẇ_ε(x) − 1 2 ‖φ_ε‖^2_L2 ) ∈ E^Ω_M (R),

184 D. Rajter-^´Cirić

where Ẇ_ε ∈ E^Ω_M (R) = Ẇ ∗ φ_ε(x) is the smoothed white noise process (φ_ε is a nonnegative model delta net).

Proposition 1. Smoothed positive noise is a process with mean value 1 and variance V (W^+_ε ) = e^{σ2ε} − 1, where σ^2_ε = ‖φ_ε‖^2_{L2} .

Proof . For smoothed white noise Ẇ_ε = Ẇ ∗ φ_ε we have that the mean value and the variance are E(Ẇ_ε) = 0, V (Ẇ_ε) = σ^2_ε . Using that fact we obtain E ( W^+_ε ) = E ( exp ( Ẇ_ε(x) − 1 2 ‖φ_ε‖^2_L2 ))

= ∫ 1 √ 2πσ_ε e^{− 12σ2}ε^{y2} e^{(y− 12 σ2ε )} dy = 1 √ 2πσ_ε ∫ e^{− 12σ2}ε^{(y−σ2ε )2} dy = 1.

Similarly, we have

E((W^+_ε )^2) = E(exp(2Ẇ_ε(x) − ‖φ_ε‖^2_L2 )) = ∫ 1 √ 2πσ_ε e^{− 12σ2}ε^{y2} e^{(2y−σ2ε )} dy = e^{σ2ε} ∫ 1 √ 2πσ_ε e^{− 12σ2}ε^{(y−2σ2ε )2} dy = e^{σ2ε} .

Therefore, V (W^+_ε ) = E((W^+_ε )^2) − (E(W^+_ε ))^2 = e^{σ2ε} − 1. Thus, the proof is completed.

We consider the Cauchy problem

(∂^2_t − ∂^2_x)U(x, t) = F (U(x, t)), (x, t) ∈ R^2 , U(x, 0) = W^+(x), (10,11) where W^+(x) ∈ G^Ω(R) is defined by (1). We suppose that function F is smooth with all derivatives growing at most polynomially at infinity, globally Lipschitz, bounded and F (0) = 0.

If W^+ is of log-type, an almost surely unique solution U ∈ G^Ω(R^2 ) to problem (10)-(11) exists.

Let V ∈ G^Ω(R^2 ) be a solution to the free equation

(∂^2_t − ∂^2_x)V (x, t) = 0, (x, t) ∈ R^2 , V (x, t) = W^+(x). (12,13) It is given by its representative V_ε(x, t) = 1 2 (W^+_ε (x − t) + W^+_ε (x + t)). (14)

Lemma 1. Let F be as above and V ∈ G^Ω(R^2 ) be the solution to the problem (12)-(13). Then, E |F (V_ε(x, t))| → 0, as ε → 0, for almost every x and t > 0.

Proof. Since the smoothed white noise is a Gaussian stochastic process, for small ε and t > 0 we have E |F (V_ε(x, t))| = E | | |F ( 1 2 exp ( Ẇ_ε(x − t) − 1 2 σ^2_ε ) + 1 2 exp ( Ẇ_ε(x + t) − 1 2 σ^2_ε ))| | | = ∫_∞ −∞ ∫_∞ −∞ 1 2πσ^2_ε | | |F ( 1 2 e^{y1− σ} 2 ε 2 + 1 2 e^{y2− σ} 2 ε 2 )| | e^{− y} 2 1 2σ2ε − y2 2σ2ε dy 1 dy_2

One-dimensional nonlinear stochastic wave equation 185 = ∫_∞ −∞ ∫_∞ −∞ 1 2π | | | |F ( 1 2 e^{σεy1− σ} 2 ε 2 + 1 2 e^{σεy2− σ} 2 ε 2 )| | | e^− 1 2 (y^2_1 +y^2 ) dy

1 dy_2.

Since F is bounded, Lebesgue’s theorem immediately implies E |F (V_ε(x, t))| → F (0) = 0, as ε → 0, for almost every x and t > 0.

Now, we can formulate the triviality result.

Theorem 3. Under the assumptions above, let U ∈ G^Ω(R^2 ) be the solution to the problem (10)-(11) and V ∈ G^Ω(R^2 ) be the solution to the problem (12)-(13). Then E ‖U_ε − V_ε‖_L1_{(Kτ )} → 0, as ε → 0, (15) where, for fixed r > 0 and τ > 0, K_τ is defined by

K_τ = { (x, t) ∈ R^2 ; 0 ≤ t ≤ τ, |x| ≤ r − t } . (16)

Proof. Taking the expectation in the estimate ‖U_ε − V_ε‖_L1_{(Kτ )} ≤ τ ‖F^′‖_L∞_{(R)} ∫_τ 0 ‖U_ε − V_ε‖_L1_{(Kt )} dt + τ^2 ‖F (V_ε)‖_L1_{(Kτ )}

similarly as before, we obtain E ‖U_ε − V_ε‖_L1_{(Kτ )} ≤ τC_F ∫_τ 0 E ‖U_ε − V_ε‖_L1_{(Kt )} dt + τ^2E ‖F (V_ε)‖_L1_{(Kτ )} ,

where C_F is the Lipschitz constant for the function F .

But, we have that

E ‖F (V_ε)‖_L1_{(Kτ )} = ∫∫ K_τ E |F (V_ε(x, t))| dx dt. According to Lemma 1, the last term in the right-hand side tends to 0 as ε tends to zero. Therefore, τ^2E ‖F (V_ε)‖_L1_{(Kτ )} → 0, as ε → 0. Gronwall’s inequality implies the assertion.

Remark 2. The same result holds in more general case, namely, if we take for the initial data in our Cauchy problem any H = [h(Ẇ_ε)] ∈ G^Ω(R) such that h is smooth function with all derivatives growing at most polynomially at infinity vanishing at zero.

One can go step further and take for the initial data in the Cauchy problem we consider some other functionals of the white noise process, also wieved as elements of certain Colombeau algebras. This analysis is done in the paper [22]. In all those cases the triviality effect appears.

REFERENCES

[1] Albeverio, S., Haba, Z. and Russo, F., Trivial solutions for a non-linear two-space-dimen-sional wave equation perturbed by space-time white noise, Stochastics and Stochastics Reports 56, 1–2 (1996), 127–160.

[2] Arnold, L., Stochastic Differential Equations: Theory and Applications, Wiley-Interscience, John Wiley and Sons, New York, 1974.

186 D. Rajter-^´Cirić

[3] Biagioni, H. A., A Nonlinear Theory of Generalized Functions, Lect. Notes Math. 1421, Springer, Berlin, 1990.

[4] Biagioni, H. A. and Oberguggenberger, M., Generalized solutions to the Korteweg-de Vries and the regularized long-wave equations, SIAM J. Math. Anal. 23 (1992), 923–940.

[5] Colombeau, J. F., New Generalized Functions and Multiplication of the Distributions, North Holland, Amsterdam, 1983.

[6] Colombeau, J. F., Elementary Introduction to New Generalized Functions, North Holland, Amsterdam, 1985.

[7] Hida, T., Kuo, H. H., Potthoff, J. and Streit, L., White Noise, An Infinite Dimensional Calculus, Kluwer, Dordrecht, 1993.

[8] Holden, H., Øksendal, B., Ubøe, J. and Zhang, S., Stochastic Partial Differential Equations, Birkhäuser-Verlag, Basel, 1996.

[9] Itô, K., On Stochastic Differenatial Equations, New York, Memoirs, Amer. Math. Soc. 4, 1951.

[10] Jörgens, K., Das Anfangswertproblem im Großen für eine Klasse nicht-linearer Wellengleichungen, Math. Z. 77 (1961), 295–308.

[11] Léandre, R., Russo, .F, Small stochastic perturbation of a one-dimensional wave equation, in:

Stochastic analysis and related topics, Körezlioǧlu, H. and Üstünel, A. S., eds., Birkhäuser, Boston. Prog. Probab. 31 (1992), 285–332.

[12] Nedeljkov, M., Oberuggenberger, M. and Pilipović, S., Generalized solutions to a semilinear wave equation, preprint.

[13] Nedeljkov, M., Pilipović, S. and Scarpalézos, D., The Linear Theory of Colombeau Generalized Functions, Pitman Research Notes in Mathematics Series, Longman, Essex, 1998.

[14] Nedeljkov, M. and Rajter, D., Nonlinear stochastic wave equation with Colombeau generalized stochastic processes, Math. Models Methods Appl. Sci., 12, 5 (2002), 665–688.

[15] Nedeljkov, M. and Rajter, D., A note on a one- dimensional nonlinear stochastic wave equation, Novi Sad, J. Math., 32, 1 (2002), 73–83.

[16] Oberguggenberger, M., Multiplication of Distributions and Applications to Partial Differential Equations, Pitman Res. Not. Math. 259, Longman Sci. Techn., Essex, 1992.

[17] Oberguggenberger, M., Nonlinear theories of generalized functions, In: Advances in Analysis, Probability, and Mathematical Physics—Contribution from Nonstandard Analysis (Albeverio, S., Luxemburg, W. A. J., Wolff, M. P. H., eds.), Kluwer, Dordrecht, 1994.

[18] Oberguggenberger, M., Generalized functions and stochastic processes, In: Bolthausen, E., Dozzi, M., Russo, F. (Eds.), Seminar on Stochastic Analysis, Random Fields and Applications, Birkhäuser-Verlag, Basel. Prog. Probab. 36 (1995), 215–229.

[19] Oberguggenberger, M. and Russo, F., Nonlinear stochastic waveequations, Integral Transforms and Special Functions, 6, 1–4 (1998), 71–83.

[20] Oberguggenberger, M., Russo, F., Nonlinear SPDEs: Colombeau solutions and pathwise limits, In: Decreusefond, L., Gjerde, J., Øksendal, B., Üstünel, A. S (Eds.), Stochastic Analysis and Related Topics VI. Birkhäuser, Boston. Prog. Probab. 42 (1998), 319–332.

[21] Peszat, S., Zabczyk, J., Nonlinear stochastic wave and heat equations, Probab. Theory Relat.

Fields 116 (2000), 421–443.

[22] Rajter-Ćirić, D., One-dimensional nonlinear stochastic wave equation and the triviality effect, Preprint.

[23] Russo, F., Colombeau generalized functions and stochastic analysis, In: Cardoso, A. I., de Faria, M., Potthoff, J., Sénéor, R., Streit, L. (Eds.), Analysis and Applications in Physics, Kluwer, Dordrecht (1994), 329–349.

[24] Walsh, J. B., An Introduction to Stochastic Partial Differential Equations, In: R. Carmona, H. Kesten, J.B. Walsh (Eds), École D’Été de Probabilités de Saint Flour XIV, Springer Lecture Notes 1180, Springer-Verlag, New York (1980), 265–439.

(received 12.12.2002)

Department for Mathematics and Computer Sciences, University of Novi Sad