� � 51 (1999), 39–51

UDK 515.122.2 � � � research paper

SOME FUZZY SP-TOPOLOGICAL PROPERTIES

Biljana Krsteska

Abstract. The concepts of fuzzy SP-irresolute continuous, fuzzy SP-irresolute open (closed) mappings, and a fuzzy SP-homeomorphism are being introduced and studied. Some of their characteristic properties are being considered. Finally, the claim that fuzzy semiregular properties are fuzzy SP-topological is being proved.

1. Introduction

The classes of fuzzy strongly preopen sets and fuzzy strongly precontinuous mappings are introduced in [8]. As a continuation of this work, in Section 3 and Section 4 we introduce the concepts of a fuzzy SP-irresolute continuous mapping and a fuzzy SP-irresolute open (closed) mapping.

As a pendant of the notion of a semihomeomorphism introduced in [5], Yalvac [13] introduced the concept of a fuzzy semihomeomorphism. In the section 5 we introduce the notion of a fuzzy SP-homeomorphism and we prove that fuzzy semiregular properties and fuzzy separability are fuzzy SP-topological.

2. Preliminatries

Now we introduce some basic notions and results that are used in the sequel. In this work by (X, τ) or simply by X we will denote a fuzzy topological space (fts) due to Chang [6]. The interior, the closure and the complement of a fuzzy set A will be denoted by int A, cl A and A^c, respectively.

Definition 2.1. A fuzzy set A of an fts X is called:

1) fuzzy semiopen (semiclosed) if there exists a fuzzy open (closed) set U of X such that U ⩽ A ⩽ cl U (int U ⩽ A ⩽ U) [1];

2) fuzzy preopen (preclosed) if A ⩽ int(cl A) (A ⩾ cl(int A)) [4]; 3) fuzzy strongly semiopen (strongly semiclosed) if A ⩽ int(cl(int A)) (A ⩾ cl(int(cl A))) [4];

AMS Subject Classification: 54 A 40 Keywords and phrases: Fuzzy topology, fuzzy strongly preopen set, fuzyy SP-irresolute continuous mapping, fuzzy SP-irresolute open (closed) mapping, fuzzy SP-homeomorphism. 39

4) fuzzy strongly preopen (strongly preclosed) if A ⩽ int(pcl A) (A ⩾ cl(pint A)) [8];

5) fuzzy regular open (regular closed) if A = int(cl A) (A = cl(int A)) [1].

The family of all fuzzy semiopen (fuzzy preopen, fuzzy strongly semiopen, fuzzy strongly preopen, fuzzy regular open, fuzzy semiclosed, fuzzy preclosed, fuzzy strongly semiclosed, fuzzy strongly preclosed, fuzzy regular closed) sets of an fts (X, τ) will be denoted by F SO(τ) (F P O(τ), F SSO(τ), F SP O(τ), F RO(τ), F SC(τ), F P C(τ), F SSC(τ), F SP C(τ), F RC(τ)). Definition 2.2. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). The mapping f is called:

1) fuzzy continuous if f^{−1}(B) ∈ τ_1, for each B ∈ τ_2 [6];

2) fuzzy weakly continuous if f^{−1}(B) ⩽ int f^{−1}(cl B), for each B ∈ τ_2 [1]; 3) fuzzy strongly precontinuous if f^{−1}(B) ∈ F SP O(τ_1), for each B ∈ τ_2 [8]; 4) fuzzy irresolute continuous if f^{−1}(B) ∈ F SO(τ_1), for each B ∈ F SO(τ_2) [13]; 5) fuzzy preirresolute continuous if f^{−1}(B) ∈ F P O(τ_1), for each B ∈ F P O(τ_2) [7];

6) fuzzy strongly irresolute continuous if f^{−1}(B) ∈ F SSO(τ_1), for each B ∈ F SSO(τ_2) [2];

7) fuzzy R-continuous if f^{−1}(B) ∈ F RO(τ_1), for each B ∈ F RO(τ_2) [3]; 8) fuzzy open (closed) if f(A) ∈ τ_2 (f(A)^c ∈ τ_2), for each A ∈ τ_1 (A^c ∈ τ_1) [12]; 9) fuzzy strongly preopen (preclosed) if f(A) ∈ F SP O(τ_2) (f(A) ∈ F SP C(τ_2)), for each A ∈ τ_1 (A^cτ_1) [8];

10) fuzzy irresolute open (closed) if f(A) ∈ F SO(τ_2) (f(A) ∈ F SC(τ_2)), for each A ∈ F SO(τ_1) (A ∈ F SC(τ_1)) [13];

11) fuzzy preirresolute open (closed) if f(A) ∈ F P O(τ_2) (f(A) ∈ F P C(τ_2)), for each A ∈ F P O(τ_1) (A ∈ F P C(τ_1)) [7];

12) fuzzy strongly irresolute open (closed) if f(A) ∈ F SSO(τ_2) (f(A) ∈ F SSC(τ_2)), for each A ∈ F SSO(τ_1) (A ∈ F SSC(τ_1)) [2];

13) fuzzy R-open (R-closed) if f(A) ∈ F RO(τ_2) (f(A) ∈ F RC(τ_2)), for each A ∈ F RO(τ_1) (A ∈ F RC(τ_1)) [3];

14) fuzzy homeomorphism if it is bijective and f and f^{−1} are fuzzy continuous [6].

Definition 2.3. [10] A fuzzy point x_α of an fts X is a fuzzy set of X defined as follows: x_α(y) = { α, if y = x; 0, otherwise. 0 < α ⩽ t. Definition 2.4. [10] A fuzzy point x_α is said to be contained in a fuzzy set A of an fts X (x_α ∈ A) if α ⩽ A(x), for each x ∈ X.

Definition 2.5. [10] A fuzzy set A of an fts X is said to be a neighbourhood of a fuzzy point x_α of X, if there exists a fuzzy open set U of X, such that x_α ⩽ U ⩽ A.

Lemma 2.1. [10] Let A be a fuzzy set of an fts X. Then A = ⋁ x_α∈A xα. Definition 2.6. [8] Let A be a fuzzy set of an fts X.

(1) The union of all fuzzy strongly preopen sets contained in A is called a fuzzy strong preinterior of A, denoted by spint A.

(2) The intersection of all fuzzy strongly preclosed sets containing A is called a fuzzy strong preclosure of A, denoted by spcl A.

Lemma 2.2. [8] Let A be a fuzzy set of an fts X. Then, 1) spcl A^c = (spint A)^c; 2) spint A^c = (spcl A)^c; 3) pcl A^c = (pint A)^c;

4) pint A^c = (pcl A)^c.

Lemma 2.3. [8] Let A be a fuzzy set of an fts X. Then, int A ⩽ spint A ⩽ pint A ⩽ A ⩽ pcl A ⩽ spcl A ⩽ cl A.

Lemma 2.4. [8] Let A be a fuzzy set of an fts X. 1) If A is fuzzy strongly preopen, then pcl A = spcl A = cl A. 2) If A is fuzzy strongly preclosed, then pint A = spint A = int A.

Lemma 2.5. Let X be an fts. If A ≠ 0_X is a fuzzy strongly preopen set, then int A ≠ 0_X .

Proof. If int A = 0_X , then from cl(int A) ⩽ A it follows that A is a fuzzy preclosed set. Thus int(pcl A) = int A = 0_X < A. Hence A is not fuzzy strongly preopen.

Lemma 2.6. [8] Let A be a fuzzy set of an fts X. Then, 1) spint(cl A) = int(cl A); 2) spcl(int A) = cl(int A).

Lemma 2.7. [8] Let (X, τ) be an fts. Then, 1) F SP O(τ) ∩ F SC(τ) = F RO(τ); 2) F SP C(τ) ∩ F SO(τ) = F RC(τ); 3) F SP O(τ) ∩ F SO(τ) = F SSO(τ); 4) F SP C(τ) ∩ F SC(τ) = F SSC(τ). Definition 2.7. [11] An fts (X, τ) is called fuzzy separable if there exists a countable sequence of fuzzy points {p_i}_{i∈N} such that for each fuzzy open set A ≠ 0_X , there exists p_i ∈ A.

Let (X, τ) be an fts. Since the intersection of two fuzzy regular open sets is a regular open set, the family F RO(τ) forms a base for a smaller topology S(X) on X, called the semiregularization of X.

Definition 2.8. [1] An fts (X, τ) is called fuzzy semiregular if the family of all fuzy regular open sets of X forms a base for the fuzzy topology τ.

Definition 2.9. [9] A topological property P is called semiregular if an fts (X, τ) has P if and only if (X, S(X)) has P .

3. Fuzzy SP-irresolute continuous mappings

Definition 3.1. A mapping f : (X, τ_1) → (Y, τ_2) from an fts (X, τ_1) into an fts (X, τ_2) is called fuzzy SP-irresolute continuous if f^{−1}(B) ∈ F SP O(τ_1), for each B ∈ F SP O(τ_2). Remark 3.1. If f is fuzzy SP-irresolute continuous, then f is fuzzy strong precontinuous. The converse may not be true. The concepts of fuzzy SP-irresolute continuity and fuzzy continuity are independent.

Example 3.1. Let X = {a, b, c} and A, B, C, D be fuzzy sets of X defined as follows:

A(a) = 0,5 A(b) = 0,3 A(c) = 0,6; B(a) = 0,3 B(b) = 0,4 B(c) = 0,3; C(a) = 0,5 C(b) = 0,4 C(c) = 0,6; D(a) = 0,5 D(b) = 0,5 D(c) = 0,6.

We put τ_1 = {0, A, B, A∧B, A∨B, 1}, τ_2 = {0, C, 1} and f = id: (X, τ_1) → (X, τ_2). Then f is fuzzy strong precontinuous, but f is not fuzzy SP-irresolute continuous. Furthermore, f is a fuzzy continuous mapping, which is not SP-irresolute continuous.

Example 3.2. Let X = {a, b, c} and A, B, C, be fuzzy sets of X defined as follows:

A(a) = 0,3 A(b) = 0,2 A(c) = 0,7; B(a) = 0,8 B(b) = 0,8 B(c) = 0,4; C(a) = 0,8 C(b) = 0,7 C(c) = 0,6.

We put τ_1 = {0, A, B, A∧B, A∨B, 1}, τ_2 = {0, C, 1} and f = id: (X, τ_1) → (X, τ_2). Then f is fuzzy SP-irresolute continuous, but f is not fuzzy continuous.

Theorem 3.1. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). Then the following statements are equivalent:

(i) f iz fuzzy SP-irresolute continuous; (ii) f^{−1}(B) ∈ F SP C(τ_1), for each B ∈ F SP C(τ_2); (iii) f(spcl A) ⩽ spcl f(A), for each fuzzy set A of X; (iv) spcl f^{−1}(B) ⩽ f^{−1}(spcl B), for each fuzzy set B of Y ; (v) f^{−1}(spint B) ⩽ spint f^{−1}(B), for each fuzzy set B of Y . Proof. (i) =⇒ (ii) can be proved by using Theorem 4.1 [14].

(ii) =⇒ (iii). Let A be a fuzzy set of X. Then spcl f(A) ∈ F SP C(τ_2). According to the assumption, f^{−1}(spcl f(A)) ∈ F SP C(τ_1). Hence, spcl A ⩽ spcl f^{−1}f(A) ⩽ spcl f^{−1}(spcl f(A)) = f^{−1}(spcl f(A)). Thus, f(spcl A) ⩽ spcl f(A).

(iii) =⇒ (iv). Let B be a fuzzy set of Y . According to the assumption, f(spcl f^{−1}(B)) ⩽ spcl ff^{−1}(B) ⩽ spcl B. Thus, spcl f^{−1}(B) ⩽ f^{−1}f(spcl f^{−1}(B)) ⩽ f^{−1}(spcl B).

(iv) =⇒ (v) can be proved by using Lemma 2.2 and Theorem 4.1 [14]. (v) =⇒ (i). Let B ∈ F SP O(τ_2). Then B = spint B. From (v) we obtain f^{−1}(B) = f^{−1}(spint B) ⩽ spint f^{−1}(B) ⩽ f^{−1}(B). Thus, f^{−1}(B) = spint f^{−1}(B). Hence, f is a fuzzy SP-irresolute continuous mapping.

Theorem 3.2. Let f : (X, τ_1) → (Y, τ_2) be a bijective mapping from an fts (X, τ_1) into an fts (Y, τ_2). The mapping f is fuzzy SP-irresolute continuous if and only if spint f(A) ⩽ f(spint A), for each fuzzy set A of X.

Proof. Let f be fuzzy SP-irresolute continuous. Then f^{−1}(spint f(A)) ∈ F SP O(τ_1), for any fuzzy set A of X. Since f is injective, from Theorem 3.1 we obtain that f^{−1}(spint f(A)) ⩽ spint f^{−1}f(A) = spint A. Again, since f is surjective, we have spint f(A) = ff^{−1}(spint f(A)) ⩽ f(spint A).

Conversely, let B ∈ F SP O(τ_2). Then spint B = B. Since f is surjective, from the assumption we obtain that f(spint f^{−1}(B)) ⩾ spint ff^{−1}(B) = spint B = B. This implies that f^{−1}f(spint f^{−1}(B)) ⩾ f^{−1}(B). Since f is injective, we have spint f^{−1}(B) = f^{−1}f(spint f^{−1}(B)) ⩾ f^{−1}(B). Thus, spint f^{−1}(B) = f^{−1}(B). Hence, f is fuzzy SP-irresolute continuous.

Theorem 3.3. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). Then the following statements are equivalent:

(i) f is fuzzy SP-irresolute continuous;

(ii) cl(pint f^{−1}(B)) ⩽ f^{−1}(spcl B), for each fuzzy set B of Y ; (iii) f^{−1}(spint B) ⩽ int(pcl f^{−1}(B)), for each fuzzy set B of Y ; (iv) f(cl(pint A)) ⩽ spcl f(A), for each fuzzy set A of X.

Proof. (i) =⇒ (ii). Let B be a fuzzy set of Y . According to the assumption f^{−1}(spcl B) ∈ F SP C(τ_1). Hence, f^{−1}(spcl B) ⩾ cl(pint f^{−1}(spcl B)) ⩾ cl(pint f^{−1}(B)).

(ii) =⇒ (iii) can be proved by using Lemma 2.2 and Theorem 4.1 [14]. (iii) =⇒ (iv). Let A be a fuzzy set of X. Let us put B = f(A), then A ⩽ f^{−1}(B). According to the assumption, (int(pcl A^c))^c ⩽ (int(pcl f^{−1}(B^c)))^c ⩽ (f^{−1}(spint B^c))^c. Thus, cl(pint A) ⩽ cl(pint f^{−1}(B)) ⩽ f^{−1}(spcl B). Hence, f(cl(pint A)) ⩽ ff^{−1}(spcl B) ⩽ spcl B = spcl f(A).

(iv) =⇒ (i). Let B ∈ F SP C(τ_2). According to the assumption, f(cl(pint f^{−1}(B))) ⩽ spcl ff^{−1}(B) ⩽ spcl B = B. Then cl(pint f^{−1}(B)) ⩽ f^{−1}f(cl(pint f^{−1}(B))) ⩽ f^{−1}(B). Thus f^{−1}(B) ∈ F SP C(τ_1), hence f is fuzzy SP-irresolute continuous.

Theorem 3.4. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). If f is SP-irresolute continuous, then f^{−1}(B) ⩽ spint f^{−1}(int(pcl B)), for each B ∈ F SP O(τ_2).

Proof. Let B ∈ F SP O(τ_2). Then, f^{−1}(B) ⩽ f^{−1}(int(pcl B)). Since f^{−1}(B) ∈ F SP O(τ_1), we have f^{−1}(B) ⩽ spint f^{−1}(int(pcl B)).

Theorem 3.5. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). Then the following statements are equivalent:

(i) f is fuzzy SP-irresolute continuous;

(ii) for any fuzzy point x_α of X and any B ∈ F SP O(τ_2) containing f(x_α), there exists A ∈ F SP O(τ_1) containing x_α such that A ⩽ f^{−1}(B);

(iii) for any fuzzy point x_α of X and any B ∈ F SP O(τ_2) containing f(x_α), there exists A ∈ F SP O(τ_1) containing x_α such that f(A) ⩽ B.

Proof. (i) =⇒ (ii). Let f be fuzzy SP-irresolute continuous. Let x_α be a fuzzy point of X and let B ∈ F SP O(τ_2) containing f(x_α). Then x_α ∈ f^{−1}(B) = spint f^{−1}(B). The result follows for A = spint f^{−1}(B).

(ii) =⇒ (iii). It follows from the relation f(A) ⩽ ff^{−1}(B) ⩽ B. (iii) =⇒ (i). Let B ∈ F SP O(τ_2) and let x_α be a fuzzy point of X such that x_α ∈ f^{−1}(B). Then f(x_α) ∈ B. According to the assumption, there exists A ∈ F SP O(τ_1) containing x_α such that f(A) ⩽ B. Then x_α ∈ A ⩽ f^{−1}f(A) ⩽ f^{−1}(B) and x_α ∈ A = spint A ⩽ spint f^{−1}(B). Since x_α is an arbitrary fuzzy point and f^{−1}(B) is the union of all fuzzy points which belong in f^{−1}(B), it sollows that f^{−1}(B) ⩽ spint f^{−1}(B). Hence, f is fuzzy SP-irresolute continuous.

Theorem 3.6. Let f : (X, τ_1) → (Y, τ_2) be a bijective mapping from an fts (X, τ_1) into an fts (Y, τ_2). The mapping f is fuzzy SP-irresolute continuous if and only if for any fuzzy point x_α of X and any B ∈ F SP O(τ_2) containing f(x_α), pcl f^{−1}(B) is a fuzzy neighbourhood of x_α.

Proof. Let f be fuzzy SP-irresolute continuous. Let x_α be a fuzzy point of X and B ∈ F SP O(τ_2) containing f(x_α). Then x_α ∈ f^{−1}(B) ⩽ int(pcl f^{−1}(B)) ⩽ pcl f^{−1}(B). Hence pcl f^{−1}(B) is a fuzzy neighbourhood of x_α.

Conversely, let B ∈ F SP O(τ_2) and let x_α ∈ f^{−1}(B). According to the assumption, pcl f^{−1}(B) is a fuzzy neighbourhood of x_α. Thus, x_α ∈ int(pcl f^{−1}(B)). Hence, f^{−1}(B) ⩽ int(pcl f^{−1}(B)), i.e. f is fuzzy SP-irresolute continuous.

Theorem 3.7. Every fuzzy SP-irresolute continuous mapping is a fuzzy weakly continuous mapping.

Proof. Let f : (X, τ_1) → (Y, τ_2) be fuzzy SP-irresolute continuous and B ∈ F O(τ_2). Then, from Lemma 2.4, Lemma 2.6 and Theorem 3.1 it follows that f^{−1}(B) = spint f^{−1}(B) ⩽ spint(cl f^{−1}(B)) = int(cl f^{−1}(B)) = int(spcl f^{−1}(B)) ⩽ int f^{−1}(spcl B) ⩽ int f^{−1}(cl B). Hence, f is fuzzy weakly continuous.

Theorem 3.8. A mapping f : (X, τ_1) → (Y, τ_2) from an fts (X, τ_1) into an fts (Y, τ_2) is fuzzy strongly irresolute continuous if it is fuzzy irresolute continuous and fuzzy SP-irresolute continuous.

Proof. Let B ∈ F SSO(τ_2). From Lemma 2.7 it follows that B ∈ F SP O(τ_2) and B ∈ F SO(τ_2). Then f^{−1}(B) ∈ F SP O(τ_1) and f^{−1}(B) ∈ F SO(τ_1). Thus, f^{−1}(B) ∈ F SP O(τ_1) ∩ F SO(τ_1). Again, from Lemma 2.7 it follows that f^{−1}(B) ∈ F SSO(τ_1). Theorem 3.9. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). If f is fuzzy SP-irresolute continuous and fuzzy irresolute continuous, then f is fuzzy R-continuous.

Prrof. Let B ∈ F RO(τ_2). From Lemma 2.7 it follows that B ∈ F SP O(τ_2) and B ∈ F SC(τ_2). According to the assumption, f^{−1}(B) ∈ F SP O(τ_1) and f^{−1}(B) ∈ F SC(τ_1). Again, from Lemma 2.7 it follows that f^{−1}(B) ∈ F RO(τ_1).

Theorem 3.10. Let f : X → Y and g ∈ Y → Z be mappings, where X, Y and Z are fts’s.

(1) If f and g are fuzzy SP-irresolute continuous, then gf is fuzzy SP-irresolute continuous as well.

(2) If f is fuzzy SP-irresolute continuous and g is fuzzy strong precontinuous, then gf is fuzzy strong precontinuous.

(3) If f is fuzzy SP-irresolute continuous and g is fuzzy continuous, then gf is fuzzy strong precontinuous.

(4) If gf is fuzzy SP-irresolute continuous and g is fuzzy strongly preopen (preclosed) and injective, then f is fuzzy strong precontinuous.

(5) If gf is fuzzy strongly preopen (preclosed) and g is fuzzy SP-irresolute continuous and injective, then f is fuzzy strongly preopen (preclosed).

Proof. The results follow from the relations (gf)^{−1}(C) = f^{−1}(g^{−1}(C)), for any fuzzy set C of Z, f^{−1}(B) = (gf)^{−1}g(B), for any fuzzy set B of Y , when g is injective and f(A) = g^{−1}(gf)(A), for any fuzzy set A of X, when g is injective.

Corollary 3.11. Let X, X_1 and X_2 be fts’s and p_i : X_1 ×X_2 → X_i (i = 1, 2) be the projection of X_1 × X_2 onto X_i. If f : X → X_1 × X_2 is fuzzy SP-irresolute continuous, then p_if is fuzzy strong precontinuous.

Proof. The projections p_i, i = 1, 2, are fuzzy continuous mappings.

4. Fuzzy SP-irresolute open and SP-irresolute closed mappings

Definition 4.1. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). The mapping f is called SP-irresolute open (closed) if f(A) ∈ F SP O(τ_2) (f(A) ∈ F SP C(τ_2)), for each A ∈ F SP O(τ_1) (A ∈ F SP C(τ_1)).

Remark 4.1. The concept of a fuzzy SP-irresolute open (closed) mapping is strictly stronger then the concept of a fuzzy strongly preopen (preclosed) mapping.

The concepts of a fuzzy SP-irresolute open (closed) mapping and a fuzzy open (closed) mapping are independent.

Example 4.1. We consider the fts’s (X, τ_1) and (X, τ_2) from Example 3.1. The mapping f = id: (X, τ_2) → (X, τ_1) is fuzzy strongly preopen (preclosed) but it is not fuzzy SP-irresolute open (closed). Furthermore, f is a fuzzy open (closed) mapping that is not fuzzy SP-irresolute open (closed). Let (X, τ_1) and (X, τ_2) be the fts’s from Example 3.2. Then the mapping f = id: (X, τ_2) → (X, τ_1) is fuzzy SP-irresolute open (closed) but it is not fuzzy open (closed).

Theorem 4.1. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). Then the following statements are equivalent:

(i) f is fuzzy SP-irresolute open;

(ii) f(spint A) ⩽ spint f(A), for each fuzzy set A of X; (iii) spint f^{−1}(B) ⩽ f^{−1}(spint B), for each fuzzy set B of Y ; (iv) f^{−1}(spcl B) ⩽ spcl f^{−1}(B), for each fuzzy set B of Y .

Proof. (i) =⇒ (ii). Let A be a fuzzy set of X. Then f(spint A) = spint f(spint A) ⩽ spint f(A).

(ii) =⇒ (iii). Let B be a fuzzy set of Y . According to the assumption, f(spint f^{−1}(B)) ⩽ spint ff^{−1}(B) ⩽ spint B. Hence spint f^{−1}(B) ⩽ f^{−1}f(spint(f^{−1}(B))) ⩽ f^{−1}(spint B).

(iii) =⇒ (iv) can be proved by using Lemma 2.2 and Theorem 4.1 [14]. (iv) =⇒ (i). Let A ∈ F SP O(τ_1). Then A = spint A. According to the assumption, A = spint A ⩽ pint f^{−1}f(A) = (spcl f^{−1}(f(A)^c))^c ⩽ f^{−1}(spcl f(A)^c)^c = f^{−1}(spint f(A)), hence f(A) ⩽ ff^{−1}(spint f(A)) ⩽ spint f(A). Thus f(A) = spint f(A), i.e. f is fuzzy SP-irresolute open.

Theorem 4.2. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). The mapping f is fuzzy SP-irresolute closed if and only if spcl f(A) ⩽ f(spcl A), for each fuzzy set A of X.

Proof. Let f be fuzzy SP-irresolute closed and let A be any fuzzy set of X. Then f(spcl A) ∈ F SP C(τ_2). From f(A) ⩽ f(spcl A) it follows that spcl f(A) ⩽ f(spcl A).

Conversely, let A ∈ F SP C(τ_1). From f(A) = f(spcl A) ⩾ spcl f(A), we obtain spcl f(A) = f(A), hence f is fuzzy SP-irresolute closed.

Theorem 4.3. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2).

1) The mapping f is fuzzy SP-irresolute open if and only if f(spint A) ⩽ int(pcl f(A)), for each fuzzy set A of X.

2) The mapping f is fuzzy SP-irresolute closed if and only if cl(pint f(A)) ⩽ f(spcl A), for each fuzzy set A of X.

Proof. We prove only the statement 1). Let A be a fuzzy set of X. Then f(spint A) ∈ F SP O(τ_2), hence f(spint A) ⩽ int(pcl f(spint A)) ⩽ int(pcl f(A)).

Conversely, let A ∈ F SP O(τ_1), From f(A) = f(spint A) ⩽ int(pcl f(A)) it follows that f(A) ∈ F SP O(τ_2), hence f is fuzzy SP-irresolute open.

Theorem 4.4. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). Then the following statements hold:

1) if f(int(pcl A)) ⩽ int(pcl f(A)), for each A ∈ F SP O(τ_1), then f is fuzzy SP-irresolute open;

2) if f(cl(pint A)) ⩾ cl(pint f(A)), for each A ∈ F SP C(τ_1), then f is fuzzy SP-irresolute closed.

Proof. We prove only the statement 1). Let A ∈ F SP O(τ_1). Then A ⩽ int(pcl A). According to the assumption, f(A) ⩽ f(int(pcl A)) ⩽ int(pcl f(A)), hence f(A) ∈ F SP O(τ_2), i.e. f is SP-irresolute open.

Theorem 4.5. Let f : X → Y be a bijective mapping from an fts X into an fts Y . Then the following statements hold:

1) f is fuzzy SP-irresolute open if and only if it is fuzzy SP-irresolute closed; 2) f is fuzzy SP-irresolute open (closed) if and only if f^{−1} is fuzzy SP-irresolute continuous.

Proof. 1) can be proved by using Lemma 4.1 [14].

2) It follows from the relation (f^{−1})^{−1}(A) = f(A), for each fuzzy set A of X.

Corollary 4.6. Let f : X → Y be a bijective mapping from an fts X into an fts Y . Then the following statements are equivalent:

(i) f is fuzzy SP-irresolute closed;

(ii) f(spint A) ⩽ spint f(A), for each fuzzy set A of X; (iii) spint f^{−1}(B) ⩽ f^{−1}(spint B), for each fuzzy set B of Y ; (iv) f^{−1}(spcl B) ⩽ spcl f^{−1}(B), for each fuzzy set B of Y .

Corollary 4.7. Let f : X → Y be a bijective mapping from an fts X into an fts Y . The mapping f is fuzzy SP-irresolute open if and only if spcl f(A) ⩽ f(spcl A), for each fuzzy set A of X.

Theorem 4.8. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). The mapping f is fuzzy SP-irresolute open if and only if for each fuzzy set B of Y and each A ∈ F SP C(τ_1), f^{−1}(B) ⩽ A, there exists C ∈ F SP C(τ_2) such that B ⩽ C and f^{−1}(C) ⩽ A.

Proof. Let B be a fuzzy set of Y and let A ∈ F SP C(τ_1) such that f^{−1}(B) ⩽ A. Then A^c ⩽ f^{−1}(B^c), hence f(A^c) ⩽ ff^{−1}(B^c) ⩽ B^c. Since A^c ∈ F SP O(τ_1), we obtain that f(A^c) ∈ F SP O(τ_2), hence f(A^c) ⩽ spint B^c. Thus A^c ⩽ f^{−1}f(A^c) ⩽ f^{−1}(spint B^c). It follows that A ⩾ f^{−1}(spint B^c)^c = f^{−1}(spcl B). The result follows for C = spcl B.

Conversely, let U ∈ F SP O(τ_1). We claim that f(U) ∈ F SP O(τ_2). From U ⩽ f^{−1}f(U) it follows that U^c ⩾ f^{−1}f(U)^c, where U^c ∈ F SP C(τ_1). Hence there is B ∈ F SP C(τ_2) such that B ⩾ f(U)^c and f^{−1}(B) ⩽ U^c. Since B ⩾ f(U)^c, it follows that B ⩾ spcl f(U)^c or B^c ⩽ (spcl f(U)^c)^c = spint f(U). From f^{−1}(B) ⩽ U^c we obtain f^{−1}(B^c) ⩾ U or B^c ⩾ ff^{−1}(B^c) ⩾ f(U). Since f(U) ⩽ B^c ⩽ spint f(U), we have f(U) = spint f(U). Thus, f(U) ∈ F SP O(τ_2), hence f is fuzzy SP-irresolute open.

Corollary 4.9. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). If f is fuzzy SP-irresolute open then:

1) f^{−1}(cl(pint B)) ⩽ spcl f^{−1}(B), for each fuzzy set B of Y ; 2) f^{−1}(cl B) ⩽ spcl f^{−1}(B), for each B ∈ F P O(τ_2).

Proof. 1) Let B be a fuzzy set of Y . Then spcl f^{−1}(B) ∈ F SP C(τ_1). From Theorem 4.8 it follows that there exists C ∈ F SP C(τ_2) such that B ⩽ C and f^{−1}(C) ⩽ spcl f^{−1}(B). Thus f^{−1}(cl(pint B)) ⩽ f^{−1}(cl(pint C)) ⩽ f^{−1}(C) ⩽ spcl f^{−1}(B).

2) It follows immediately from 1).

Theorem 4.10. Let f : (X, τ_1) → (Y, τ_2) be a mapping from an fts (X, τ_1) into an fts (Y, τ_2). The mapping f is fuzzy SP-irresolute closed if and only if for each fuzzy set B of Y and each A ∈ F SP O(τ_1), f^{−1}(B) ⩽ A, there exists C ∈ F SP O(τ_2) such that B ⩽ C and f^{−1}(C) ⩽ A.

Proof. Let B be a fuzzy set of Y and let A ∈ F SP O(τ_1) such that f^{−1}(B) ⩽ A. Then f(A^c) ∈ F SP C(τ_2). We put C = f(A^c)^c. Then C ∈ F SP O(τ_2), B ⩽ C and f^{−1}(C) = f^{−1}(f(A^c)^c) ⩽ f^{−1}f(A) ⩽ A.

Conversely, let A ∈ F SP C(τ_1). Then A^c ∈ F SP O(τ_1) and A^c ⩾ f^{−1}(f(A)^c). According to the assumption there exists C ∈ F SP O(τ_2) such that f(A)^c ⩽ C and f^{−1}(C) ⩽ A^c. Hence, f(A) = C^c ∈ F SP C(τ_2).

Theorem 4.11. Let f : X → Y be a mapping from an fts X into an fts Y . The mapping f is fuzzy SP-irresolute closed and fuzzy SP-irresolute continuous if and only if f(spcl A) = spcl f(A), for each fuzzy set A of X.

Proof. It follows from Theorem 3.1 and Theorem 4.2.

Theorem 4.12. Let f : X → Y be a mapping from an fts X into an fts Y . The mapping f is fuzzy SP-irresolute open and fuzzy SP-irresolute continuous if and only if f^{−1}(spcl B) = spcl f^{−1}(B), for each fuzzy set B of Y .

Proof. It follows from Theorem 3.1 and Theorem 4.1.

Theorem 4.13. Let f : X → Y be a mapping from an fts X into an fts Y . The mapping f is fuzzy SP-irresolute open and fuzzy SP-irresolute continuous if and only if f^{−1}(spint B) = spint f^{−1}(B), for each fuzzy set B of Y .

Proof. It follows from Theorem 3.1 and Theorem 4.1.

Theorem 4.14. Let f : X → Y be a mapping from an fts X into an fts Y . If f is fuzzy SP-irresolute open (closed) and fuzzy irresolute open (closed), then it is fuzzy strongly irresolute open (closed).

Proof. It is similar to the proof of Theorem 3.8.

Theorem 4.15. Let f : X → Y be a mapping from an fts X into an fts Y . If f is fuzzy SP-irresolute open (closed) and fuzzy irresolute closed (open), then it is fuzzy R-open (R-closed).

Proof. It is similar to the proof of Theorem 3.9.

Corollary 4.16. Let f : X → Y be a mapping from a semiregular fts X into an fts Y . If f is fuzzy SP-irresolute open (closed) and fuzzy irresolute closed (open), then it is fuzzy open (closed).

Theorem 4.17. Let f : X → Y and g : Y → Z be mappings, where X, Y and Z are fts’s. Then the following statements are true:

1) If f and g are fuzzy SP-irresolute open (closed), then gf is fuzzy SPirresolute open (closed) as well.

2) If f is fuzzy strongly preopen (preclosed) and g is fuzzy SP-irresolute open (closed), then gf is fuzzy strongly preopen (preclosed).

3) If gf is fuzzy SP-irresolute continuous and g is fuzzy SP-irresolute open (closed) and injective, then f is fuzzy SP-irresolute continuous.

4) If gf is fuzzy SP-irresolute continuous and g is fuzzy strongly preopen (preclosed) and injective, then f is fuzzy strong precontinuous.

5) If gf is fuzzy SP-irresolute open (closed) and g is fuzzy SP-irresolute continuous and injective, then f is fuzzy SP-irresolute open (closed).

6) If gf is fuzzy strongly preopen (preclosed) and g is fuzzy SP-irresolute continuous and injective, then f is fuzzy strongly preopen (preclosed).

7) If gf is fuzzy SP-irresolute continuous and f is SP-irresolute open (closed) and surjective, then g is fuzzy SP-irresolute continuous.

8) If gf is fuzzy strong precontinuous and f is fuzzy SP-irresolute open (closed) and surjective, then g is fuzzy strong precontinuous.

9) If gf is fuzzy SP-irresolute open (closed) and f is fuzzy SP-irresolute continuous and surjective, then g is fuzzy SP-irresolute open (closed).

10) If gf is fuzzy SP-irresolute open (closed) and f is strong precontinuous and surjective, then g is fuzzy strongly preopen (preclosed).

Proof. It follows from the relations (gf)(A) = g(f(A)), for each fuzzy set A of X, f(A) = g^{−1}(gf)(A), for each fuzzy set A of X, when g is injective, f^{−1}(B) = (gf)^{−1}g(B), for each fuzzy set B of Y , when g is injective, g(B) = (gf)f^{−1}(B), for each fuzzy set B of Y , when f is surjective and g^{−1}(C) = f(gf)^{−1}(C), for each fuzzy set C of Z, when f is surjective.

5. Fuzzy SP-homeomorphism

Definition 5.1. A bijective mapping f : X → Y from an fts X into an fts Y is called a fuzzy SP-homeomorphism if both f and f^{−1} are fuzzy SP-irresolute continuous.

Theorem 5.1. Let f : X → Y be a bijective mapping from an fts X into an fts Y . The following statements are equivalent:

(i) f is a fuzzy SP-homeomorphism; (ii) f^{−1} is a fuzzy SP-homeomorphism;

(iii) f and f^{−1} are fuzzy SP-irresolute open (closed);

(iv) f is fuzzy SP-irresolute continuous and fuzzy SP-irresolute open (closed); (v) f(spcl A) = spcl f(A), for each fuzzy set A of X; (vi) f(spint A) = spint f(A), for each fuzzy set A of X; (vii) f^{−1}(spint B) = spint f^{−1}(B), for each fuzzy set B of Y ; (viii) spcl f^{−1}(B) = f^{−1}(spcl B), for each fuzzy set B of Y . Proof. (i) =⇒ (ii). It follows immediately from the definition of a SPhomeomorphism and the relation (f^{−1})^{−1} = f.

(ii) =⇒ (iii). It follows from Theorem 4.5. (iii) =⇒ (iv). It follows from Theorem 4.5.

(iv) =⇒ (v). It follows from Theorem 4.5 and Theorem 4.11. (v) =⇒ (vi) can be proved by using Lemma 2.2 and Theorem 4.1 [14]. (vi) =⇒ (vii). Let B be a fuzzy set of X. According to the assumption f(spint f^{−1}(B)) = spint ff^{−1}(B) = spint B. Thus f^{−1}f(spint f^{−1}(B)) = f^{−1}(spint B). Hence spint f^{−1}(B) = f^{−1}(spint B).

(vii) =⇒ (viii) can be proved by using Lemma 2.2 and Theorem 4.1 [14]. (viii) =⇒ (i). It follows from Theorem 4.5 and Theorem 4.12.

Definition 5.2. A property which is preserved under fuzzy SP-homeomor-phisms is said to be a SP-topological property.

Theorem 5.2. If f : (X, τ_1) → (Y, τ_2) is a fuzzy SP-homeomorphism from an fts (X, τ_1) into an fts (Y, τ_2), then it is R-continuous and R-open (closed).

Proof. 1) Let A ∈ F RO(τ_1). Then f(A) = f(int(cl A)) = f(spint(cl A)) = spint f(cl A) = spint f(spcl A) = spint(spcl f(A)) = spint(cl f(A)) = int(cl f(A)).

2) can be proved in a similar manner as 1).

Corollary 5.3. Let f : X → Y be a mapping from an fts X into an fts Y . If f is a fuzzy SP-homeomorphism then f : (X, S(X)) → (Y, S(Y )) is a fuzzy homeomorphism.

Corollary 5.4. Fuzzy semiregular properties are SP-topological.

Remark 5.1. If we refer to [9], as a consequence of Corollary 5.4, the following properties are fuzzy SP-topological: fuzzy Hausdorfness, fuzzy Urysohness, fuzzy connectedness, fuzzy disconectedness and fuzzy extremely disconnectedness. Furthermore, according to [9] the following properties are fuzzy SP-topological: fuzzy almost regularity, fuzzy nearly compactness, fuzzy nearly paracompactness, fuzzy locally nearly compactness, fuzzy nearly Lindelöfness, fuzzy locally nearly Lindelöfness, fuzzy almost locally connectedness.

Theorem 5.5. Fuzzy separability is a SP-topological property.

Proof. Let f : (X, τ_1) → (Y, τ_2) be a fuzzy SP-homeomorphism from a fuzzy separable space X into an fts Y . According to the assumption there exists a countable sequence {p_i}_{i∈N} of fuzzy poinys of X such that for any fuzzy open set A ≠ 0_X there exists p_i ∈ A. Then {f(p_i)}_{i∈N} is a countable sequence of fuzzy points of Y . Let B ≠ 0_Y be a fuzzy open set. Since f^{−1}(B) ≠ 0_X and f^{−1}(B) ∈ F SP O(τ_1) from Lemma 2.5 we have int f^{−1}(B) ≠ 0_X . Then there exists a fuzzy point p_i ∈ int f^{−1}(B). Thus f(p_i) ∈ f(int f^{−1}(B)) ⩽ f(spint f^{−1}(B)) = ff^{−1}(spint B) = B. Hence Y is fuzzy separable.

REFERENCES

[1] K. K. Azad, On fuzzy semicontinuity, fuzzy almost continuity and fuzzy weakly continuity, J. Math. Anal. Appl. 82 (1981), 14–32.

[2] Bai Shi Zhong, The S-irresolute mappings, fuzzy S-separation axioms and S-connectedness, J. Fuzzy Math. 4 (1996).

[3] R. N. Bhaumik and A. Mukherjee, Fuzzy weakly completely continuous functions, Fuzzy Sets and Systems 55 (1993), 347–354.

[4] A. S. Bin Shahna, On fuzzy strong semicontinuity and fuzzy precontinuity, Fuzzy Sets and Systems 44 (1991), 303–308.

[5] S. G. Crosley and S. K. Hildebrand, Semi-topological properties, Fund. Math. 74 (1974), 233–254.

[6] C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968), 182–190. [7] M. A. Fath Alla, On fuzzy topological spaces, Ph. D. Thesis, Assuit University, Egypt, 1984. [8] B. Krsteska, Fuzzy strongly preopen sets and fuzzy strong precontinuity, Mat. Vesnik 50 (1998), 111–123.

[9] A. S. Mashour and K. M. Abd El-Hakeim, On semiregularization fuzzy topologies, J. Fuzzy Math. 2 (1994), 271–280.

[10] P.-M. Pu and Y.-M. Liu, Fuzzy topology. I. Neighborhood structure of a fuzzy point and Moore-Smith convergence. J. Math. Anal. Appl. 76 (1980), 571–599.

[11] C. K. Wong, Fuzzy points and local properties of fuzzy topology, J. Math. Anal. Appl. 40 (1974), 316–328.

[12] C. K. Wong, Fuzzy topology: product and quotient theorems, J. Math. Anal. Appl. 45 (1974), 512–521.

[13] T. H. Yalvac, Semi-interior and semi-closure of a fuzzy set, J. Math. Anal. Appl. 132 (1988), 356–364.

[14] T. H. Yalvac, Fuzzy sets and functions on fuzzy spaces, J. Math. Anal. Appl. 126 (1987), 409–423.

(received 07.12.1998.)

ul. Polog 14, 91000 Skopje, Macedonia

E-mail: biljana@iunona.pmf.ukim.edu.mk