MATEMATIQKI VESNIK

56 (2004), 115–123

UDK 519.633.6 originalni nauqni rad research paper

ON THE CONVERGENCE OF FINITE DIFFERENCE SCHEME FOR ELLIPTIC EQUATION WITH COEFFICIENTS CONTAINING DIRAC DISTRIBUTION

Boško S. Jovanović and Lubin G. Vulkov

Abstract. First boundary value problem for elliptic equation with youngest coefficient containing Dirac distribution concentrated on a smooth curve is considered. For this problem a finite difference scheme on a special quasiregular grid is constructed. The finite difference scheme converges in discrete W^1_2 norm with the rate O(h^{3/2}). Convergence rate is compatible with the smoothness of input data.

1. Introduction

Problems with concentrated factors arise in different physical applications. Such problems can be modelled by partial differential equations containing singular coefficients, e. g. Dirac delta distribution (see [3], [7]). In the present paper we consider two-dimensional Dirichlet boundary value problem (BVP) with Dirac distribution involved in the youngest coefficient. The support of Dirac distribution is a smooth curve S, which splits region Ω into two parts. The solution of BVP has discontinous derivatives on the interface S and can not be well approximated by standard difference schemes.

For the numerical solution of the considered problem a five-point finite difference scheme (FDS) with averaged right hand side and youngest coefficient on special quasilinear mesh is proposed. The convergence of FDS on generalized solutions of BVP is proved in discrete Sobolev W^1_{2,h} norm.

Analogous one-dimensional problems were considered in [6] and [11]. A survey of different numerical methods for the solution of such problems is given in [5]. In particular, in the present paper we improve convergence rate estimate obtained in [5].

AMS Subject Classification: 65 N 15 Keywords and phrases: Boundary value problem, generalized solution, finite differences, rate of convergence.

The research of the first author is supported by MSTD of Republic of Serbia under grant 1645, while the research of the second author is supported by the University of Rousse under project 2004–PF–02. 115

2. Statement of the problem

In the rectangle Ω = (0, l_1) × (0, l_2) we consider the Dirichlet boundary value problem

−Δ u+c(x, y) δ_S (x, y) u = f(x, y), (x, y) ∈ Ω; u = 0, (x, y) ∈ Γ = ∂Ω, (1)

where S is a smooth curve in Ω and δ_S (x, y) is Dirac distribution concentrated on S. We assume that f(x, y) ∈ W^{−1}_2 (Ω), c(x, y) ∈ L_∞(S) and 0 < C_0 ≤ c(x, y) ≤ C_1 almost everywhere in S. We also assume that curve S is defined by equation y = g(x), where function g(x) satisfies the following conditions: g^′(x) > 0, g^{′′}(x) > 0, g(0) = a, g(l_1) = b and 0 < a < b < l_2. In such a manner S splits domain Ω into two parts, denoted by Ω^− and Ω^+ (fig. 1).

Fig. 1 Fig. 2

It can be easily checked that the solution of the BVP (1) satisfies the following conditions:

−Δ u = f(x, y) in Ω^− and Ω^+; u = 0 on Γ; [u]_S = 0; [ ∂u ∂ν ] S = c u on S, (2) where [u]_S is the jump of u over S and ∂u/∂ν is normal derivative on S.

The convergence of the FDS approximating BVP (1) will be proved under stronger assumptions on the smoothness of input data, i.e. c(x, y) ∈ W^1_2 (S), f(x, y) ∈ W^s_2 (Ω), s > 0.

3. Finite difference scheme

In Ω̄ we introduce quasiuniform mesh Ω̄_h in the following manner. Let ω_1 = {x_i = ih : i = 0, 1, . . . , n} be a uniform mesh with the step size h = l_1/n on [0, l_1]

(on variable x). On [a, b] we define nonuniform mesh ω̄^0_2 = {y_{i+m}− = g(x_i) : i =

0, 1, . . . , n}, where m^− =

[_a

g(h)−g(0)

]_+ and [α]^+ is the smallest integer, greater or equal α. On [0, a] we define uniform meshω̄^−_2 = {y_j = jk^− : j = 0, 1, . . . , m^− } with the step size k^− = a/m^− . In analogous manner we set m^+ =

[_{l2−b}

g(l_1)−g(l_1−h) ] , where [α] is the integer part of α. On [b, l_2] we define uniform mesh ω̄^+_2 = {y_{j+n+m}− = b + jk^+ : j = 0, 1, . . . , m^+} with the step size k^+ = (l_2 − b)/m^+. We define ω̄_2 = ω̄^−_2 ∪ω̄^0_2 ∪ω̄^+_2 , Ω̄_h = ω̄_1 ×ω̄_2, Ω_h = Ω̄_h ∩ Ω, Γ_h = Ω̄_h ∩ Γ, Ω_{1h} = {(x, y) ∈ Ω̄_h : 0 < x ≤ l_1, 0 < y < l_2}, Ω_{2h} = {(x, y) ∈ Ω̄_h : 0 < x < l_1, 0 < y ≤ l_2} and S_h = S ∩ Ω_h (fig. 2).

We also denote k_j = y_j − y_{j−1} and -k_j = (k_j + k_{j+1})/2. It can be easily checked that k_j ≤ k_{j+1}, k_j = O(h) and k_{j+1} − k_j = O(h^2). For a mesh function v = v(x, y) defined on Ω̄_h we introduce divided differences v_x, v_{x̄} , v_ŷ and v_ȳ in a usual way (see [9]). In the sequel, we shall use the standard denotation of the theory of difference schemes [9]: v = v_{ij} = v(x_i, y_j ), k = k_j , k_+ = k_{j+1}, v_x = v_{x,ij} = (v_{i+1,j} − v_{ij} )/h, v_{x̄} = v_{x̄,ij} = (v_{ij} − v_{i−1,j} )/h, v_ŷ = v_{ŷ,ij} = (v_{i,j+1} − v_{ij} )/k_{j+1}, v_ȳ = v_{ȳ,ij} = (v_{ij} − v_{i,j−1} )/k_j etc.

Let H_h be the set of mesh function defined on Ω̄_h which vanish on Γ_h. We introduce the inner products

(v, w)_h = ∑ (x,y)∈Ω_h

vwh-k and (v, w)_{ih} = ∑ (x,y)∈Ω_{ih}

vwhk

and the corresponding norms ‖v‖_h and ‖v‖_{ih}. We also define discrete Sobolev norm W^1_2 :

‖v‖^2_W 1_{2,h} = |v|^2_W 1_{2,h} + ‖v‖^2_h , |v|^2_W 1_{2,h} = ‖v_{x̄} ‖^2_{1h} + ‖v_ȳ ‖^2_h .

We define Steklov averaging operators [10, p. 56]:

T_1f(x, y) = 1 h ∫_{x+h/2}

x−h/2

f(x̃, y) dx̃, T_2f(x, y) = 1 -k ∫_{y+k+/2}

y−k/2

f(x, ỹ) dỹ.

On the mesh Ω̄_h we approximate BVP (1) with standard homogeneous FDS with averaged right hand side and youngest coefficient:

−Δ_hv + α v = φ in Ω_h ; v = 0 on Γ_h , (3)

where Δ_hv = v_{x̄x} + v_{ȳŷ} , φ = T_1T_2f and α = T_1T_2(c δ_S ).

For an internal node x ∈ Ω_h we define elementary cell e = e(x, y) = (x − h/2, x + h/2) × (y − k/2, y + k_+/2). The coefficient α in (3) can be represented in the following manner (fig. 3):

α(x, y) = 1 h-k ∫ S∩e c dS , (x, y) ∈ S_h ,

0 , (x, y) ∈ Ω_h \ S_h .

Fig. 3 Fig. 4

4. Convergence of finite difference scheme

The error z = u − v satisfies the following conditions

−Δ_hz + α z = η_{1,x} + η_{2,ŷ} + ζ in Ω_h ; z = 0 on Γ_h (4)

where

η_1 = T_2 ∂u ∂x | | |_{(x−h/2,y)} − u^{x̄} , η^2 = T^1 ∂u ∂y | | |_{(x,y−k/2)} − u^ȳ ,

ζ = [T_1T_2(cδ_S )]u − T_1T_2(cδ_S u) = 1 h-k ( u ∫ S∩e c dS − ∫ S∩e cu dS ) , (x, y) ∈ S_h ,

0 , (x, y) ∈ Ω_h \ S_h .

Taking inner product of (4) with z and using summation by parts, we obtain

‖z_{x̄} ‖^2_{1h} + ‖z_ȳ ‖^2_h + ∑ (x,y)∈S_h

α z^2 h-k = −(η_1, z_{x̄} )_{1h} − (η_2, z_ȳ )_{2h} + ∑ (x,y)∈S_h

ζ z h-k .

From here, using the discrete analogue of Friedrichs inequality [10, p. 55], we obtain the a priori estimate

‖z‖_W 1_{2,h} ≤ C { ‖η_1‖_{1h} + ‖η_2‖_{2h} + ( ∑ (x,y)∈S_h

ζ^2 α h-k )_{1/2}} . (5)

In such a way, to obtain the convergence rate estimates for FDS (3) it is sufficient to estimate the right hand side terms in (5).

Let us first estimate the norm of η_1. For each node (x, y) ∈ Ω_{1h} we define the elementary cell e_1 = e_1(x, y) with vertices A = (x, y), B = (x − h/2, y + k_+/2),

C = (x − h, y) and D = (x − h/2, y − k/2) (fig. 4). In the case when e_1 ∩ S = ∅ we set η_1 = η_{11} + η_{12},

η_{11} = T_2 ∂u ∂x | | (x−h/2,y)

− u_{x̄} − k_+ − k 4 T_2

∂^2u ∂x∂y | | (x−h/2,y) , η_{12} = k_+ − k 4 T_2

∂^2u ∂x∂y | | (x−h/2,y) = k_+ − k 4-k [ ∂u ∂x (x − h/2, y + k_+/2) − ∂u ∂x (x − h/2, y − k/2) ] . The value η_{11} in the node (x, y) ∈ Ω_{1h} is a bounded linear functional of u ∈ W^s_2 (e_1), s > 2, which vanishes on polynomials of the second degree. Using Bramble-Hilbert lemma [1], [2] and the methodology proposed in [10] and [4] we easily obtain

|η_{11}(x, y)| ≤ C h^{s−2} |u|_W s_{2 (e1)} , 2 < s ≤ 3 . (6)

The value η_{12}(x, y) is a bounded linear functional of^{∂u}_{∂x} (x−h/2, ·) ∈ W^σ_2 (y−k/2, y+ k_+/2), σ > 1/2, which vanishes on constants. Using Bramble-Hilbert lemma we obtain

|η_{12}(x, y)| ≤ C h^{σ+1/2} | |∂u ∂x (x − h/2, ·) | | W^σ_2 (y−k/2,y+k_+/2)

, 1/2 < σ ≤ 1 . (7)

Let now e_1 ∩ S ≠ ∅. Then the vertex C = (x − h, y) of e_1 belongs to S_h. By B^′ = (x − h/2, y^′) we denote intersection of BD with S, and by B^{′′} = (x − h/2, y^{′′}) we denote intersection of BD with tangent on S in the point C (fig. 5). By -k^{′′} we denote the distance between B^{′′} and D. Finally, we set

η_1 = η^∗_{11} + η^∗_{12} + η^∗_{13} + η^∗_{14} + η^∗_{15},

η^∗_{11} = 1 -k′′

∫_y′′

y−k/2 ∂u ∂x (x − h/2, ỹ) dỹ − u_{x̄} − y^{′′} − y − k/2

2-k^{′′} [ ∂u ∂x (x − h/2, y^{′′}) − ∂u ∂x (x − h/2, y − k/2) ] , η^∗_{12} = y^{′′} − y − k/2 2-k^{′′} [ ∂u ∂x (x − h/2, y^{′′}) − ∂u ∂x (x − h/2, y − k/2) ] , η^∗_{13} = ( 1 -k − 1 -k′′

) ∫_y′′

y−k/2 ∂u ∂x (x − h/2, ỹ) dỹ,

η^∗_{14} = 1 -k ∫_y′

y^{′′} ∂u ∂x (x − h/2, ỹ) dỹ,

η^∗_{15} = 1 -k ∫_{y+k+/2}

y^′ ∂u ∂x (x − h/2, ỹ) dỹ.

Fig. 5 Fig. 6

Terms η^∗_{11} and η^∗_{12} can be estimated in the same manner as η_{11} and η_{12}:

|η^∗_{11}(x, y)| ≤ C h^{s−2} |u|_W s_{2 (e}∗_{1 )} , 2 < s ≤ 3 . (8)

|η^∗_{12}(x, y)| ≤ C h^{σ+1/2} | | | ∂u ∂x (x − h/2, ·) | | |_{W σ2 (y−k/2,y ′′)} , 1/2 < σ ≤ 1 , (9)

where e^∗_1 is quadrangle AB^{′′}CD.

We have -k − -k^{′′} = O(h^2), wherefrom follows

|η^∗_{13}| ≤ C h^{1/2} ‖ ‖ ‖ ∂u ∂x (x − h/2, ·) ‖ ‖ ‖_{L2(y−k/2,y ′′)} .

Using inequality [8]

‖φ‖_{L2(0,ε)} ≤ C ε^{1/2} ‖φ‖_W τ_{2 (0,1)} , 0 < ε < 1, τ > 1/2 (10)

and applying imbedding theorem, from here follows

|η^∗_{13}| ≤ C h ‖ ‖ ∂u ∂x (x − h/2, ·) ‖ ‖ W^τ_2 (0,y^{′′})

≤ C h ‖u‖_W τ+3/2_{2 (Ω − )} , τ > 1/2. (11)

Analogously

|η^∗_{14}| ≤ C ‖ ‖ ‖ ∂u ∂x (x − h/2, ·) ‖ ‖ ‖_{L2(y′′,y′)} ≤ C h ‖ ‖ ‖ ∂u ∂x (x − h/2, ·) ‖ ‖ ‖_{W τ2 (0,y′)}

≤ C h ‖u‖_W τ+3/2_{2 (Ω − )} (12) and |η^∗_{15}| ≤ C ‖ ‖ ∂u ∂x (x − h/2, ·) ‖ ‖ L_2(y^′,y+k+/2)

≤ C h ‖ ‖ ∂u ∂x (x − h/2, ·) ‖ ‖ W^τ_2 (y^′,l_2)

≤ C h ‖u‖_W τ+3/2_{2 (Ω +)} , (13)

where τ > 1/2.

From (6)–(9) and (11)–(13) after summation over the mesh Ω_{1h} and application of imbedding theorem, we immediately obtain the estimate

‖η_1‖_{1h} ≤ C h^{s−1} ( ‖u‖_W s_{2 (Ω} −_) + ‖u‖_W s_{2 (Ω} +_) ) + C h^{σ+1} ( ‖u‖_W σ+3/2_{2 (Ω − )}+

+ ‖u‖_W σ+3/2_{2 (Ω +)} ) + C h^{3/2} ( ‖u‖_W τ+3/2_{2 (Ω − )} + ‖u‖_W τ+3/2_{2 (Ω +)} ) , where 2 < s ≤ 3, 1/2 < σ ≤ 1 and τ > 1/2. Setting σ + 3/2 = τ + 3/2 = s ∈ (2, 5/2] and using obvious inequalities h^{σ+1} = h^{s−1/2} ≤ h^{s−1} , h^{3/2} ≤ h^{s−1} (for h < 1 and s ≤ 5/2), one finally obtains

‖η_1‖_{1h} ≤ C h^{s−1} ( ‖u‖_W s_{2 (Ω} −_) + ‖u‖_W s_{2 (Ω} +_) ) , 2 < s ≤ 5/2. (14) In an analogous manner:

‖η_2‖_{2h} ≤ C h^{s−1} ( ‖u‖_W s_{2 (Ω} −_) + ‖u‖_W s_{2 (Ω} +_) ) , 2 < s ≤ 5/2. (15)

Now, let us estimate ζ. Let us consider the node (x, y) = (x_i, g(x_i)) ∈ S_h and the corresponding arc^⌢P Q = S ∩ e(x, y) (fig. 6). The length of^⌢P Q is equal to l = ∫_{x+h/2}

x_0 √ 1 + [g^′(x̃)]^2 dx̃, where g(x_0) = y − k/2.

Obviously, l = O(h). On^⌢P Q we introduce the local system of coordinates, taking P as the zero point and denoting by σ = ∫_x′

x_0 √ 1 + [g^′(x̃)]^2 dx̃, x^′ ∈ (x_0, x + h/2)

the distance from P to point (x^′, g(x^′)) ∈ S ∩ e. Let us denote u(σ) = u(x^′, g(x^′)). Also, let u(σ_∗ ) = u(x, g(x)) be the value of the function u in the point M = (x, g(x)), and M_0 – the middle point of the arc^⌢P Q (corresponding to the value σ = l/2). It can be easily checked that l/2 − σ_∗ = O(h^2) and α(x, y) = O(h^{−1} ).

The value ζ = ζ(x, y) can be represented in the following way ζ = 1 h-k ∫_l 0 c(σ) [u(σ_∗ ) − u(σ)] dσ = ζ_1 + ζ_2 + ζ_3 , where

ζ_1 = 1 h-k ∫_l 0 [c(σ) − c(l/2)] [u(σ_∗ ) − u(σ)] dσ,

ζ_2 = c(l/2) h-k ∫_l 0 [u(σ_∗ ) − u(l/2)] dσ = l h-k c(l/2) [u(σ_∗ ) − u(l/2)] ,

ζ_3 = c(l/2) h-k ∫_l 0 [u(l/2) − u(σ)] dσ.

We have

ζ_1 = 1 h-k ∫_l 0 ( ∫_σ l/2 dc dσ (σ^′) dσ^′ ) [u(σ_∗ ) − u(σ)] dσ = 1 h-k ∫_l 0 ( ∫_σ l/2 dc dσ (σ^′) dσ^′

)( ∫_{σ ∗} σ du dσ (σ^{′′}) dσ^{′′} ) dσ, wherefrom follows

|ζ_1| ≤ C h^{−1/2} ‖ ‖ ∂c ∂S ‖ ‖ L_2(S∩e)

‖u‖_{C(S)} ≤ C h^{−1/2} ‖ ‖ ∂c ∂S ‖ ‖ L_2(S∩e)

‖u‖_W 1_{2 (S)} , (16)

where as usual ‖u‖_{C(S)} = max_{(x,y)∈S} |u(x, y)|, and

|ζ_1| ≤ C h^{1/2} ‖ ‖ ‖ ∂c ∂S ‖ ‖ ‖_{L2(S∩e)} ‖ ‖ ‖ ∂u ∂S ‖ ‖ ‖_{C(S)} ≤ C h^{1/2} ‖ ‖ ‖ ∂c ∂S ‖ ‖ ‖_{L2(S∩e)} ‖u‖^{W 2}2^{(S)} . (17)

Analogously we obtain

|ζ_2| = | | l h-k c(l/2)

∫_{σ ∗} l/2 du dσ (σ) dσ | |≤ C ‖c‖_{C(S)} ‖ ‖ ∂u ∂S ‖ ‖ L_2(^⌢MM_0)

≤ C ‖c‖_W 1_{2 (S)} ‖u‖_W 1_{2 (S)} . (18)

From (18), using (10) one obtains |ζ_2| ≤ C h ‖c‖_W 1_{2 (S)} ‖u‖_W 2_{2 (S)} . (19)

Finally, from integral representations

ζ_3 = c(l/2) h-k ∫_l 0 ∫_{l/2} σ du dσ (σ^′) dσ^′ dσ = c(l/2) h-k ∫_l 0 ∫_{l/2} σ ∫_σ ′ l/2 d^2u dσ^2

(σ^{′′}) dσ^{′′} dσ^′ dσ

we immediately obtain

|ζ_3| ≤ C h^{−1/2} ‖c‖_{C(S)} ‖ ‖ ∂u ∂S ‖ ‖ L_2(S∩e)

≤ C h^{−1/2} ‖c‖_W 1_{2 (S)} ‖u‖_W 1_{2 (S∩e)} (20) and |ζ_3| ≤ C h^{1/2} ‖c‖_{C(S)} ‖ ‖ ∂^2u ∂S^2 ‖ ‖ L_2(S∩e)

≤ C h^{1/2} ‖c‖_W 1_{2 (S)} ‖u‖_W 2_{2 (S∩e)} . (21)

From (16), (18) and (20) by summing over S_h we obtain ( ∑ (x,y)∈S_h

ζ^2 α h-k )_{1/2}

≤ C h ‖c‖_W 1_{2 (S)} ‖u‖_W 1_{2 (S)} . (22)

Analogously, from (17), (19) and (21) follows ( ∑ (x,y)∈S_h

ζ^2 α h-k )_{1/2}

≤ C h^2 ‖c‖_W 1_{2 (S)} ‖u‖_W 2_{2 (S)} . (23)

From (22) and (23) by interpolation one obtains ( ∑ (x,y)∈S_h

ζ^2 α h-k )_{1/2} ≤ C h^{s−1} ‖c‖_W 1_{2 (S)} ‖u‖_W s−1_{2 (S)} , 2 ≤ s ≤ 3. (24)

Finally, from (5), (14), (15) and (24) we obtain the following assertion:

Theorem 1. Under previous assumptions FDS (3) converges and the following convergence rate estimate holds

‖z‖_W 1_{2,h} ≤ C h^{s−1} ( ‖u‖_W s_{2 (Ω} −_) +‖u‖_W s_{2 (Ω} +_) +‖c‖_W 1_{2 (S)} ‖u‖_W s−1_{2 (S)} ) , 2 < s ≤ 5/2. (25) Estimate (25) is compatible with the smoothness of generalized solution of BVP (1).

REFERENCES

[1] J. H. Bramble, S. R. Hilbert, Bounds for a class of linear functionals with application to Hermite interpolation, Numer. Math. 16 (1971), 362–369.

[2] T. Dupont, R. Scott, Polynomial approximation of functions in Sobolev spaces, Math. Comput. 34 (1980), 441–463.

[3] J. Eschet, Quasilinear parabolic systems with dynamical boundary conditions, Communs. Partial Differential Equations 19 (1993), 1309–1364.

[4] B. S. Jovanović, Finite difference method for boundary value problems with weak solutions.

Posebna izdanja Mat. Instituta, 16, Mat. Institut, Belgrade 1993.

[5] B. S. Jovanović, J. D. Kandilarov, L. G. Vulkov, Construction and convergence of difference schemes for a model elliptic equation with Dirac-delta function coefficient, Lect. Notes Comput. Sci. 1988 (2001), 431–438.

[6] J. Kandilarov, A second-order difference method for solution of diffusion problems with localized chemical reactions. In: Finite-Difference Methods: Theory and Applications (CFDM 98), Vol. 2, Ed. by A.A. Samarskiĭ, Inst. of Math., Nat. Acad. of Sci. of Belarus, Minsk 1998, 63–67.

[7] A. V. Lykov, Teplomassoobmen, �nergi�, Moskva 1978.

[8] L. A. Oganes�n, L. A. Ruhovec, Variacionno-raznostnye metody rexeni� �lliptiqeskih uravneni�, Erevan: Izd. AN Arm. SSR, 1979.

[9] A. A. Samarski�, Teori� raznostnyh shem, Moskva, Nauka, 1989.

[10] A. A. Samarski�, R. D. Lazarov, V. L. Makarov, Raznostnye shemy dl� differencial�nyh uravneni� s obobwennymi rexeni�mi, Moskva, Vysxa� xkola, 1987.

[11] L. Vulkov, J. Kandilarov, Construction and implementation of finite-difference schemes for systems of diffusion equations with localized chemical reactions, Comp. Math. Math. Phys. 40 (2000), 705–717.

(received 21.05.2003, in revised form 19.11.2004)

Boško S. Jovanović, University of Belgrade, Faculty of Mathematics, Studentski trg 16, 11000 Belgrade, Serbia and Montenegro, E-mail: bosko@matf.bg.ac.yu Lubin G. Vulkov, University of Rousse, Department of Mathematics, Studentska str. 8, 7017 Rousse, Bulgaria E-mail: vulkov@ami.ru.acad.bg