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Multigraded Modules

Hara Charalambous and Christa Deno

ABSTRACT. Let R = k[z1,...,zn] be a polynomial ring over a field k. We
present a characterization of multigraded R-modules in terms of the minors of
their presentation matrix. We describe explicitly the second syzygies of any
multigraded R-module.
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1. Introduction
In what follows k is a field and R = k[x1,...,2,] is the polynomial ring in n

variables over k. Traditionally, monomial ideals of R have been the focus of intense
study: Apart from providing a wide basis for examples, their theory is accessible
and beautiful, they reflect various extremal properties of general ideals, and they
form the link to combinatorial commutative algebra, [Ei94].

A natural generalization of the notion of monomial ideals is the notion of multi-
graded modules. These are the modules that stay graded with respect to any
grading of the indeterminates. Such modules were considered in [Sa90], [Ch91],
[BrHe95], [Mi99], [R699], [Ya99], [Sb00]. In the first section of this note we present
a necessary and sufficient condition for a module to be multigraded in terms of the
minors of its presentation matrix.

In the second section of this note we disscuss the multigraded generators of the
second syzygy of a multigraded module and discuss a generalization of the well
known Taylor resolution for multigraded modules.
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2. Deciding when a module is multigraded

First we note that R = ®R; where i = (i1,...,44), and R; = kxilx? led
Moreover R;R; C R;t;. An R-module M is multigraded if there is a collection
of additive subgroups M; = Mj;, j,. .. j, With the properties that M = ©M; and
R;M; C M;y;. A nonzero element of M; has multidegree j while the multidegree of
the zero element is undefined. If I’ = Re; ®- - -® Re,, and e; has multidegree r; then
Fis multigraded and F; = Ry, e1®- - -® Ry, e, where kj+7; = 4. A homomorphism,
@ : M— N, between two multigraded modules is a multigraded homomorphism
if there exists a multidegree r = (r1,72,...74), such that ¢(M;) C N,4;. Any
monomial ideal of R is multigraded as are quotients of multigraded modules and
the syzygies in multigraded resolutions. Whenever ¢ : M—N is a multigraded
homomorphism, by adjusting the degrees of the generators of M and N if necessary,
we can assume that ¢ has multidegree 0. If F} = @]_, Re;, Fy = @Tleej, €, €5
have multidegrees s; and r; respectively, and ¢(e;) = >, atje; is a multigraded
homomorphism of degree 0, then a;; = ;2% where ay; = s; — ;. Conversely the
matrix (Ayz*%) is multigraded if there exists s; and r; such that

Sj = Qg5 + Iy
for {i=1,...,m}, {7 =1,...,n}, and A\; # 0, [Ch90].

Example 1. A is multigraded while B is not:

zy? xyz 0 z y 0
A=| yz2 0 222 |, B=| 2z 0 =z
0 yz2 2% 0 z y

In Theorem 2 we give a criterion for the matrix A to be multigraded that involves
computing all size minors of the matrix A. One could state the same criterion
in terms of the sums of the multidegrees along all permutations possible of any
collection of rows and columns of A. Below we set our notation. If A = (a;;)
is a monomial matrix and A’ is the k£ x k submatrix of A formed by the rows
i1,...,i and columns ji,...,jk, the determinant of A’ is the sum: det(A4’) =

desksign(a)aim(jl)aiw(jz) .04, (j,) and the multidegree of the nonzero o-term

is the sum o 4(j,) + Qiyo(ju) *** + Qino(jn)- The following theorem shows that the
consistency of the system of equations is equivalent to the condition that the nonzero
terms of det(A’) have the same multidegree, for each square submatrix A’.

Theorem 2. Let A = (a;;) be an m x n monomial matriz. A is multigraded if and
only if the nonzero terms of the determinant of any square submatriz of A have the
same multidegree.

Proof. First we note that the necessity of this criterion follows at once since there
is a functor from modules to exterior powers which respects grading. For a direct
proof, one can assume that A is a k x k multigraded matrix and o and 7 are
two elements of Sj, that correspond to nonzero terms of detA. The corresponding
multidegrees are ) a; 5y and ) ; -;). Since A is multigraded,

Z Qi) + Z ri = Z So(i) = Z Sr(i) = Z Qir(i) T Z T'is

and Y @ o) = D Qi r(i)-
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Next we prove the sufficiency of our criterion. Note that A is multigraded if and
only if for each sequence {(O‘iuﬁ ) aihjz)’ EER) (aik—hjk—l ) o‘ik—hjk)v (aikajk)}7 then

851 = Qg — Tip = QG gy — Qg gy T 8jp = -0+ =
= Qg gy = Qg gy + Qi gy — 0 Qi — Ty
= (@i gy + Qg o+ Qi i) = (g o + Qg gy T+ + Qi 5i) = T
If A is not multigraded then for some {ji,i;} there are two sets of indices

{(ihjl)’ (i27j2)7 R (ikvjk)} and {(illvjl)v (Zéajé)> RS (z;’]ll)}v

where ¢} = i}, and

(Qiy jy + Qg gy + 0 F iy ) = (g gy + @iy gy o+ Qi i) — Ty

/
7 (g gy + Qg gy o+ iy ) = (g gy + Qg gy & g ) — T

Since r;, = r; , this implies that

(iy gy + iy gy + ooy ) F (g gy oy o+ oy )
7é (ail’jz Ty gy T aik—lek) + (ai,lmjl + Qi 5 +ooe Tt aik:j[/)'

Next we consider the submatrix A’ of A, formed by taking the rows i,...,
ik, ..., 4_, and the columns ji,..., ji, j5, ..., j;. The two sums above represent
two nonzero terms of its determinant with different multidegree. O

It is clear that if the criterion of Theorem 2 is satisfied then all minors of A are
generated by monomials. In [De99] we show that Theorem 2 is actually equivalent
to the condition that all minors of A are generated by monomials.

If A satisfies Theorem 2, one can apply the following procedure to obtain multi-
degrees r; and s; by moving along the columns and rows of A, [De99]:

1. Set r1 :=0.

2. If r; but not s; has an assigned value, and a;; # 0, then s; := ay; + 4.

3. If s; but not r; has an asssigned value, and a;; # 0, then 7; := s; — ;.

4. If r; does not have an assigned value, and for every j such that a;; # 0 s;
also does not have a value, then r; := 0.

By adding appropriate positive vectors, the multidegrees can be adjusted so that
the components of r;, s; are greater than or equal to zero for all ¢ and j.

Example 3. Let A be the matrix of Example 1. The multidegrees of its rows
and columns are: 7 = (0,0,0), s; = (1,2,0), so = (1,1,1), ro = (1,1,-2), s3 =
(3,1,-1), and r3 = (1,—1,—1). By adding (0,1,2) to the above we get a set of
positive multidegrees for the rows and columns of A.

Remark 4. The columns of a multigraded matrix may not be a Grébner basis
(with respect to the usual monomial gradings), for the space they generate, as is
the case with the matrix A.

Remark 5. Any multigraded module M can be lifted to a multigraded squarefree
module M over a polynomial ring R so that if F is a projective resolution of M
over R then F ® R is a projective resolution of M over R, [BrHe95]. By squarefree
we mean that the multigraded presentation matrix of M consists of squarefree
monomials. With the notation as above, suppose that the square of some variable
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y divides an entry of M. To find M with respect to y, we concentrate to the
columns with the highest y-degree, and if a;; is divisible by y, we replace it by

s
yr—L. We repeat this procedure (and increase the index of 3 ), until we reach M.

For example the z-squarefree multigraded matrix that corresponds to the matrix A
of Example 1 is:
ry?  ryz 0
A=\ yzz 0 2%z
0 yz1ze T2y

3. Resolving a m X n multigraded matrix

In this section we describe the second syzygies of M = coker ¢, where ¢ cor-
responds to the multigraded m x n matrix A = (a;;): RS R™— M—0. We
note that in [De99], we describe the explicit minimal resolution for all modules
when n = 4, m = 2. Let €1,...,€, be the generators of R™. Moreover suppose
that I(A) # 0 while I41(A4) = 0. We will describe the second syzygies of M as
elements of the free module R' with generators el, where t = ( kil) (Z‘), and J and
I are ordered sets of length k£ + 1 and & respectively.

We let I be the ordered set {i1,...,4x}, J be the ordered set {j1, ..., jrt1}, Ji be
the ordered set (J, jl), Mf;l be the determinant of the k£ x k submatrix of A formed
by considering the rows indexed by I and the columns indexed by J;, and we let
g% be the monic monomial which is the greatest common divisor of M7 .

We define the homomorphism ¢, : Rt—R™, by

MI
pa(eh) =D (~1)H
95

We note that o2 is multigraded and that the y-degree of e, equals the maximum
of y-degrees of €;,. Let B be the matrix of ¢3. Next we show that the image of ¢
generates the second syzygies of M.

€4, -

Theorem 6. Let A be a multigraded m x n matriz corresponding to the homomor-
phism . The following sequence is exact:

RIZLR 2L R™ M —0.

Proof. The entries (AB;;) of the product AB are equal to zero: If j is the column
of B that corresponds to the image of e/, then AB;; is the determinant of a (k +
1) x (k 4+ 1) matrix with two equal rows when ¢ € I, while when ¢ ¢ I then
AB;j € I+1(A) and is zero by the hypothesis on the minors of A. It follows that
©(p2) = 0. To prove the theorem, it is enough to show that ker(yp) C im(ps). Let
A be any multigraded m x n matrix and let A be the corresponding squarefree
matrix, ./\/lg, 'y§ be the corresponding determinants and greatest common divisors
of A. Since ML @ R = M/, vL ® R = g} it is enough to show that the theorem
holds for squarefree multigraded matrices.

Let A be a multigraded squarefree m x n matrix. We will use induction on the
sum of the total degrees of the monomial entries of A.

Suppose that this degree is 0. Without loss of generality we can reorder the
rows and columns of A so that Mlllf # 0. We let I denote the set {1,...,k}.

We consider the k x k submatrix A’ of A which consists of the first k rows and k&
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columns of A and we let C' be the m x m invertible matrix which is the direct sum
of adj(A’) and the (m — k) x (m — k) identity matrix. Since C' is invertible the
nullspaces of A and C'A are the same. The product C'A is the matrix

I I
I — R — .
M; O ... 0 ]\{I,l,k+1 ‘MII,Ln
I
0 M;p ... 0 MI,Q,k+1 MI,Q,n
I Easl kasl
0 0 .. M;y ( 1) Mllé,k+1 ( 1) M“%m
ak+1,1 - -- Ak41,k Qk4+1,k+1 -+ Qk41,n
am,1 . Ak Am, k+1 . Am,n

The row reduced form of A (and C'A) consists of a k x k identity block. Therefore
it is equal to

I I
MII 0o ... 0 _]\{],i,k+1 _Z\{I,i,n
0 MII oo 0 M1,27k+1 cee Ml,in
1 :
_ I ksl ksl
MII 0 0 M[ (71) M[fck+1 ( 1) MI,IQ: n
0 0 0 0
0 e 0 0 . 0

Therefore the kernel of ¢ is generated by elements of the form Z(—l)“‘lMII P o€

a subset of our proposed set of syzygies.

Suppose now that the sum of the total degrees of the monomial entries of A is
greater than or equal to 1. Let ¢ be a minimal multigraded syzygy: t = > t; €; .
The monomials ¢;, are squarefree and so are the terms M /g%. We assign multide-
grees to the columns of A. Moreover for any variable y, the y-degree of M }l /g% is
1 if and only if the y-degree of ¢;_ is 1 for i, € J; while the y-degree of e; is 0. Let z
be a variable that divides a nonzero entry of A, and let S be the multiplicative set
S ={1,x,22,...}. We consider S~'R, and S~*M, and ¢’ = S~1¢. The matrix A’
of ¢ consists of the entries of A evaluated at z = 1: A" = (aj;) where a}; = a;;j|z=1,
and is multigraded squarefree. Next we consider t' =} #] ¢ where ¢} = t;|,,=1

and € are the generators of S “1R". Since t' is a second syzygy of coker(¢'), and

Ju

MI
the induction hypotheses are satisfied, ¢’ = Y by (Z(—l)l“}]’e’- ) If the a-
97

MI

degree of ¢ is 0, then it is easy to see that ¢t = )" V/;; Z(—l)“‘l—l‘hejl . If the
’ gl

x-degree of t is 1, we let by = xbe when the z-degree of ¢;, is 0 for all j; € J and
MI

otherwise we let by = b, ;. The element g = > b1 (Z(—l)“‘1 g}h 5jz> has the
J

same multidegree as t and S~'g = ¢/, therefore g = t. O
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In particular, when m = 2 and I3(A) # 0, the syzygies of M are of the form
{ - ]Gk} where M;; = Mi1j2 and g, = gilj2k'

—€; — €; +

Gijk Gijk Gijk

We note that Theorem 6 agrees with the first step in the Buchsbaum-Rim com-
plex whenever the latter one is exact. We also note that Theorem 6 in general
does not provide a minimal set of second syzygies. For example suppose that
I:(A) = 0, and let (T,,0,) be the Taylor resolution on the entries of any row, r,
[Ei94], a1, a2, - - -, Grp, and let (Fy, de) be the complex where Fy = R?, F} = R",
the map d; is given by the matrix A, and (F}, d;) = (T3, 6;) for all i > 2. In [De99]
we remarked the following:

Theorem 7. Let M be a multigraded module with Iy(A) = 0. Then (Feo,ds) is a
free resolution of M.

Proof. Since I5(A) = 0, dody = 0 and F, is a complex and exact for ¢ > 1.
Moreover the grade of I;(A) > 1 and by the Buchsbaum-Eisenbud criterion F, is
exact. O

In this case, the matrix of Theorem 6 is equal to m copies the matrix of d».

We also remark that the first part of the proof of Theorem 6 shows that if
ML 20, while M 5/] = 0 for all possible I’, then there is a syzygy involving the
generators indexed by J and j. It can be shown that this syzygy can be expressed
in terms of the syzygies corresponding to the maximal nonzero minors.
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